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Abstract.

In the present paper, the new iterative method proposed fidar-Gejji and Jafari (NIM or DJM) [V. Daftardar-Gej. Jafari,
An iterative method for solving non linear functional eqaas, J. Math. Anal. Appl. 316 (2006) 753-763] is used to sdhe Cauchy
problems. In this iterative method the solution is obtaiivethe series form that converge to the exact solution witilgaomputed
components. The results demonstrate that the method hasmmeits such as being derivative-free, overcome the difficarising
in calculating calculating Adomian polynomials to handle honlinear terms in Adomian Decomposition Method (ADM)ddes
not require to calculate Lagrange multiplier in Variatibitaration Method (VIM) and no needs to construct a homotapg solve
the corresponding algebraic equations in Homotopy Peatimb Method (HPM) and can be easily comprehended with ordgsac
knowledge of Calculus. The results show that the presentadeis very effective, simple and provide the analytic Sohg. The
software used for the calculations in this study was MATHENGA © 8.0.
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1 Introduction

A variety of problems in physics, chemistry and biology h#lveir mathematical setting as linear and nonlinear orgimarpartial
differential equations. Many methods have been developelie differential equations, especially nonlinear, ckhare receiving
increasing attention.

Many of the phenomena that arise in mathematical physiceaguheering fields can be described by partial differeetiglations
(PDEs). Moreover, most physical phenomena of fluid dynamicentum mechanics, electricity, plasma physics, prapayaf
shallow water waves, and many other models are formulatgzhttial differential equation§1].

Due to these huge applications, there is a demand on theogeweht of accurate and efficient analytic or approximatehous
able to deal with the PDEs.

Many attempts have been made to develop analytic and appatximethods to solve the Cauchy problems, [S€€ [4-6]. Adthou
such methods have been successfully applied but some Hiéfichave appeared, for examples, in calculating Adoma@yrmmials to
handle the nonlinear terms in Adomian Decomposition Met{#ddM) [2] and Modified Adomian Decomposition Method (MADM)
[3], evaluating Lagrange multiplier in VIM_]4] and in Recdnsction of the variational iteration (RVIM][5] with somenkwledge of
the variational theory, construct a homotopy and solve dteesponding algebraic equations in HEM [6] with some krealgk in the
deformation from Topology.

Recently, Daftardar-Gejji and Jafali [7] have proposedw tezhnique for solving linear/nonlinear functional eqoas namely
new iterative method (NIM) or (DJM). The DIM has been extezigiused by many researchers for the treatment of lineananiinear
ordinary and partial differential equations of integer dradttional order, seé [8=11]. The method converges to thetesolution if it
exists through successive approximations. However, foci@ie problems, a few approximations can be used for noalgrirposes
with high degree of accuracy. The DJIM is simple to understamdl easy to implement using computer packages and yielter bet
results and does not require any restrictive assumptionsoidinear terms as required by some existing techniques.

In this paper, the applications of the DJM for Cauchy proldemil be presented. Moreover, the results obtained are eoecp
with those obtained by other iterative methods such as VIMR¥IM [5] and HPM [6]. Comparisons show that the DIM is effee
and convenient to use and overcomes the difficulties ariginghers existing techniques.

The present paper has been organized as follows. In sect®de¥oted to the description the basic idea of DJM and ity@en
gence. In section 3 the Cauchy problem is solved by DJM. Itiged some test examples are solved by DIM to assess theedjci
of the method and finally in section 5 the conclusion is preskn

2 The new iterative method (NIM or DJM)

Consider the following general functional equation:

u= N(u)+ f, (1)
where N is a nonlinear operator from a Banach spate+ B and f is a known function[[/=11]. We are looking for a solutiarof
Eq.[@) having the series form:
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p=3u. @)
=0

The nonlinear operataN can be decomposed as

%

N ) = Nuo) + S {N(Y ) = N(3 u}. Q
i=1 0 j=0

i=0 i j=

From Egs[(R) and{3), EfI(1) is equivalent to

[ee] oo [3 i—1

> ui=f+Nuo)+ > ANO u;) = NO_uy)}. 4

i=0 i=1 j=0 j=0
We define the recurrence relation:

Go = Ug = f7

Gy =w ZN(U0)7 (5)

Gm =Umt1 =N(uo+ -+ um) — N(uo+ -+ +tm-1), m=1,2,...
Then

(ur + oo + Umg1) = N(ur + ... +um), m=1,2, ..., (6)
and

i=1

m—1
Them-term approximate solution of EQI(2) is given by= > w,.
=0

2.1 Convergence of the DIM

We present below the condition for convergence of the sérjes. For more details we refer the reader[tol[12].

Theorem 2.1.1 : [127]
If Nis C>) in a neighbourhood ofy and|| N (uo) ||< L, for anyn and for some real. > 0 and|| u; |[< M < ,i=1,2, ..,

then the serie . G, is absolutely convergent and moreovets,, ||[< LM™e" (e — 1),n = 1,2, ...

n=0

Theorem 2.1.2 : [17]

If NisC and||N™ (u)|| < M < e™', Vn, then the serieS . G,, is absolutely convergent.

n=0

3 Solution of Cauchy problem by using DIJM

The Cauchy problem of the first-order partial differentiqliation is given in the form [426,13]

ue(z,t) + a(z, t)ue(z,t) = ¢(z), x € R, t>0 (8)
with initial condition:

u(z,0) =¢(x), = € R. 9)

Whena(z,t) = ais a constant ang(x) = 0, Eq. [8) is a linear equation called the transport equatibithvcan describe many
interesting phenomena such as the spread of AIDS, the mofiwgnd. Whena(z,t) = u(x,t), Eq. [8) is a nonlinear equation called
the inviscid Burgers’ equation arising in one-dimensiastadam of particles or fluid having zero viscosity.

Eg. [8) can be written in an operator form as

Liu = ¢(x) — a(z, t)ug(x,t), (10)
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whereL; = %. Let us assume the the inverse operdipf* exists and it can be take with respedtom 0 to ¢, i.e.

L) = [ (e )
0
Then, by taking the inverse operatby * to both sides of the E€.{1.0) and using the initial conditieads to

u(@, t) = () + p(e,t) = L (a(z, tue (@, 1)). (12)
where the functionp(x, t) results from integrating the source tedit) with respect ta from 0 to ¢. By applying the DIM for Ed.(12)
the following recurrence relation for the determinatioritef components,, 1 (z, t) are obtained:

uo(z, , t) = P(z) + p(z, ), (13)
ui(z,t) = N(uo) = —L; '(a(z, t)us(z,1)), (14)
uz(,,t) = N(u1 +uo) — N(uo) = —L; *(a(z, t)(u1 4 uo)z) — u1, (15)
us(z,t) = N(ua +u1 + uo) — N(u1 +uo) = —L; (a(z, t) (uz + u1 + uo)z) + L;l(a(x,t)(ul +uo)e), (16)

and so on.

Continuing in this manner, th@ + 1)th approximation of the exact solutions for the unknown fioms «(z, ¢) can be achieved as:
Unt1(z,t) = N(uo + -+ +un) — N(uo + -+ un—1) = —L; "(a(z,t)(uo + -+ + Un)a) —

+L; Yaz, t) (o + - - - 4 un—1)z), n=1,2,... 17)

Based on the DJM, we constructed the solutign, t) as:

u(z,t) = En:uk(x,t) n > 0. (18)

k=0

4 Test examples

In this section, some test examples will be examined to agkegperformance of the DIM for Cauchy problem. To verifyabever-
gence of the method, we applied the method to some test pnelita which an analytical solution are available.

Example 1: Consider the transport equatidr [4-6]

ue(z,t) + aux(z,t) =0, x € R, t>0, (19)
with initial condition:

u(x,0) =2°, = €R.
According to the iteration formula in EEL{IL7), we have

uo(z,t) = :cz7 (20)

u’ﬂ+1(x7t) :N(u0+"'+un)_N(UO+'"+Un—1):L;l(a(u0+~--+un)z)_
—LiY(a(uo 4+ +un-1)z), n=1,2,.. (21)

According to the DJM, we achieve the following components:

u1(z,t) = N(uo) = —L; *(a(uo)«(x, t)) = —2atz, (22)
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uz(z,t) = N(u1 + uo) — N(uo) = —L;l(a(ul +uo)z) —ur = a2t2, (23)

uz(z,t) = N(u2 + w1 +uo) — N(u1 +uo) = —Ly "(a(uz + u1 + uo)z) + L *(a(ur + uo)z) = 0, (24)

In fact, we have.

u; =0, forj >3
Therefore, according to EE.{18), we get:

u(z,t) = 2* — 2atx + a*t>. (25)
which is the exact solution of the problem and it is the sarsalte obtained by VIM[4], RVIM[[5] and HPM[6].

Example 2: Consider the Cauchy probler{[4—6]

ue(z,t) + zue(x,t) =0, x € R, t> 0, (26)
with initial condition:

u(z,0) = 22,

Proceeding as before, the recurrence relation

uo(z,t) = :tcz7 (27)

Uns1(2,t) = N(uo + -+ +un) — N(uo 4 - -+ tn-1) = —L; "(x(uo + - - - + un)z) —
+L; H(w(uo + - Un—1)a), n=1,2,... (28)

According to the DJM we achieve the following components:

ui(z,t) = N(uo) = —L;l(:c(uo)x(nt)) = —2tz?, (29)

uz(z,t) = N(u1 +uo) — N(uo) = —Ly "(z(u1 + uo)z) — ur = 26°2°, (30)

us(z,t) = N(uz +u1 +uo) — N(u1 +uo) = —L; ' (z(uz + w1 + uo)a) + L; ' (z(wr + uo)a) = —%t%{ (31)
and so on.

Therefore, according to Ef.(118) we have:

u(x,t) = z? (1 — 2t + (2;2')2 - (22;)2 + (22)2 — ) (32)

This has the closed form

u(zx,t) = z?e 2. (33)
which is the exact solution of the problem and it is the sarsalte obtained by VIM[4], RVIM[[5] and HPM6].

Example 3: Consider the following non-homogeneous Caucblylem [£16]

ue(z,t) + ug(x,t) =2, € R, t >0, (34)
with initial condition:

u(z,0) =e”,
In this example there is non-homogeneous terwhich after integrating it with respe¢trom 0 to ¢, leads taxt.
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Therefore, proceeding as before, the recurrence relation

uo(x,y, z,t) = " + xt, (35)

Unt1(2,t) = N(uo + - - 4 up) — N(uo + - -+ un—1) = =L "((uo + - - - + un)e) +

+L;1((uo+-- “+Un-1)z), n=1,2,.. (36)
This gives the following components:
1 £
ur(z,t) = N(uo) = —Li ((u0)s (2, 1)) = —e"t — o, (37)
—1 eth
uz(z,t) = N(u1 +uo) — N(uo) = —L; (w1 +uo)z) —u1 = 5 (38)
- - 1,
uz(z,t) = N(u2 + u1 +uo) — N(u1r +uo) = —L; 1((”2 + u1 + uo)z) + Ly 1((u1 +uo)z) = ?e 3, (39)

and so on.
Therefore, according to EE.{18) we have:

. T t . 2 P8 ¢t
u(z,t) =¢e" +at—e t—§—|— 5 :t(x—§)+e (1—t+5—§+z—...). (40)
This has the closed form
t T —t t x—t
u(:mt)zt(m—i)—i—e e :t(:c—i) +e" " (41)

which is the exact solution of the problem and it is the samsalte obtained by VIM[[4], RVIM[[5] and HPMI6].
Example 4: Consider the following the non-homogeneousineat Cauchy probleni [4}-6]

ue(x,t) + u(z, t)uz(z,t) =2, x € R, t> 0, (42)
with initial condition:

u(z,0) =z,

According to the iteration formula in Ef.{(IL7), we have

uo(x7 y? Z7 t) = :177 (43)

Unt1(2,t) = N(uo + - -4 up) — N(uo + -+ -+ up—1) = =Ly "((wo + - - -+ un) (o + - - - + un)z) +

+L;7 (o 4+ un—1)(uo + - -+ un—1)z), n=1,2,... (44)
This gives the following components:
u1(z,t) = N(uo) = =Ly ' ((u0)(uo)s(z, ) = —ta, (45)
1 2 t3.'1?
uz(z,t) = N(u1 +uo) — N(uo) = —L;  ((u1 + wo)(u1 + uo)e) —u1 = t°x — 5 (46)

uz(x,t) = N(uz +u1 4+ uo) — N(ur +uo) = —L; " ((uz + u1 + o) (uz2 + ur + uo)z) +

23 2z oz Sz Tz
— -t - =, (47)
3 3 3 9 63

+L;1((u1 + wo)(u1 + uo)z) =

Therefore, according to ER.(118) we have:
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u(z, t) = (:r —tz 4tz — e+t —tPr 4+ ()"t "z + - ) (48)

This has the closed form
u(z,t) = 1 = - (49)

which is the exact solution of the problem and it is the samsalte obtained by VIM[[4], RVIM[[5] and HPMI6].

5 Conclusion

In this paper, the reliable iterative method namely (NIM afM) is implemented to obtain the exact solution for solvingu€hy
problems using the initial condition only. The DJM is simpdeunderstand and easy to implement and does not requiresatmictive
assumptions as required by some existing techniques. Th@eld exact solution for the homogeneous or non-homogenkcear
and nonlinear equations of applying the DIM is in full agreanwith the results obtained with those methods availatilee literature
such as variational iteration methad [4], Reconstructibihe variational iteration (RVIM)[[5] and homotopy pertation method([5].
The method gives rapid convergent and can be easily commietevith only a basic knowledge of Calculus. It is econoifiitterms
of computer power/memory and does not involve tedious taticlns. Moreover, by solving some examples, it is seemstiigeDJIM
appears to be very accurate to employ with reliable results.
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