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Abstract

Let the holomorphic mapping vy, and the holomorphic self-map ¢ are on the upper half-plane. We characterize
bounded weighted composition operators between the Hardy space and the weighted-type space on the upper
half-plane, and we study the special cases when & = 1 which is the Hilbert space. Under a mild condition on ;
we also show the compactness of these operators and there special cases.
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1. Introduction

Let 7" ={z e (:Jz =0} be the upper half-plane, € a domain in C or C" and H(€) the space of all
holomorphic functions on £, Let 3 € H{£}, and let @ be a holomorphic self-map of £2. Then by

Wy () (2) = plfopl(z) .z e (1)

is defined a linear operator on H{{L} which is called weighted composition operator. If #{(z} = 1 then Wy

becomes composition operator and is denoted by €, and if @(z) =z then W, becomes multiplication

@
operators and is denoted by My .

During the past few decades, composition operators and weighted composition operators have been studied
extensively on spaces of holomorphic functions on various domains in € or €™ (see, e.g. [1- 21]. For some other
operators related to weighted composition operators, see [22-29].

While there is a vast literature on composition and weighted composition operators between spaces of
holomorphic functions on the unit disk¥, there are few papers on these and related operators on spaces of
functions holomorphic in the upper half-plane (see. e.g..[3.7.8.9.16.17.18.30]. For related results in the setting
of the complex plane see also papers[19- 21].

The behavior of composition operators on spaces of functions holomorphic in the upper half-plane is
considerably different from the behavior of composition operators on spaces of functions holomorphic in the unit
disk . For example, there are holomorphic self-maps of 7*which do not induce composition operators on
Hardy and Bergman spaces on the upper half-plane, where as it is a well-known consequence of the Little wood
subordination principle that every holomorphic self-map @ of I¥ induces a bounded composition operator on the
Hardy and weighted Bergman spaces on . Also, Hardy and Bergman spaces on the upper half-plane do not
support compact composition operators (seel5]).

For0<p <= and a e (—1.=) let LP(/T".d4,) denote the collection of all Lebesgue p-integrable
functions f:777 — ¢ suchthat :

[1F@ras, @ <o @
J.

where
1
dA,(z) = —(a+1) (2Jz)"dA(z) (3)
Let AL(7T)=LP(T".dA.) nHUT™). Forl < P < o, A, (7" is a Banach space with the norm defined by
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Il g =| [Ir@Pas, @) <o @
Ea

with this norm Aﬂ(z‘?’*] becomes a Banach space when g = 1 while for # £ (L1} it is a Frechet space with the
translation invariant metric

d(f.g) = lIf — gl -”AE,:H—}, f.g € ALUTY). (5)
Recall that for every £ £ H¥(T"] the following estimate holds:
IFIP o
If (x + iv)l? 5’:+:EU (6)

where C is a positive constant independent of f.

Let & = 0. The weighted-type space (or growth space) on the upper half-plane Aﬂ'iﬂ'* Jconsists of all
F=H (IT7)such that

Il 42 () = , 2T )] < ==, 0

For weighted type spaces on the unit disk, polydisk, or the unit ball see, for example, paper[30]. Given two
Banach spaces ¥ and Z. we recall that a linear map T : ¥—Z is bounded if T (EJ=Z is bounded for every
bounded subset E of ¥. In addition, we say that T is compact if T (EJ=Z is relatively compact for every
bounded set EC Y.

In this paper we follow the same Literature and methods of Stevo Stevic, Ajay K. Sharma, and S.D. Sharma
[29] with a little change. We consider the boundedness and compactness of weighted composition operators
acting from HF to the weighted-type space «4%(Z"). Throughout this paper, constants are denoted by C; they
are positive and may different from one occurrence to the other.

2. Main Results

The boundedness and compactness of the weighted composition operators from the Hardy space to the
weighted type space on the upper half plane w, w: HPUT") = AZUT ), and the special cases when & = 1 which
is a Hilbert space are characterize in this section.

Theorem 2.1. Let 1=p <o a= 0, weHT™) , and let @ be a holomorphic self-map of I77. Then
wy wi HPUT) = AZUT" Jis bounded if and only if

M= sup,_g* L:ﬂhiﬂ{z:” <o (8)
(Jolz)

Moreover, if the operator w gt HP(IT")} = AZUT Jis bounded then the following asymptotic relationship holds

||w¢‘-‘-°'||xr’|j}1‘j:-u:e§(}r} M )
Proof. First suppose that (8) holds. Then for any z=/T* and f € H¥ (iT"), by(6) we have

-]I:‘.'
(Jz=) lf|{1,1:¢:,_L_r,_i"]{z:]| = (J2)* ¥ (2Df ()] = Lﬂ 1w @l (74, (10)
(dp() "
and so by ( 8) wy w: HPUT"} = AZUT" ) is bounded and moreover

"ulﬁ'."."' ||HP|:_;|]'-_-|__,,_5_§,:_;I]'_'_-, = M (11)

Conversely suppose wy : HP(IT") — AZ(T") is bounded. Consider the function
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(z—w) P

Then f, e HP(T"), and moreover sup,, .= lIf; | zop) = 1 (see, e.g., Lemmal in [18]). Thus the boundedness
of wy et HPUT') = AZUT Jimplies that

21w @IIf, (@) < lwywf

Az = ”wﬂ-‘-” "HF' ()= AZmh (13)

for every z,w=IT*. In particular, if z=IT* is fixed then for w = @(z}, we get

(J=z)*®
——— 1@ =l wll o ey e 14
{J(p{z:]} 1o HF (I }=AZ(07) ( )
Since w=IT"is arbitrary,(8) follows and moreover
M= ||w¢-‘-‘-”||x!’(}:r‘j:-u:e§.;ﬂ‘:. (15)

If wye:HPUT') = AZUT") is bounded then from (11) and (15) asymptotic relationship (9) follows.
O

Corollary 2.2. Let 1<p =< = and o = 0 be such that ap=2 and w= H(T*). Then My: HPUT") = AZ(TT)
is bounded if and only if ¥ € X, where

X ={ ﬁz'f:-’_ﬂjwﬂ 7oeps
H*=(T) if ap=2
Example 2.3. Let 1 =p =< a5 and @ = 0 Dbe such that p=2 and w=T™. Let ¥, be a holomorphic map of 7+
defined as

(16)

1
— = i ap = 2
v, ) = {z‘;fjc_[""” e (17)
— if ap=2
For z=x +iy and w = u+iv inJT", we have
SUPg e Uz]c_("'l..p'llg;m{z:]l = SUP poysiped” ~— @p-7 = SUP zoy.iipen” . .r.v-i (18)
(r—u?+(r+v)) 2 b+v)F

Thus W, € Ag_ 0, T ) if ap =2 Similarly W, e H(T") if ap =2. By Corollary 2.2 it follows that
Mg:HP(T") = AZ(T")is bounded.

Corollary 24. Let 1=p <=s=a= 0 and let @ be a holomorphic self-map of 7% . Then
Cy: HPUT) = AZ (T ) is bounded if and only if

(Jz)*®

SUPze* 7] = o (19)
(Fe() *
Corollary 2.5. Let « be the linear fractional map
az +p
= - - : 2
wlz) p— ab,cod € Rad —be =0 (20)

Then necessary and sufficient condition that €y = HFUT") = AZUT") is bounded is that ¢ = O and ap = 2.
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Proof. Assume that C, : H¥ T} — A5 UT"} is bounded. Then

(Jz)® ((ex +d)? + c2y?ry®
SUPzem* Iy = SUP poyyipen” 3 (21)
(Jo @) * (ad — be)PyP
which is finiteonly ifc =0 and fp = 2.
Conversely, if ¢ =0 and ap = 2, then from({20)} we geta = 0, and by some calculation
Uz:]ll (d]ﬂ.
SUPzegt— _z. T\ = (22)
{J(F' {Z:]} g a

Hence that €, : HP(UT") — A7 (7"} is bounded.

O

Corollary 2.6. Let1=p ==, and o= 0 be such that ap = 2. Let ¢ be a holomorphic self-map of ;7% and
W = ()% . Then the weighted composition operator Wy acts boundedly from H¥ (7" to A7 (T7).
Proof. By Theorem 2.1 wy, w: HP(IT"} — A Z (IT" Jis bounded if and only if

(J=)=

+—g o' @DIF < =,
SUPzeq {J(P{E]} @ I:Zj =@ (23)

By the Schwarz-Pick theorem on the upper half-plane we have that for every holomorphic self-map ¢ of 77 and
all z=T*

o'zl 1

E JR—

Jez ~ J=z

where the equality holds when ¢ is a Mobius transformation given by(20 ). From (24) , condition (23) follows
and consequently the boundedness of the operator wy, w: HPUT" ) = AZ(T7)

(24)

Corollary 2.6. Enables us to show that there exist 1 =p <<=, &> 0, and holomorphic maps 4 and w of the
upper half-plane I7%such that neither Cg: HPUT"} = AZUT ) nor My: HP(T™) = AZ(UT™) is bounded, but
Wy wt HPUT ) = AZUT) bounded.
O

az+hb

Example 2.7. Let 1=p <=, and @ = 0 besuchthat ep = 2. Let plz) = .. &bcdeRad-be =0,
and ¢ # 0. Then by Corollary 2.5, C,, : H?(IT") = A7 (T} is not bounded. On the other hand, if

ad — be jlca 25)

= r & = _—
o) = (o' @ = (¢ 7 g5
then ¥ & H=(JT") and so by Corollary 2.2, My : H¥{JT"} — AZ{T" ] is not bounded. However, by Corollary 2.6,
we have that w, (g H? (T7) — A7 (IT") is bounded.

The next Schwartz-type lemma characterizes compact weighted composition operators
Wy wi HPUT ) = AZUT™) and it follows from standard arguments([4 1.

Lemma 2.8. Let 1=p <o, > 0, we H{T™), and let ¢ be a holomorphic self-map of I*. Then
Wy wi HPUT") = AZ (T ) is compact if and only if, for any bounded sequence ( fn),, .., —H? (IT*) converging
to zero on compacts of 7*, one has

lim

niZ el ooy = 0 (26)

Remark 2.9. Letp = 2, w= H(IT7),and let ¢ be a holomorphic self-map of 7*. Then
(i) Mg:HP(T"} = ATUT ) is bounded if and only if ¥ € X, where
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X = { 1;'.*-!‘-":' ‘ f P (27)
H=(T") if p=2

(i) Cy : HPUT™) = A7 (T ) is bounded if and only if

Jz
SUPgzen® I,
(Jp(=)) *
(iii) The weighted composition operator W, ,, acts boundedly from H*(T ) to A7 (/T") where¥ = .
(iv) wy e HPUT) — AT (T )is compact if and only if, for any bounded sequence ( fn), .y =H?UT")

converging to zero on compacts of 77° , one has

= o (28)

w2 Iwpehill gy =0 (29)

Theorem 210 . Let 1£p <w,e> 0,w= HUT") and ¢ be a holomorphic self-map of I+ if
Wy wi HPUT") = AZ (T ) is compact, then

(J=)=
lim  supjgimer —— = ez = 0. (30)
(Joz)) "
Proof. Suppose wy w: HPUT"} = AZ T is compact and (30) does not hold. Then there is @ §= 0 and a
sequence (zn) , ,, =/T*such that Je(z,)— 0 and

LTI a
(Jp ) *
forall n= N. Let wy, = @{ z,).n= N, and
ﬁ&]=%meﬂf (32)
_ a_:-ﬂ:l ‘p

Then f;, is a norm bounded sequence and f, =0 on compacts of 7*as do (z,}—= 0. By Lemma 2.8 it follows
that

lim .
f—s=o ||u";‘.'l,'-."'.fi|’!

sy = 0 (33)
On the other hand,

"Wa_t.f-'ﬁ!

A=) = Uzﬂjﬂ{wa_@.ﬁ!}{zﬂ”
= Iz, 1 2 NI fr0 (2,

{er‘_] L 5 (34)
2 (g0(z) 2
which is a contradiction. Hence (30) must hold, as claimed.

O

Before we formulate and prove a converse of Theorem 2.10, we define, for every a.b=(0,=) such that
a = h, the following subset of 7™ :

Np={zel:a< Jz<bl (35)

Theorem 2.11. Let 1=p <w,a=> 0, weH{T") , and let ¢ be a holomorphic self-map of 7" and
Wy wi HPUT) = AZ(UT ) be bounded. Suppose that we AZUT ) and (J2)*|¥(2)] = 0 as Ry (z) | ==
within Tap forallaand b, 0 < a = b =< o Then wy i HPUT") — oA 5 (T is compact if condition(30) holds.
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Proof. Assume(30) holds. Then for each £ = 0, there is an M, = 0 such that
(J=)=
—_— , Whenever Jolz) < M
. Iprlcp{zjl-::as whenever Jg » (36)
Let(fu)naw be a sequence in #2 (") such that supy.y lIfylpz==M and £, —0 uniformly on compact
subsets of ;7* as n—»a0. Thus for z=T* such that Jtp{z:l =< M, and each ns N, we have

F2 2w @)f (o)) « —— [:U

T 1o @I () < 2. @7

5 i

¢J'.x. }
From estimate{1&) we have

el gy
|u M
@l = (ga’p S g=e (38)
Thus there isan M, = M, such that
If(@lz] <= (39)
whenever Jgiz) < M,. Hence for z=JT" such that Jg(z) = M, and each n= N we have
J2 1P @) (D] < Pl g= ). (40)

If M,=Jplz)=M, , then by the assumption there is an M = 0 such that (Jz)*I¥(z)| = = whenever
|Hep (2) | = My Therefore, for each n= M we have

|9 | B
fn L e EM

FE ¥ @Df (el <2 "< 3 (41)

(Jwizl) p M T

whenever M, ZJp(z)=M; and |He (2) | = M,
If M, £ Jeplzl< M; and |Re (2)] £M;, then there exists some ny= N such that [f,p(z) | < & for all nEmny,
and so

(J2)° W @ Ifa (N < ellWll gz (g4, (42)
Combining(371-(42), we have that
||HI$'.".I".fi" rF.‘I:H_'l = EC, (43)
fornzn, and some C = 0 independent of =. Since £ is an arbitrary positive number, by Lemma 2.8, it
follows that Wy wi HPUT) = AZ(T") is compact.
O

Example 2.12. Let 1=p < = and o :=- 0 be such that ap = 2.
Let @(z) =z +i and @w(z)= el then Relz) =x and Jp(z)=vy+1. It is easy to see that

W e AZ (7). Beside this, for zsfc_,, we have

& 2 il — = —
{JZ:] |Lf-"{z:] = '_r*+|_1.+1‘1*“=": = (x? +@21%i2 0as fﬁtp{z:] x= . (44)
Also
2% |g'z)l® = 1 : <l=ow
SEIPXE}I |:J 'K"" '?I {Z:] S?'IPE'EH |_'|.'+1.:I= ':I:+|:_'|.'+L:|:'_'|ﬂ.-": = e 2 (45)

and the set {z : J@(z) = 1} is empty. Thus @ and w satisfy all the assumptions of Theorem 2.11, and so
Wy wi HPUT) — A7 UT" s compact.
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