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Introduction and Preliminaries

The first result on fixed points for contractive type mapping was the much celebrated
Banach’s contraction principle by S. Banach [20] in 1922. In the general setting of complete
metric space, this theorem runs as the follows,

Theorem 1(Banach’s contraction principle) Let (X, d) be a complete metric space, ce (0,
1) and f: X—X be a mapping such that for each x, y €X, d (fx, fy) <c d(x, y) Then f has a
unique fixed point a €X, such that for each x € X, lim,,_,, f™"x = a. After the classical result,
R.Kannan [18] gave a subsequently new contractive mapping to prove the fixed point
theorem. Since then a number of mathematicians have been worked on fixed point theory
dealing with mappings satisfying various type of contractive conditions. In 2002, A. Branciari
[1] analyzed the existence of fixed point for mapping f defined on a complete metric space
(X,d) satisfying a general contractive condition of integral type.

Theorem 2(Branciari) Let (X, d) be a complete metric space, ce (0, 1) and let f: X—X be a

mapping such that for each x , y € X, fod(fx’fy) p(t)dt < cfod(x’y) @(t)dt. Where @: [0,+00)
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—[0,+) is a Lebesgue integrable mapping which is summable on each compact subset of
[0,+0) , non negative, and such that for each € >0, f;(p(t)dt, then f has a unique fixed point

a € X such that for each x € X, lim,,_,,, f"x = a After the paper of Branciari, a lot of a
research works have been carried out on generalizing contractive conditions of integral type
for a different contractive mapping satisfying various known properties. A fine work has been
done by Rhoades [2] extending the result of Branciari by replacing the condition [1] by the
following

dlx,fy)+dy.fx)

fod(fx'fy)<p(t)dt < fomax{d(x'y)’d(x'fx)’d(y'fy)' z }cp(t)dt .The aim of this paper is to

generalize some fixed type of contractive conditions to the mapping and then a pair of
mappings, satisfying general contractive mappings such as R. Kannan type [18], S.K.
Chatrterjee type [19], T. Zamfirescu type [25], etc.

It proved a turning point in the development of fuzzy mathematics when the notion of fuzzy
set was

introduced by Zadeh [15]. Atanassov [14] introduced and studied the concept of intuitionistic
fuzzy sets. Coker [6] introduced the concept of intuitionistic fuzzy topological spaces.
Jungck’s [13] common fixed point theorem in the setting of intuitionistic fuzzy metric space.
Turkoglu et al. [7] further formulated the notions of weakly commuting and R weakly
commuting mappings in intuitionistic fuzzy metric spaces and proved the intuitionistic fuzzy
version of Pant’s theorem [16]. Gregori et al. [26], Saadati and Park [21] studied the concept
of intuitionistic fuzzy metric space and its applications. Recently, many authors have also
studied the fixed point theory in fuzzy and intuitionistic fuzzy metric spaces as (Dimri
et.al.[8], Grabiec [10], Imdad et. al.[11]).On the same way we established a common fixed
point theorem in this space for integral type mappings.

Definition 1.1[3] A binary operation *: [0, 1] x [0, 1] = [0, 1] is a continuous t-norm if it
satisfies the following conditions:

(1) * is associative and commutative,

(2) * is continuous,

(3ya*1=aforallae€ ][0, 1],

(4)a*b<c*dwhenevera<candb <dforalla,b,c,de]|0,1],

Two typical examples of continuous t-norm are a * b =ab and a * b = min (a, b).
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Definition 1.2[3]. A binary operation <: [0, 1] x [0, 1] - [0, 1] is a continuous t-norm if it
satisfies the following conditions:

(1) ¢ is associative and commutative,

(2) ¢ is continuous,

(3)adl=aforallac€ [0, 1],

(4)adb<c<$dwhenevera<candb <dforalla,b,c,de]l0,1],

Two typical examples of continuous t-co norm are a ¢ b =ab and a ¢ b =min (a, b).

Definition 1.3[4]. A 5-tuple (X, M, N, =, $) is said to be an intuitionistic fuzzy metric
space if X is an arbitrary set, * is a continuous t-norm, $ is a continuous t-co norm and M,N
are fuzzy sets on X2 x [0, ) satisfying the following conditions:

(i) M(x,y,t)+N(x,y,t) <1forallx,y € Xandt > 0;

(i) M(x,y,0) =0 forallx,y €X;

(iii) M(x,y,t) =1forallx,y€ Xandt > 0if and only if x = y;

(iv) M(x,y,t) =M(y,x,t) forallx,y € Xandt > 0;

V) M(x,y,t)*xM(y,z,s) < M(x,z,t +s)forallx,y € Xand s,t > 0;

(vi) forallx,y € X,M(x,y, .):[0,0) - [0,1] is left continuous;

(vii) lim;M(x,y,t) =1 forallx,y € Xand t > 0;

(viii) N(x,y,0) =1 forallx,y €X;

(ix) M(x,y,t) =1forallx,y € Xand t > 0if and only if x = y;

(X) N(x,y,t) =N(y,x,t) forallx,y € Xandt > 0;

(xi) N(x,y,t)$ N(y,z,s) 2 N(x,z,t +s)forallx,y e Xand s,t > 0;

(xii) forallx,y € X,N(x,y, .):[0,0) — [0,1] is right continuous;

(xiil) lim;, N(x,y,t) =0 forallx,y € Xandt > 0.

Then (M, N) is called an intuitionistic fuzzy metric space on X. The functions M(x, y, t) and
N(X, y, t) denote the degree of nearness and the degree of non-nearness between x and y w.r.t.

t respectively.
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Remark1.1[4]. Every fuzzy metric space (X, M, =) is an intuitionistic fuzzy metric space
of the form (X, M, 1 — M, %,$) such that t-norm = and t-co norm < defined by a xa > a,a €
[0,1] &

1-a)¢(1—-—a)<(1—a) forallx,y € X, In intuitionistic fuzzy metric space (X, M, N,

*,$), M(x,y, *)is non-decreasing and N(x,y, <) is non-increasing.

Remark1.2[17]. Let (X,d) be a metric space. Define t-norm a * b = min (a, b) and t-co

norm

t
t+d(x,y) ’

da(x,y)

a$b=max(a,b), forallx,ye X&t>0. My(x,y,t) = T d0ey)

Nd (x' Y, t) =
Then (X,M,N, %,<$) is an intuitionistic fuzzy metric space induced by the metric. It is
obvious that

N(,y,t) =1—-M(x,y,t)

Alaca, Turkoglu and Yildiz [4] introduced the following notions:

Definition 1.4. Let (X, M, N, *, $) be an intuitionistic fuzzy metric space. Then

(a) a sequence {x,,} in X is called Cauchy-sequence if, forall t >0 and P >
0, limy o M(Xp4p , X5, t) =1

and limy, ., N(Xp4p,Xn,t) =0,
(b) a sequence {x,} in X is said to be convergent to a point x € X if , forall t > 0,
lim, ., M(x,,x,t)= 1and lim,_,N(x,,x,t) =0.
Definition 1.5. Let (X, M, N, *, $) be an intuitionistic fuzzy metric space and {y,,} be a

sequence in X if there exists a number k € (0,1) such that:

1. M(yn+2' Yn+1 kt) = M(yn+1 yYn s t)'
2. N(yn+Zr Yn+1 kt) < N(yn+1 »Yn s t)

for all t>0andn=1.,2,3...... then {y,} is a Cauchy sequence in X.

Definition 1.6. A pair of self-mappings (f, g) of an intuitionistic fuzzy metric space (X, M,
N, =%, <) is said to be compatible if lim, . M(fgx,,gfx,,t)=1 &
lim, ., N(fgx,,gfx,,t) = 0 for every t > 0, whenever {x,} is a sequence in X such that

lim,_, fx, = lim gx,, =z, forsome. z € X.
n—oo
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Definition 1.7. A pair of self-mappings (f, g) of an intuitionistic fuzzy metric space (X, M,
N, %, <) is said to be non-compatible if lim,_, M(fgx,,gfx,,t)#+1 &
lim, ., N(fgx,,9fxn,t) # 0 forevery t>0, whenever {x,} is asequence in X such that
lim,_, fx, = 1111—r>£10 gxn, = z, forsome. z € X.

Definition 1.8. An intuitionistic fuzzy metric space (X, M, N, =, %) is said to be complete
if and only if every Cauchy sequence in X is convergent.

In 1998, Jungck [13] introduced the notion of weakly compatible maps as follows:

Definition 1.9[13]. A pair of self mappings (f, g) of a metric space is said to be weakly
compatible if they commute at the coincidence points i.e. fu = gu for some u € X, then

fogu = gfu.
Sharma, Sharma and Iseki [23] studied for the first time contraction type mappings in 2-metic
space. Sharma[24] defined fuzzy 2- metric space.On the same way we are taking the results

for intuitionistic fuzzy 2-metric space motivated by Sharma[24]

2. Main results

Theorem 2.1. Let A, B, S and T be self maps of intuitionistic fuzzy 2-metric spaces (X, M,
N, *, ¢) with continuous t-norm * and continuous t-co norm ¢ defined by t * t > t and

1-t) ¢ (1—-t) < (1-¢t)forallt €[0,1] satisfying the following condition:
(2.1) A(X) < S(X) and B(X) < T(X),

(2.2) If one of the A ,B ,S and T is a complete subspace of X then {A ,T}and{B ,S}have a
coincidence point,

(2.3) The pairs (A, T) and (B, S) are weakly compatible,
(2.4)

- M(Tx,Sy,a, ty*M(Tx,Ax, )*M(Ax,Sy, a,t),
M (Ax, By ,a,t) #qmin M(Sy, Tx,a,t)*M(Bx,Ty, a, t)*M(BXx, Sx,a, t)
Io g(tdt > _[ < (t)dt

and

N(Sy, Tx,a, t)ON(Bx,Ty,a, t)ON(BX, Sx,a, t)

C(t)dt <

{ (N(Tx, Sy, a,t)ON(Tx,Ax,a, t)ON(AX,Sy, a, t),j}
@< max
_[ g (t)dt

N (Ax, By ,a,t)
Js
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Vx,y € X & > 0,where @,9:[0,1] - [0,1] is a continuous function such that @(t) > t &
p(t)<t foreach 0 <t<1and @(1)=1 and ¢(0) =0 with M(x,y,a,t) >0,a >
0 isreal Then A, B, S and T have a unique common fixed point in X.

Proof : Since A(X) C S(X), therefore for any x, € X, there exists a point x; € X such that
AxO = le and

for the point x; , we can choose a point x, € X such that Bx; = Tx, as B(X) € S(X).
Inductively, we get

sequence {y,} in x as follows y,,.1 = BXons1 = TXonsz anNd vy, = Axyy = Sxyp4q forn
=0,1,2.....

putting x = x5, , ¥ = Xon4+1 IN (2.4) we have,
M(Tx2n ,SX2n+1.8 O*M(TX2n,AX2n ., 1)

*M(BXZn ,TX2n_|_1,a,t)*M(BX2n y SX2n ,a, t)

M (AXo BXo - 1., 1)
I 2n ~r2ntl ((t)dtzjo £(t)dt

0

M(y2n—1,Y2n @ *M(y2n_1.¥2n.a, t)
gy min| *M(y2n,Y2n, &, )*M(y2n,Yon-1.at)

*M@2n—1.Y2n &, 0*M(y2n, Y2n-1.4, t)

M (Yo, Y ,a,t)
_[ 2n'“2n+l ;(t)dtzj'o £(t)dt

0

M(y2n-1.Y2n .U*M(Y2n—-1.Y2n &, 1)1
¢« min| *M(y2p, yon—1.a, t)*M(y2n—_1,y2n &, t)

*M(y2n,Y2n—1.a, )

M (Yop Y a, t)
I 2n'2n ™yt > IO £(t)dt

0

i.e.

M ( : ,a,t) I MY2n-1, a, t)
J‘O y2n y2n_|_]_ é’(t)dt Zj { Y2n-1:¥2n }

MG2n-1:Y2n 21

g(t)dt > _[0 £ (t)dt

as @(t) >tforeach0<t<1and

N(Tx2n ,SX2n+1,DON(TX2n ,AX2n 2, 1)
@4 max| ON(AXop ,SXon41, &, ON(SXon41, TXop ,a,t)
J‘ ON(Bx2opn . TXon41, 4, )ON(BXopy, Sxop .4, 1)

Z(t)dt

J‘N(AXZn’ BXoni108 t);’(t)dt 3

0
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N(Y2n-1.Y2n & t)ON(yon_1.Y2n.a, 1)

ON(Y2n-1.Y2n.a&,)ON(y2n, Y2n-1.8, 1)

N(Yon: Y a, t)
j 2n’“2n+l g(t)dts_[o £(t)dt

0

N(Y2n—1.Y2n & t)ON(y2n_1.¥2n,a,t)00

N(Yopn, Y a, 1)
I 2n’“2n+l g’(t)dtsjo £(tydt

0
i.e.

N(Yon: Y a, t) P N2n-1.Y2na 1)
JO 2n»“2n+l g’(t)dtsj{ an-:7en }cj(t)dt< £(tydt

as @(t) <t foreach 0 <t< 1. Thus {M(y,n, ¥ons1, a t),n = 0} is an increasing sequence of

J-N(yZn_l,yZn,a,t)

positive real numbers in [ 0 ,1]Jwhich tends to a limit < 1, also {N (Y241, Y2n+2,t),n = 0} is
an decreasing sequence of positive real numbers in [ 0 ,1]Jwhich tends to a limit k = 0.
Therefore for everyn € It

MY Yns1r 8 t) > M(Ype1, Yo t) , limy s M(Yn, Yne1,a 8) =1, N(Yn, Yner,a t) <
N(Yn-1,¥n a t) and lim, o, N(¥n, ¥ns1,t) = 0. Now any positive integer p,we obtain
limy, o M(Yn , Yn4p»a t) = 1and

limy o N(¥n » Yn4p » a t) = 0. Which shows that {y,} is a Cauchy sequence in X. Letw €
S~1u then Sw = u. we shall use the fact that subsequence {y,, .} also converges to w.

Now by putting x = x,,, ¥ = win (2.4) and taking n — o

M(TX2on ,Sw,a,t)*M(TXxon ,AXon .4, 1)
#< min| *M(Axop ,Sw,a, t)y*M(Sw, Txop ., t)

M (Ax2n , Bw ,a, t) *M(Bxop, . Tw,a, t)*M(Bxop,SXon.a, t)
_f g (t)dt 2_[ < (t)dt
0 0
- M(u,u,a, t)*M(u,ua,, t)*M(u,ua,, t)
M (u, Bw 1) P *M(u,u,a, t)*M(u,u,a, t)*M(u,ua,, t)
_f g(t)dt = I £ (t)dt
0
M (U, Bw ,a, t) ¢(1)
jo S (t)dt = jo £ (t)dt
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i.e.M(u,Bw,a t) > 1,

N(TXZn ,SW, a,t)ON(TXZn ,AX2n ,a, t)
@{ max| ON(AX2p SW,a, H)ON(SW, TXop A, t)

<>N(BX2n JTW, t)ON(BXZn s SX2n ,t)
£(t)dt < IO £(t)dt

N(u,u,a, t)ON(u,u, a,t)oN(u, u,a, t)
N(u, Bw ,a, 1) P max ON(u,u,a, t)ON(u,u,a, )ON(u,u,a, t)
j F(t)dt < j < (t)dt

0

0
c(t)dt < ro( )cj(t)dt

N (u, Bw ,a, t)
J ;

0
i.e.N(u,Bw,a t) <0

From (3) and (4) Let u = Bw. Since Sw = u we have Sw = Bw = u i.e. w is the coincidence

point of B and S. As B(X) € T(X), = Bw - u e T(X). Let v € T~1u then Tv = u. Now by
putting

X=V, Y =Xy iN(2.4)

M(TV,SXon41.@, )*M(Tv,Av,a, t)
#< min| *M(AV,SXon41, &, 1)*M(SXxon41, Tv,a, t)

*M(BV,TX2n41,a,)*M(Bv, Sv,a, 1)

a,t)
Z(t)dt > .[0 Z(t)dt

J-M (Av, BX2n+1’
0

takingn — o

- M(u,u,a,t)y*M(u, Av, a,t)*M(Av,u,a, t)
M (Av,u,a,t) R *M(u, u,a,t)*M(u,u,a,t)*M(u, u,a,t)

g (t)dt = £ (t)dt

JO
«M (Av,u,a,t) ~¢{min(1*M(u,Av,a, t*M(Av,U,a, t)*l*l*l)}
0 g(t)dt = o £ (t)dt

M (Av,u ,a, t) -¢(M(u,Av,a,t)) J-M(u,Av,a,t)

0

g (t)dt = £ (t)dt >

JO JO ¢ (Dt

And
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N(TV,SXon41.a, DON(TV,Av,aq, t)
@4 max| ON(AV,Sxon41.a, YON(SXon41, TV,a, t)

N (Av, Bx2n+1,a, t) ON(BV,TX2n41.a, )ON(Bv, Sv,a, t)
j S (t)dt < I S (t)dt
0 0
taking n — oo
N(u,u,a,t)ON(u,Av, a,t)ON(Av,U,a, t)
@< max
N (Av,u,a, t) - ON(u, u,a,t)ON(u,u,a,t)ON(U, u, a,t)
F(t)dt < £ (t)dt
J0 J0
<N (Av,u,a, t) -go{ max(0ON(U, Av,a, t)ON(Av,U, a, t)<>o<>o<>o)}
g(t)dt < £ (t)dt
J0 JO
«N(Av,u,a, t) -(p( N(u,Av,a, t)) N(u,Av,a, t)
. gdt < | & (t)dt <j S (t)dt

Therefore, we get Av = u. we have Tv = Av = u. Thus v is a coincidence point of A and
T.

Since the pairs {A,T}and {B,S} are weakly compatible i.e. B(Sw) = S(Bw) — Bu = Su
and

A(Tv) =T(Av) - Au = Tu.

Now by putting x = u, y = xyp,41 IN (2.4)
M(TU,SX241 .2, Y*M(TU, AU, 3, t)

#< min| *M(AU,Sxon41.a, D*M(SXon41, TU,a,t)

*M(BU,TX2n41 8, *M(BU, SU,a, 1)

M (Au, Bx a, 1)
J‘ 20+ Y gt > J‘O £ (t)dt

0

takingn — o
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{ _ (M(Au,u,a,t)*M(Au,Au,a, *M(Au,u,a, t)j}
@< min
£ (t)dt

M (Au,u.a, 1) *M(u,Au,a, t)*M(uu,a,ty*M(u,u,a, t)
S (t)dt >
JO JO
<M (Au,u,a, t) ~¢{min(M(Au,u,a,t)*l*M(Au,u, a,t)*M(u,Au,a,t)*’_L*’_I.)}
S(t)dt > & (t)dt
Jo Jo
«M (Au,u,a, t) -¢(M(Au,u,a, t)) M(Au,u.a, t)
. £ (t)dt > . £ (t)dt >j £ (t)dt
And
N(TU,SXon41.a, )ON(TU,AU,a, t)
@< max| ON(AU,Sxon41, &, )ON(SXon41, TU,a,t)
N (Au, Bx ,a,t) ON(BUT a, )ON(BuU, Su,a, t

takingn — o

{ (N(Au,u,a, t)ON(Au, Au,a, t)ON(Au,u,a,t)j}
@4 max

*N(Au,u.a, t) ON(u,Aua, t)ON(u,u,a,t)ON(u,u,a, t)
g(t)dt < £ (t)dt

JO JO

~N(Au,u.a, t) -go{max(N(Au,u,a,t)<>0<>N(Au,u,a, t)<>N(u,Au,a,t)<>0<>o)}
S(t)dt < & (t)dt

JO JO

«N(Au,u,a, t) -gp(N(Au,u,a, t)) N(Au,u,a,t)

. S (t)dt < . c(t)dt < 'fo £ (t)dt

Therefore, we get Au = u. So we have Au = Tu = u. similarly by putting x = x,,, y=u
in (2.4) asn - o u = Bu = Su. Thus Au = Bu = Su=Tu =u i.e. u is a common fixed
point of A, B, Sand T.

Uniqueness: Let w(w # u) be another common fixed point of A, B, S and T. then by putting
X=u,y=w

in (2.4)
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L (M(TU,SW,a, *M(TU AU 8, *M(AU,SW, 3, 1),
J-¢ M(Sw, Tu ,t)*M(Bu Tw, t)*M(BU, Su,, t)

j-M (Au,Bw,a, t)

g (t)dt = £ (t)dt

0
- M(u ,w,a,t)y*M(u U, a,t)*M(u ,w, a,t)
J-IVI (u,w,a,t) Hm *M(W, U,a,t)*M(u ,w,t)*M(u, U ,a, t)

£ (t)dt > fo £ (t)dt

{ _ (M(u W,a, MU ,w,a, t) ]}
$< min
- *M(W, U 2, t)*M(U,wW,a, t)*1

I ydt > | £ (t)dt

M (u,w,a, t) -¢(M(u ,W,a, t)) J-M(u W, a,t)

~M (u,w,a, t)

£ (t)dt > £ (t)dt >

1o 1o g (t)dt

And

N(Sw, Tu,a,t)ON(BuU Tw, a,t)ON(BU, SU, a,t)

c(t)dt <

{ (N(Tu ,Sw,a, t)ON(TU ,Au,a, t)ON(AU,SW,a, t),)}
@{ max
I £ (t)dt

J-N(Au,BW,a,t)

hax N(U ,w,a,t)ON(u ,u,a, t)ON(uU ,w,a, t)
N(u,w,a, t) J.<0 2 ON(W, u,a,t)ON(u ,w,a,t)ON(u, u,a,t)

0

£ (t)dt

- N(u,w,a, t)00ON(U,W, a,t)
~N(u,w,a,t) 7 ON(W, U ,a, t)ON(u ,w,a, t)00
1o g(t)dt < 1 S (t)dt

«N (U, w,a, t) ~(p(N(u ,W,a, t)) IN(U W, a,t)

1o g (t)dt < 1 S (H)dt <

£ (t)dt

Hence u = wforall x,y € X and t > 0, therefore u is the uniqgue common fixed point of A, B, Sand T.
This completes the proof.
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