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Abstract

In this paper, we apply modified version of double Sumudu transform which is called double Elzaki
transform to solve the general linear telegraph equation. The applicability of this new transform is

demonstrated using some functions, which arise in the solution of general linear telegraph equation.

Keywords: Double Elzaki Transform, modified of double Sumudu transforms, Double Laplace transform,

Telegraph Equation.

1. Introduction:

Partial differential equations are very important in mathematical physic [7], the wave equation is known as
one of the fundamental equations in mathematical physics is occur in many branches of physics, for
example, in applied mathematics and engineering.

A lot of problems have been solved by integral transforms such as Laplace [7], Fourier, Mellin, and
Sumudu [9, 10]. Also these problems have been solved by differential transform method [13-20] and
homotopy perturbation [22-25] an ingenious solution to visualizing the Elzaki transform was proposed
originally by Tarig M. Elzaki [1-4], this new transform rivals Sumudu transform in problem solving.

In this paper we derive, we believe for the first time and solve telegraph and wave equations by using
modified of double Sumudu transform [8] "double Elzaki transform".

We write that Laplace transform is defined by:
L[f(z)]z_[e*”f(t)dt , >0 (1-1)
0

Where that Elzaki transform is defined over the set of functions:

t

A =11 @):3M &,k > 0Jf (0] > Me™ 1 & (=1)! X[0,00)
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By

2 _t
E[f(z)]=ujf(z)e wdt, uek,k,). (1-2)

0

By analogy with the double Laplace transform, we shall denote the double Elzaki transform.

1.1 Double Elzaki Transform:

The double Laplace transform of a function of two variables is given by:

L[f (c.0)]=F(p,s)=[ [ £ (e t)e " dxdt (1-3)
00
Where p,s are the transform variables for x ,f respectively.
Definition:
Letf (x,t),t,x € R", be a function which can be expressed as a convergent infinite series, then, its

double Elzaki transform, given by
00 00 _(£+L)
E, [f(x,t),u,v]zT(u,v)zuv.”f (x,t)e " Vdxdt, x,t>0 (1-4)
00

Where u,v are complex values. To find the solution of telegraph and wave equations by double Elzaki
transform, first we must find double Elzaki transform of partial derivatives as follows:

Double Laplace transform of the first and second order partial derivatives are given by:

L L |-rpor-ros) L [iﬂ}pzf“(p,s)—pF(o,s)——aF —
ox ox ox
L, [%} —sF(p.s)-F(p.0) L, Btf }sZF(p,s)—sF(p,m—@

L{ 82f :|ZpSF(p,S)—pF(p,O)—SF(O,S)—F(O,O)
Ox Ot

Similarly double Elzaki transform for first and second partial derivatives are given by:

E, {i}:lf )T Oy) K, [ifz}:ij )~ (O )—u &)
ox u ox u ox
E{i}lT(u,v)—vT(u,m Ez[ﬁz—fz}Z%T(u,v)—T(u,O)—v T .0
Ot % Ot % Ot

Ez[ o }=lT(u,v)—vT(u,O)—ﬁT(O,v)wLuvT(O,O)
oxot | v %
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Proof:

,(£+L) o Qo
e "V —f (x,t)dxdt =v |e
/(.0 j

P .
E, [%}:uvz[

1
The inner integral gives: —7 (u,t)—uf (0,¢), and then:
u

S =y 8

5{u7eft£f (x ,t)dx }dt

0

0 t

E, [i}:ZTe_:T (u,t)dt —uv J.e_;f (0,2)dt =lT w,v)-ul (0,v)
ox | vy 0 u

Also E, {1}=1T w,v)=—vT (u,0)
ot | v

We can prove another derivative easily by using the same method.

2. Applications:
In this section we establish the validity of the double Elzaki transform by applying it to solve the general
linear telegraph equations.

To solve partial differential equations by double Elzaki transform, we need the following steps.

(1) Take the double Elzaki transform of partial differential equations.
(ii) Take the single Elzaki transform of the conditions.

(iii) Substitute (ii) in (i) and solve the algebraic equation.

@iv) Take the double inverse of Elzaki transform to get the solution

Here we need the main equation:

] Py L A
(1—au)(1-bv)
Consider the general linear telegraph equation in the form:
U, +aU, +bU =c’U @-1)
With the boundary conditions:
uon=£e . U 0z1)=g)
And the initial conditions:
U,00=f,(x) , U (x,0)=g,(x)

Solution:
Take the double Elzaki transform of equation (2-1) and single Elzaki transform of conditions, and then we

have:
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oT u,0) a
ot

%T(u,v)—T(u,O)—v +—T w,v)—avT (u,0)+bT (u,v)
v v

2
+c—2T w,y)-cT (O,v)—czuM=0
u Ox
(2-2)
And:
oT (0,v
rom=fe) . T8 g
aTﬁ(x 0) 23
u,
T (@,0)=F,(u) ; — =G,)
ot
Substituting (2-3) in (2-2), we obtain:
2.2 2.3 3.2 2.2 2 2.2 3
T(u,v):u Vv FE,u)tuvG,u)tavu'F,u)+cvu'F,y)+cvuG, Q) CHuw)

l+avu® +bvu’ +c™v’
Take double inverse Elzaki transform to obtain the solution of general linear telegraph equation (2-1) in the

form:
Ux,t)=E," [H(u,v )] =K (x,t)
Assumed that the double inverse Elzaki transform is exists.

Example 2.1:

Consider the telegraph equation
v, . =U,+U,+U (2-4)
With the boundary conditions:
U0,t)=e, U,.(0,t)=e" (2-5)
And the initial conditions:

Ux,0)=e", U,(x,0)=—e" (2-6)

The exact solutionis U (x,t)=e* ™

Solution
Take the double Elzaki transform of equation (2-4), and single Elzaki transform of conditions (2-5), (2-6),

and then we have:
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u

+lT(u,v)—VT(u,0)+T(”’V)
v

—T w,v)-Tw,0)—v
v

T (u,0)
ot
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2-7)
And,
2 2
T(Ov)=- ;o Oy v (2-8)
I+v ox I+v
u’ oT u,0) —u’
T wu,0)= , > = 2-9
“.0) 1- ot 1-u @
Substituting (2-8) and (2-9) in (2-7), we obtain:
2 2 2 2
LIS\ (A N U L S D L AU Y O
u 1+v I+v | v l-u | 1-u v l—u
Or
3.4 3.4 2.4
O’ —u’—uv —uvr L re rerEy
I-u 1-u 1 1+v
202, 02 2 2 202
And T(uw)= uv-(—u vzu +v2 qu)22=
(I+v)YT-u)(—u"—vu " +v- —u~v’) (A+v)(1-u)
Inversion to find the solution of equation (2-4) in the form:
Ux,t)=e e’ =e*"
Example 2.2:
Consider the telegraph equation
v, =U,+U,-U (2-10)
With the boundary conditions:
U(,t)=e™, U,(0,)=e™ 2-11)
And the initial conditions:
Ux,0)=e", U,(x,0)=-2e" (2-12)

The exact solutionis U (x ,t)=e* >

Solution

Take the double Elzaki transform of eq (2-10), and single Elzaki transform of conditions (2-11), (2-12), and
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then we have:
1 oT (0 1 oT (u,0
—T (u,v)-T(O,y)-u Mz—zT wy)-T u,0)—v L)
u ox v ot
| (2-13)
+—T w.y)—vT w,0)-T (u,v)
\%
And
2 2
oT (0
T(0y)=—2 , Ov) _ v (2-14)
142y ox 1+2v
2 2
oT (u,0) -2
T (,0)=— : @0 - (2-15)
1-u ot l-u
Substituting (2-14) and (2-15) in (2-13), to find:
3 4 3 4 2 4 2 4 3 4
(vz—uz—u2v+u2v2)T=2‘}u rw yvu  wyv o uy
l-u 1-u 1-u 1+2» 1+2
uvi(—u’—vu’ +v:+u®v?) uv?
And Tw,y)= 2 2 .2, 2 2N
T+2»)A-u)(—u"—vu"+v-+uv’) (1+2)1-u)
The inverse of the last equation gives the solution of equation (2-10) in the form: U (x ,t)=e* ™
Example 2.3:
Let us the telegraph equation
U.=U,+4U, +4U (2-16)
With the boundary conditions:
U0,t)=1+e™, U,(0,t)=2 (2-17)
And the initial conditions:
U(x,0)=1+e*, U,(x,0)=-2 (2-18)

The exact solutionis U (x,t) =e™ +e ™

Solution
Applying double Elzaki transform to eq (2-16), and single Elzaki transform to conditions (2-17), (2-18), we
get:
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oT (0v) 1 oT (u,0)
o ot

%T(u,v)—T(O,v)—u —T w,v)-T @,0)—v
u v

+iT(u,v)—4vT(u,0)+4T(u,v)
v

(2-19)
And the transform of conditions are,
2 3
T(0,v)= 2 , or (0y) — )2 (2-20)
1+2v ox
2~ 3
T(u,()):u , M=—2u2 (2-21)
1-2u ot
By the same method in examples (2-4) and (2-5), substituting (2-20) and (2-21) in (2-19) to find:
u2+2vu2+v2—2uv2)_ u’ v?

Twy)=

(1+2v )(1-2u) _(1—2u)+1+2v

Take the double inverse of Elzaki transform to get the solution of equation (2-16) in the form:
Ux,t)=e™ +e™

3. Conclusion:
In this work, double Elzaki transform is applied to obtain the solution of general linear telegraph. It may be
concluded that double Elzaki transform is very powerful and efficient in finding the analytical solution for a

wide class of partial differential equations.
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