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Abstract

This paper is concern with the existence and the uniqueness solution of the state vector of a couple of nonlinear
elliptic partial differential equations for a given continuous classical control vector. Also the existence theorem of
a continuous classical optimal control vector governing by the considered couple of nonlinear partial differential
equation of elliptic type with equality and inequality constraints is developed and proved. The existence and the
uniqueness solution of the couple of adjoint equations associated with the considered couple equations of the
state is studded. The derivation of the Frcéhet derivative of the Hamiltonian is obtained. The necessary
conditions theorem so as the sufficient conditions theorem of optimality of the constrained problem are
developed and proved.

Keywords: Classical optimal control, system of nonlinear elliptic, necessary and sufficient conditions.

1. Introduction

The optimal control problems play an important role in the many filed in life problems , for examples in
robotics [ Rubio et al 2011], in an electric power [Aderinto& Bamigbola 2012], in civil engineering [Amini
& & Afshar 2008], in Aeronautics and Astronautics [Budigono& Wibowo2007], in medicine [El hiaet al
2012], in economic [Boucekkine& Fabbri 2013], in heat conduction [Borzabadi et al 2004], in biology [Agusto
&Bamigbola2007] and many others field..

With Do to this importance and during the last decades many researchers interested to study the optimal
control problems for systems governed either by nonlinear ordinary differential equations as in [Orpel2009] and
many others, or governed either by linear partial differential equations as in [ Lions1972] or by nonlinear
partial differential equations either of a hyperbolic type as in [Farag 2014] and [Agusto&Bamigbola 2007], or
by a parabolic type as in [Chryssoverghi & Al-Hawasy2004; El- Borai et al 2013] , or by an elliptic type as in
[Bors & Walczak2005; Chryssoverghi et al 2006] or optimal control problems governed by semilinear elliptic
equations as in [Casas& Kunisch2014] and an optimal control problem for a linear second order elliptic system
as in [Bahaa& EIl-Shatery2013]. While the optimal control problem which is considered in this work is governed
by a couple of nonlinear partial differential equations of elliptic type. The control is represented by a control
vector and the state is represented by a vector state.

This paper is concern at first with the existence and the uniqueness of the state vector solution of a couple
nonlinear elliptic partial differential equations for a given continuous classical control vector. Second the
existence theorem of a continuous classical optimal control vector governing by the considered couple of
nonlinear partial differential equation of elliptic type with equality and inequality constraints is developed and
proved. The existence and uniqueness solution of the couple of adjoint vector equations associated with the
considered couple equations of the state is studded. The derivation of the Fréchet derivative of the Hamiltonian is
derived. Finally the theorem of necessary conditions so as the theorem of sufficient conditions of optimality of
the constrained problem of are developed and proved.

2. Description of the problem

Let 1 = E*be a bounded domain with Lipschitz boundary I = @12, Consider the following nonlinear elliptic
state equations with Dirichlet boundary value problem

—av by — v AU = f ), inQ (1)
—ay oyt il ug) = h(xoug)in Q 2
w=0,onr ®)
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where (v, 20 = [ (). () ) & (HE(0)) is the state vector, the functions £ Cx.v..u,) andh, Cx, vz, us)

are defined on 2= ExI, and 0 x Rx I, respectively and the functlons_f_kr u, Iand hy(x,ug) are
defined on 17 = I, and 11 = I, respectively with I, =R and I/; = E.

The control constraint (The control set) is  (uy.uz) & W, x Wy = W,V = (L3 (0))*
where IV = Wz is the set of controls with ' = E* is defined by
W={welWmP|w=(w.w,)el, xU, =U.aein0}
The cost functional is
Gl = |r Gos Croy uddx + |r Goz Lroy gl dx (5)

The constraints on the state and the control are

G:'S:'=_I}-_5::':r ¥y, ugddx + Ir-g (r.yusddx =10 (6)
G (&) = [ g Croveusdde + [ gez J';.':.u::la'ril:l (7
The set of admissible controls is ¥ = {{u,.uz) € W x WL16, (3) = 0,6, (@) < 0} €))

The continuous optlmal control problem |s to minimize the cost functional (5) subject to the constraints (6) and
(7),ie.tofind & suchthat G, () = __+ - Go w) and u e W]

Let ¥ =V xV = H}{Q) x H} () Wedenoteby'l» v) and v
(v.vl, and llv themnerproductandthenorm|n Hi(Ql by
|n':’“|><':""‘)by'b ¢l = (vl + (v v.)s and 15 =

r

in 7 and 7 is the dual of .

- the inner product and the norm in L*{ 1), by
v.v) and |[7]l; the inner product and the norm
vy iy + llwz . the inner product and the norm

3. The solution of the state equations

In order to find the classical solution of problem (1-4), first we find the weak forms of problem (1-4).
Multiplying both sides of equations (1) and (2) by v; £ V' and v, V" respectively, integrating both sides of
each one of the obtained equation with respect to x and then using the general Green's theorem for the 1% term in
each obtained weak form the following weak forms are obtained

Vv, Vo) + vy — O ) + (R Ce oy udowy) = (EGoudvy) , v, €V 9
(Fy. Pood + Qrpowad + (v d 4+ (e dows) = (haCroughovg), v, €V (10)
Adding (9) and (10), we get that
o D)+ (filxyoud v + (e Goynugdivg) = (B lxugdov) + (e Gougd v)vle,v) eV (11)
where a(y. ¢} = (Fy, P d + Opowy ) = Gryow )+ (P, P d + v d + Oryvg) (12)

= |-‘r

Assumptions (A): a) al¥. ¥} is coercive, ¥

b) |aly. v} =4, 0700+ 1., where £, = 0,
¢) The functions £ (x.3;.u;)and hy(x 3. u.) are of Caratheodory type on 2= BEx U, and 2% R x U,
respectively and satisfy the following sub linear conditions

If'r- )] 20,00 +e ]y | +
B Cryzrun)| = 9200+, ,_I—

|~4| ., where ¢,€L7(0) , e, f=0  and

=
:|,where ¢ €L} , c2.8; = 0.

;;;:. e

) fi is monotone w.rt. y; for each x £ 2 and u; € Iy | h; is monotone w.rt. v, for each x££, and

U, and satisfy f_'\r D.u::l=ﬂ,u:-£b: vreNand hlr.Cu,)=0 u, el ¥xen,

5:'

e) The functions f:(x,u.) and h,(x,u,) are of Caratheodory type on 2 U, and £2 % U, respectively, and
satisfy the following conditions

Floud| = @00 + ¢4

. i & - s
Azhx, Ut | = gylxl

im

JENRT, o

uy |, v, uy L0}, ey =0 and
>

e N - g .
u |, vixudeQxU, ¢, l2() =0,

1 U5

Theorem 3.1: In addition to the assumptions (A), if one of the functions f or k. in assumption (d) is strictly

monotone. Then for each fixed control vector = € V" | the weak form (11) has a unique solution state vector

= 1T
VEV,

Proof; Let A:¥" — ¥ then the weak form (11) can rewrite as
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(A7 = (. uy) (hy (ug ), vEEV (13)

where {A(¥). 7} = aly. 7) + (£ (v ugdovs) + (y (zougdovg) (14)

i) From the assumptions A(a & d) , 4 is coercive

if) From the assumptions A (b and c) and using proposition 2.1 in [Chyssoverghi & Bacopoulos 1993] the mapping
v — (A(F1. ¥} is continuous w.r.t. ¥

iii) From the assumptions A(a & d) and (i) A is strictly monotone with respect to ¥.

By using Minty—Browder theorem in [Brezis 2011] we get that there exists is a unique weak solution ¥ = V7 of the
weak form (13).

Assumption (B): £;; and g;: are of Caratheodory type on 2= R = LU, and 11 = R = L/, respectively and are
satisfy the following sub quadratic conditions with respect to (.. u:) and (y..u.J, i.e. ¥I =0.1.2

g v ug ) | S g (x) + e vd + Epud with On.u) e Rx Uy, 0y € L), and €, 6 2= 0
and gz by ) | = (0 + epyd + EE:UE, with (yz. uz) € Bx Uy, € L7000, and 2.8, = 0

Lemma 3.1: In Addition to the assumptions (A), if the functions £ and #; are Lipschitz with respect to u; and
the functions £ and h; are Lipschitz with respect to ;. Then the operator u — vz , from W, to (L=(11" is
Lipschitz continuous.

Proof: Let u:.u: € i, be two controls of the weak forms (9) and (10) respectively, ; and i; be the
correspondmg state solutions of these controls. Setting &y, = — 3 , 8y =¥ — 12, Sd = u; —u, and
du; = u; — u, , substituting these term in (9) and (10) with setting v = &y, and 1w, = , then adding the
obtained equations, we get
I:FJ:I‘: ’ FJ}E :I T I:L’j‘:_f: ’ J:"i :I T I::FLT}‘: » 'I_"'L':T:f': ::' T I:J:f: ’ J:f: :I
+(f Gy + Gy + Gug) = fi Qg + Suyd Gy )
—'i.i'.: ':;.': + Gy + Su::l — .i'.:':;.': g+ Su::l. Gy )
= —(f G + 6wy d = £ QgD Gy 0 + (f Quy + Guyd — £ (Guy ) Sy )
—(hy Gygantg + Sugd — by G g Gyp )+ Chs Gug + Gugd — Ry (8ug ) 8y, ) (15)
Using assumption (A-d), (15) becomes
| &7 117 = _I}-_':fi (e vy + 6uyd — £ Geoyug ) 18w d
+ _I‘!.._r; B (x, uy + Eu::l — :':;r.'. 514:]]5:.‘: dx
+ _I‘!-._{.i'.:':r.;.‘: g+ Guqd — hy (v, ug N8y d
+ I:-.u’ét-':r. U + Gusd — hy(r, Su. N6y dx (16)
Using the Lipschitz assumptions on fiand f£ w.rt. u;and on hy and h; wirt. 5 on the terms of the R.H.S.
of (16) and then usmg the Cauchy -Schwartz mequallty of the obtained inequality, the last one with L; = L, + L. |
L.=I,+1I. and L = max(Lls, L} becomes
| 65 Ui Ly I Guy lg &y lg+ Ly U Sug gl Sy; ly =0 6y 3= L Il & 1l (17)

Lemma 3.2: With assumption (B), the functional G; (%) , (for = 0.1.2 ) defined on (L*{Q2})* is continuous.

Proof: From assumptlons (B) and usmg Proposmon 2.1in [Chyssoverghl & Bacopoulos 1993] each of the
functionals I!"_ o eV 0 dx and IrJ (e, Vo ldx (for I = 0.1.2 and ¥y = (v, for k= 1.2) is continuous

L

on (L*(12})*. Hence the functional G; (i}, (for I=01.2)is continuous on | _5-:5‘2]]-'.
Lemma 3.3: Let g : @ x R* — R is of Caratheodory type on @ x (R x R) and satisfies
glr,youl | =nle) +cy® +c'u” where e L*(Q. R}, c=0and ¢ =0,

TT

Then [, (. y. 2 dx is continuous on L*(Q. B* J, with u € U, U = R is compact [Chryssoverghi 2010].

4. Existence of an optimal control:

In this section the existence of a classical optimal control of the considered problem under some conditions is
studied. Also some other assumptions are added in or dear to study the adjoint equations of the sate equations (1-4)
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and to derive the Fréchet derivatives of the cost function (5) and of the functionals in (6 -7) as follows:

Theorem 4.1: In addition to assumptions (A) and (B), we assume that the set of controls W is of the
form W =Wz with U convex and compact, WW; =@, where fi and h; are independent of u.and u
respectively, and fand h; are linear with respect to u;and u; respectively, i.e.

|
[}

 Ceoyud = £ Gopd, with |G| = .00 +e. ]y |, where @, 2 L2(0) and ¢, =

hy(eoymoua) = by Geoyndwith | hyCend| = ¢:00 + 65|y |, where ¢, e (), and e, =

Lo}

~Geouy ) = £ Gduy with, |£G) | = & and ky o) = hoGodus , with | Ao () | < &,

g and gz |smdependent of usand u,, g and gz ([ = 0.2%are convex with respect to u.and u;for fixed
Cr.v Jand Cx.y ) respectively. If iV is bounded.Then there exists a classical optimal control.

Proof: First, We need to prove that I} = I¥; is weakly compact.

i) Since U; = R is convex and bounded (for each i = 1.2}, then It} is convex and bounded then % = 15 is
also convex and bounded.

if) Since U; is closed ¥i = 1.2, then by using Egorov's theorem in [Warga 1972], 11} is closed and then 1} = W}
is closed.

From (i) and (ii) we get W=Ww, xW Weakly compact.

Since 1%, = ©. then there exists a pomt i, | such that &. (W) =0, G, (W) =0, and then there exists a
lim N = |nF
minimum sequence { i} = {(uy, u. 11 € |11, such that 2 G, (u, )= Ga ETI

Then by using Alaoglu theorem [Adams 1975] there exists a subsequence of {i,} say again {z,} which
converges weakly to some point i in W

Now, by using equation (11), assumption (A-e ) and the Cauchy Schwarz inequality ,we get

- e

| ¥ 122 ((AGD) 30)) = (F (% ttgn ) Yon) + Chg Gtz ) ¥2n )

. - . I
= £3 l yyp ot ca8y | ygn ot £4 1 o |:_'5;‘7: |y o= g +yd Ny Iy=C iy Iy

P .- . = . \ 5 _ _
where #7 = maxify.cofy) 4y = Z‘I’.:-I:-:'\c'-;.t.';ﬁ:J , C = maxisy.+y) =0, then | v, hb=0C , ¥n

Then by Alaoglu theorem there exists a subsequence of {7} say again {7} such that v, —— ¥ weakly in ¥
which means ¥, — 7 weakly in (L*({J3* and by using the compactness theorem in [Temam, 1977] we get
that 7, —— ¥ strongly in (L*(7))*. Now and since for each =, 7, = (y.,,. 2, satisfies the weak form (11) ,
then (with £ = fi Ce.wyp b by = by Gy ) L £ = £00), by = ho(x))

(Ve Vo) 4+ Qg v d = O a0 4 (Vi Vg ) + Oy w2 ) 4 (v

+{f (Vin ) v + (he (v} = (fugn vi) + (Rpugn.v;) (18)

Let ¥ = (vup.vmn ) & (C(Q)F and (vp.v) & (C(E))°, We want to prove (18) converges to

;;;;;;

_ - P — _ _ - P ~ o ~
(V. Vi ) + Uy, L-:,' — '\;.':. ui,l + (Vi Vi) + (g v ) + U )

(A (Fa v + (h ) vy |—|j )+ (holig ) (19)
i) Since foreach i = 1.2, ¥, — 7 =
Yin — Fyweakly in L2(Q) and Vi, — Vi;weakly in L2(Q) (20)

if) From the assumptlon on filx.wy,l , hyix 1) and using the result of lemma3.2, one gets that
I_nfnr Vin v dx and Innf'_nr Vin J¥z dx are continuous w.rt. ¥y, and s, respectively, since yi, — ¥
and ¥, — ¥ strongly in L={&2}, then the L.H.S. of (18) — the LH.S. of (19), i.e.

(e ) v) + (O by ) — (A vy + G () owg), vl vyl & (C(6G))E
Also since iy, — U, & U, — - weakly in L*(2), then the R.H.S. of (18) — the R.H.S. of (19), i.e.
(fugn — LUy vy) + (hatign — Raliz vy} = (f (U — Uy) vy) + (ha(Ugy — Uz )vy) — 0
But (C(&11%is dense in 77 then the above convergence hold for each (v, vl e ¥, which gives v, — ;TT =7z

is a solution of the state equations.
From lemma (3.2) we get &; (%) is continuous on (L*(€}}7, for each 1=0,1,2,

From the assumptionson g & gz and ¥, — ¥: , ¥z, — F=strongly in L7{€2}, then

G (T)= lim 6,(Z,) =0 , hence G, ()= 0.
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Now, we prove G; (), (for each I=0, 2) is W.L.S.C. with respect to ¥ and 1.

From the assumptions (B), iy 2oy € T aeinQ, T is compact and then from Iemma (3. 3) we get

I1.~ G 6L Voo gy Jdx —.~_I1_.~_g;f_':r.;._'f_.u:,._,lar and Ip r Vo g “f'a;r'— Ip r Vo U :_v,f.'ax

Since gy (x .;._‘i_u Jand g2 (. 7.7, 1 (for each 1=0, 2) are convex with respect to u; and ii; respectively, then
is convex &l ). (for eachl 0 2) with respect to i, i.e.

lpgpl i, g Mdx Zlim I}_g_' XV Uyl

= lim || g lx Fo e ) — g\ v Uy ) Jdx + Hm |y gr L2 v 2y Jdx

- -0

By the same way we get [ gz G, 7. T 0dx =lim [, g (xvvy wap Jdx | (for [=0.2) e
G (%) =lim G,(%,) , (foreach|=0,2) = then G, (i) =lim G, (7, )=0=G, (%) =0
on the other hand we have that
G, (%) 51_@1 GolHin) = lim G, () = __"1_] G, (%) .i.e. T isan optimal control.

Assumptions C: Assume  fiy,, fiu,, fuys oy, Powy, Bong, Sy, 8wy, Sipoand g, are of the

T:aratt]eodory type and satisfy: |fi,,|=co ,|fiu, | =c2, fmi < o, |y 1ye =y, hay =, hoy, =0,
Siiy, My ool l ool and  gige, | 20y + Gyl + 65lwyl forj=1.2and =012
Theorem 4.2: With assumptions (A) , (B) and (C), the Hamiltonian is defined by:
HGxysynuguy) = 2 (H00u,) — £ Gy ug)) + gor (g y)
—”'.'1'3" I—Jt'r‘.'-. l'—rn:\r RTEP _:l
the adjoint vector (z,.z,} = '::z: e+ T2us ;equatlons of the state equations (1- 4) are given by
=z + ozt oz fiy, o) = goag, Loyl inQ (21)
—Az; +2; — 2y + 23 by, B0y ug) = gooy, Gy uzd inQ (22)
z;=0onT (23)
z; =0, onT (24)

Then the Fréchet derivatives of & are given by

5 e, — F e T o . I:'Hi_' e '|'-t;,:-t. |'.-21 '-t..
Gplah bu = |pHy JSudx | where Hg = e Vimabatz) |

Hel ety Y plln s \zgl "*..:—"-1;.-::—,57:;.-:-

L4 .r-ii.'i.'_«'.;ii.'i.
and the operator i — Zz is continuous. )
Proof: Rewriting the adjomt equations (21-23)-(22-24) by their weak forms, adding these two Weak forms, we get

|'|:ar '.:L_ |_Id7 L- |_Id? L- |_|'|:ar '.:L_ |_Id7 l.- |_Id? L- |_|f'l

P

i % i & ~ % i ! A o TF
_I.xll'!i_-l-:f:. L": __.I = I'-tgii_'l'il":"i . Lli_,l. l.-"i __.I e I.__B::_-.-:I\_T: : U:_,I. L": __.I.\'.TI\ l;:. l;: _.I E |'I (25)

It is clear that the weak form of the adjoint equation (25) has a unique solution z = Zz for a given control % W,
Now, by substituting ; = & and v; = &¥; in (25) we obtain
(Vz,, Véy, ) + (2., 6y, ) + (22, 6y, ) + (V2o Voye ) + (25,632 ) — (24, 630 ) + (fay, 20 63, )

+(hyy. 2289 ) = (goay, o wsd 63 ) + (gozp, G uad 63 ) (26)

Substituting the solution 3 once in (9) and then again the solution ¥ + &3, subtracting the obtained equations
one from the other, finally substituting v; = z;, we have
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(V&y,. Vz,) + 8y, 2,0 — (Gyy. zy)

i, - - - - i~ -~ - - - -~
+0A G + Gypoug + 0ug) — fi Coypougdoz))= (0 Cuy + 8uy) — fCuy ) zy) (27)

Also substituting the solutions 3z once in (10) and then again the solution i +d&3;, subtracting the obtained
equations one from the other, then substituting 1, = =, we have
(Voyy. Vz) + Gy, zp) 4 Sy oz ) + (g Gy + Gypaug + Gugd — by (g gz
= ((hy (uy + Guy) — hy(ugd z;)) (28)
Adding (27) and (28), we obtain
(Vv Vz,) + (8. 2,0 — (Gyy. 2 ) + (W8, Vz, ) + (Byq. 2,0 + (Gyy.z, )
+0f Oy + Gypug + 8uyd — £ Qg bz ) + (g (v + 8w + Sugd — by (G ugdzy)
= 'i:'if;'iu:—ﬁv:?'—f;" )z:)) + (Chy gy + Buy) — by (s, 2,)) (29)

From the assumptions on £ ,h: , fzand ks , up on using the proposition2.1 in [Chyssoverghi & Bacopoulos
1993] and the Mean value theorem the Fréchet derivatives of f; , i, , fzand i, are exist, then from Lemma3.1

and the Minkowiski inequality, we get that ) )
':"TJ;.':. "T:’:j + ':J;.': . zizl - ':J;.': . zizl + ':"TJ;.': . "T:’:j + ':J;.': . :’::l + ':J;.':.z_- 1+ 'Lfij.id‘;.g = fiu, Suy.z, )

—'::51:_1.:5;.': — hyy Sus. z:::' = '::f:.“.i Ju:.z:::' + '::J!:u: G142, ::' + L-'{'::E::' Su : (30)
where &(5u} — 0,and [[Gull, — 0, as du —0 .

Now, from the assumptions on g;: and g;:, the definition of the Fréchet derivative and then using the result of
Lemma (3.1), we have

— —_ o — ro . " ~
Gplau + Sul — Gplad = Jphgpyy, 631 + Goaw, 6u, Jdx + Jgl gozy, Oy, + Ou; 'ar + |.'_.l5 Gul|, (31)

where #(6u ) — 0,and |[5ull, — 0 as du — 0.
By subtracting (26) from (30) substituting the obtained equation in (31) , the last becomes
Gy (5 + 67 — Gy () = [z (fan, — fru) + Gosw, JOusdx
+ _I:-_':::’:{.i'.:u: — Ry )+ Gozu, ou,dx + £(6u)|6u . (32)

But from the definition of the Fréchet derivative we have that

Gr'xul-h—l.n'-’—' Su dx dx )
It is Clear that the operator & — Zz is continuous in (L2 (e0)".
Remark 4.1: Of course the Fréchet derivatives of the functions G. (%) and G.(x) can be derived by the same
this way.
5. Necessary and sufficient conditions for optimality:

In this section the necessary conditions for optimality under prescribed assumptions is considered so as the
sufficient condition for optimality as follows:

Theorem 5.1: Necessary conditions for optimality:
a) with assumptions (A),(B) , (C) and with iV is convex, if the control u £ i is optimal, then there exist

multipliers i;e R , (=012 with i,=0 , i,=0 | _E’ A;l=1 such that the following
Kuhn- Tucker Lagrange (K.T.L.) conditions are satisfied: =

54 der =0, vwe w -.':Tq =w-—-1u (33a)
where g; = E Argy; and z; = E Aiz; (f = 1.2) in the definition of H, and also

1,6.(H) =0 ‘ (33b)
b) (Minimum prlnC|p_Ie in Weak form): If W = T; then inequality (33a) is equivalent to the minimum principle
inpointwise:  Hg .u = minHz .v ,ae. on i

Proof: a)From Theorem(4.2)we get that the functional G;(x} has a continuous Fréchet derivative at each i,

uel
since the control % = 1}, is optimal, then using the K.T.L. theorem there exist multipliers 4; e R, [ = 1.1.2
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AGy 2 ) + 1,6,
and 4, -5 (uy =20

Substituting the Fréchet derivatives of &; (i} in the above inequality we get:

-
o, - —
.

with A,:gn ,1_.30 , X140 =1 such that

() + 4, G_,kull (w—u1 =0 vwel

_I:_-!{z:f:ut—r-:h.i.z_-.i!:uﬂ—g_ L Gudrz0= [(H Sudrz0 vinelW Su=w-1
where z; = E and gy, = E g,

F

b) Let {ii;} be a dense sequence in W ,and let D = 01 be a measurable set such that

'1'J’|— ifxebD
u\rxl ifx el

Hence (33a) becomes

lgHg (w, —u)dx =0, foreach measurable set I = Hg .(w, —u) =0  ae on

the aboverjnequality holds inaset @ = ;@ where T =_ — N, with #(;} = 0. But Qis independent on k
with |~ /g | = 0 and since [uy]is dense sequence in 1" then the above inequality becomes

."r:-'-\'-i—d,l =0 ,ae. onNl = H7 .i=min H; .7 ,ae. onn

The converse is clear.

Theorem 5.2: (Sufficient conditions for optimality)

In addition to assumptions (A), (B) and (C), assume W' is convex, fi, gi: are affine w.rt. (vy.usl, hy, 5is
are affine w.rt. (v;.uzl, fz, hy are affine wirt. u; and u; respectively for each x ,and gy, 5= [ = 0.2
are convex W.r.t. (v .uy ) and (v;.u5) respectively for each x. Then the necessary conditions in Theorem (5.1)
with A, =0 are also sufficient.

Proof: Assume u £ E and u is satisfied the K.T.L. and the Transversality conditions, i.e.

JnHg Goovyaugyn uyJoude = = 0, YiF W and A.G,(T0) =0

Since filwyugd= £, 0l + £ Oduy + £:00, flowd =f Oduy + £ (0

hy G,y ugd = by Ol + by Odug + Rya(x) and Ry lxug) = gy Odug + by ()
Let & = (uy.uz) and & = (%, %) are given controls then ¥: = ¥iy,, Y2 = Yzu,, 71 = Fig, and 72 = ag,
are their corresponding solutlons , substltutlng the pair_ (.7} in (1-4) and multiplying all the obtained equations

by e = [0.1] once and then substituting the pair (.3} in (1-4) and multiplying all the obtained equations by
{1 — ), finally adding each pair from the corresponding equations together one gets:

r

. s . W s p S P . “
—afay £ — el )+ ley, +00 — ey d =ty +00 — e )+ ek lay + 01— el

+h. G leu, + 01 — edu )+ fi:) = £ Gl o, + (1 — el )+ fo () (34a)
ey, + (1 - elfy, =0 (34b)
and
—aloy, + 01 — e ) +lav + 01 — el Fd + low + 01 — edi ) + by Ul (v, + 01— a),)
thy e eu, + (1 — et )+ by ) = by G euy, + (1 — el )+ hog () (35a)
ay; + (1 — ali; =0 (35h)
Now, if we have the control vector & = (%..7.) with
i, = ou, + (1 — o), and %= au; —'1 — ali,)

Then from (34a&b) and (35a&b), we get that ¥ = ¥z = (3. 7.} with
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Y1 =%um, T Vileu,+ (- dw,) T BV T 1 — ely; and ¥ =¥alguy+ - dm) = B¥r T 11— aly

are there corresponding solution, i.e. are satisfied (1-4) respectively. So we get the operators u; — ¥y, and

Ly
u; — ¥q, are convex- linear w.rt. (v;.uy ) and (v;.u-} respectively, for each x = i1,

Now, since g (x. vy 1y} and gio (x. v, u; ) are affine wirt. (3. uy ) and (3;. 223 respectively, for each x £ {1,
and from the convex —linear property of the above two operators we get that &, {u} is convex-linear w.r.t. Ly acl,
wr e {1,

The convexity of &;(x) (for . [ =0,2) wrt. (¥

ul, ¥x €0 is obtained form the assumptions of g and
} respectively, ¥x £ 11,

gi-. 1 =0,2 are convex W.rt. Cyw.u.) and (ym.u.

Hence G(i) is convex wrt (), in the convex set I¥ =i’z and has a continuous Fréchet derivative
satisfies G (W)fu = 0 = G(4) hasaminimumat ¥ = Glul=clwl, vwelV =

oGl + 4,6, 00 + 4,6, (00 = 2,660 ) + 1,6, 65 + 2,6, (W) (36)
Now, letw be an admissible control and since u is also admissible and satisfies the Transversality condition
then (36) becomes &, (i} = G, (W), wit € W j.e. ¥ isan optimal control for the problem.
6.Conclusions

The Minty—Browder theorem can be used successfully to prove the existence and the uniqueness solution of the
continuous state vector of a couple nonlinear elliptic partial differential equations for fixed continuous classical
control vector. The existence theorem of a continuous classical optimal control vector governing by the
considered couple of nonlinear partial differential equation of elliptic type with equality and inequality
constraints is developed and proved. The existence and the uniqueness solution of the couple of adjoint equations
associated with the considered couple equations of the state is studded. The Frcéhet derivation of the
Hamiltonian is derived. The necessary conditions theorem so as the sufficient conditions theorem of optimality
of the constrained problem are developed and proved.
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