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Abstract
In the present paper we establish a fixed point theorem for polish spaces for W-distance.
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1. Introduction and Preliminaries

Definition 1.1: A metric space (X, d) is said to a polish space, if it is satisfying the following condition:
0] X is complete,
(i) X is separable

Definition 1.2: Let (X, d) be a Polish Space and let F and G be a mapping fromQ x X - Xandw € Q be a
selector. The mapping F and G will be called weakly commuting iff

d(FGx(w),GFx(w)) < d(Fx(w),Gx(w)), forall x € X.

Definition 1.3: Let (X, d) be a Polish Space and let p be a mapping from (@ x X) x (@ X X) — [0, ). The
mapping p be called w-distance on X if

(i) p(x(w),y(w)) < p(x(w),z(w)) + p(z(w),y(w)) forx,y,ze X
And w € Q be a selector.

(i) Forany x € X, p(x(w),.) = [0, o) is a lower semi-continuous and

(iii) For any € > 0, there exists § > 0 such that

p(z(w),x(w)) < 6 and p(z(w),y(w)) < § imply p(x(w),y(w)) <e

Forany x,y,z € X,w € (2 be a selector.

In the present paper we prove a common fixed point theorem for three self mappings of a polish metric
space with w-distance.

2. Main result

Theorem 2.1: Let F be a self mapping and G and H be continuous self mappings of Polish metric space (X, d)
with a w-distance p satisfying the conditions:

(i) FX c GX n HX
- p3(Gx(w),Fx(w))-p3 (Hy(w),Fy(w))
<
(if) p(Fx(W), Fy(W)) =a [p(Gx(w),Fx(W))+p(Gx(W),FyW))].[p(Gx(W),Fx(W))—p(Hy (W),Fy(W))]

1p p*(Gx(w),Fx(w))-p*(Hy(w),Fy(w))
[p(6x(wW),Fx(w))+p(Gx(W).,FyW))].[p%(6x(W),Fx(W))-p2(Hy(W),Fy(W))]

p2(Hy(w),Fx(w))+p?(Gx(w),Fy(w))
p(Gx(w),Fx(w))+p(Gx(w),Fy(w))

Forallx,y € X wherea,B,y>0,a+ﬁ+y<% and w € ( be a selector.
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(iii) {F,G} and {F, H} are weakly commuting pair.
Then F, G and H have a unique common fixed point in X.

Proof: Let x,(w) be an arbitrary point in X. Then Fx,(w) € X. Since FX c GX there exist a point x,(w) € X
such that Fx,(w) = Gx;(w). Since FX c HX there exist a point x,(w) € X such that Fx;(w) = Hx,(w). In
general one can choose point x,,,;(w) and x,,,,(w) such that

szn(W) = Gx2n+1(W) and Fx2n+1(w) = HxZn+2(W), fOI’ n= 0,1,2,3, .....

p(FxZn(W)' Fxyniq (W)) = P(Fx2n+1 w), szn(W))

<a D3(Gx2n4+1 W), Fxoni1 W) —p3 (Hxzn W), Fxznw))
= 7 [p(6x2n+1 W) Fxone1 W) 4D (G X204 1 W), Fxon W) [P(GX2n41 (W), FX2041(W)) —p(HX2n (W), Fx2n(W))]

+8 p*(Gxan41(W),Fxans1W))—p* (Hxzn W), Fxan(w))
[p(Gx2nm+1(W).Fxons1W))+D(Gxont1(W).FxonW))][p2(Gx2n41 (W), Fxons1(W))—p2(Hxan (W), Fxan(W))]

D2(Hx2n (W), Fxan41(W))+D%(Gx2nt1 W), Fxzn(w))
P(Gxans1 (W), Fxone1W))+0(GX2n41(W),Fxon(w))

< D3 (Fxan (W), Fxone1W))—p3(Fxan_1(W),Fxpn(w))
sSa
[p(Fxzn (W), Fxan41(W))+p(FxonW),Fxan(W))][p(Fxon (W), Fxane1(W))—p(Fxan—1(W),Fxan(w))]

+8 p*(Fxon(W),Fxone1(W))—p*(Fxan—1(W),Fxzn(w))
[p(FxanW),Fxans1 (W) +p(Fxan W), FxanW))].[p2(Fxan(W),Fxane1(W))—p2(Fxan—1(W),FxznW))]

D2(Fxon—1(W).Fxan11(W))+p%(Fxan(W),Fxzn(W))
D(Fxoan(W),Fxzn41(W))+p(Fxon(W),Fxan(w))

+y

[ D(Fxon(W),Fxzni1(w)) ] [pz(szn(W).sznﬂ(W))H?z(szn—l(W):szn(W))
—p(Fxan—1(W).Fxan(W))|'| +p(FxonW),Fxone1(W)).0(Fxzn—1 (W), Fxznw))
P(Fxon(W),Fxzn1(W))—D(Fxon—1(W),Fxan(w))

pZ(FxZn(W)'FxZn+1(W)) <«

[ P2 (Fxan(W),Fxans1(W)) ] [ P2 (Fxan(W),Fxans1(w))
—p2(Fxan—1(W),Fxon W) [+p%(Fxan—1(W),Fxan(w))
P2(Fxon(W),Fxans1(W))—D2(Fxan—1(W),Fxzn(w))

+B +yp?(Fatan-1(W), FXonss (W)

[Pz (Fx2n(W)' FXxoniq (W)) + p? (FxZn—l w), szn(W))
+p(Fxzn W), Fxane1(W)). p(Fxzn—1 (W), Fx2(W))

+B[P? (Fotan W), Fxon1(W)) + P*(Ftan_1 (W), Fiton(W))] + yp* (Fxon-1(W), FXon 1 (W)

(P(FanW), Fgnes W) + p(Fxgn 1 (W), Fxn(w))}’

<
| (P (Ftan ), Fzn s ). p(F X W), Fz(w))}

+B[P(Fxan(W), Fz 1 (W) + P(Ftpn_s (W), Fotp(w))]”

+¥[P(Fton W), Fanss W) + p(FXans (W), Fzn(w))]’
P2(Foon (W), Faznas W) < (@ + B + 1) [p(FanW), Fatypss (W)) + p(F oy W), Fzn(w))]”
P(Fxon (W), Fizns1 W) < /(@ + B + P[P (Fron (W), Fanss W) + p(Fazn_1 (W), Fatzn(w))]

V(@a+B+y)
1-J(@tB+1) p(FxZn—1(W), FxZn(W))

p(FXZH(W)'Fx2n+1(W)) <
P(Fxan (W), Ftzn s (W) < e p(Fxopy (W), Ftz ()
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LEtk_—1—Jm<1 with /(e +B8+7v) >0

Similarly,

p(Fx2n+1(W),Fx2n+2(w)) <k p(FxZn(W)'Fx2n+1(W))

In general,
p(Fxn(w), Fxn+1(W)) < k" P(Fxo(W)val(W))

Now, we shall prove that {Fx,(w)} is a Cauchy Sequence. Since lim,_q p(Fx,(W), Fx,4;(W)) =0, it is
sufficient to show that the sequence {Fx,,(w)} is a Cauchy Sequence. Suppose that {Fx,,(w)} is not a Cauchy
Sequence. Then there is € > 0 such that for each integer 2k, k = 0,1,2, ... there even integers 2n(k) and 2m(k)
with 2k < 2n(k) < 2m(k) such that

P (FxZn(k) W), Famo (w)) >e (211)

Let for each even integer 2k, 2m(k) be the least exceeding 2n (k) and satisfying (2.1.1). Therefore

p (Fx2n(k) w), F2m(k)—2(W)) <e€ (2.1.2)

Then for each even integer 2k, we have from (2.1.1)
e<p (FxZn(k) W), Fami (W))

<p (Fx2n(k) w), Fzm(k)—z(W)) +p (FXZm(k)—Z(W)' Fzm(k)—1(W)) +p (szm(k)—1(W). Fomao (W))
Using (2.1.2) and lim,_o, p(Fx, (W), Fx,.1(w)) = 0, we have
lim,_ . p (FxZn(k) W), Fam (W)) =€ (2.1.3)
If follows immediately from the triangular inequality that
|P (FxZn(k)+1(W)' Fxom@o-1 (W)) -p (Fx2n(k) W), FXamk) (W))| <=p (Fme(k)—l W), FXamk) (W))

+p (FxZn(k) W), FXan(i)+1 (W))

Using (2.1.3), and lim,, o, p(F2,, (W), Fxp1 (W)) = 0, we get

p (Fx2n(k)+1(W), Fx2m(k)—1(W)) - € (2.1.4)

Now
14 (szn(k) w), FXom (W)) <p (FxZn(k) w), FxZn(k)+1(W)) +p (FxZn(k)+1(W): Fme(k)(W))

<p (FxZn(k)(W)r FxZn(k)+1(W))

ta p3(GXZn(k)+1(W)'Fx2n(k)+1(W))_p3(Hx2m(k) (W).szm(k)(w))
[p(zen(k)+1 (W)rszn(k)H(W))+P(Gx2n(k)+1(W)'Fx2m(k) (W))]'[p(zen(k)+1 (W)vazn(k)+1(W))—P(Hx2m(k) W),FXam (k) (W))]

p4(zen(k)+1(W)rsz-n(k)+1(W))—p4(szm(k) W), FxXami) (W))
[p(zen(k)+1(W)'Fx2n(k)+1 (W))+P(Gx2n(k)+1 W),FX2m (k) (W))HPZ (Gx2n(k)+1(w).Fx2n(k)+1 (W))—Pz (szm(k) W), FxXamk) (W))]

63


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) JJH.i.l
Vol 5, No.2, 2015 NIS'E

PZ(HXZm(k) (W).szn(k)+1(W))+P2(Gx2n(k)+1(W)rFx2m(k) w))
D(GX2n (k)41 (W) FXom (i) +1(W))+P(GXam (i) +1 (W) F Xam (k) (W)

<p (FxZn(k) W), F X +1 (W))

« p3 (Fx2n (k) (W), FX2n (k) +1(W)) -p3 (szm(k)—l W), FxXamk) (W))
[P(szn(k) W) FX (1) +1 W) ) +D(F X2 16) W) F X 2m (k) (W))]-[p(FXZn(k) (W)vFXZn(k)+1(W))_p(FXZm(k)—l(W)vFXZm(k)(W))]

*(F (0 W) F X241 W) =D * (FXam (1)1 (W) F X 2 1) (W) )
[P(FX2n(0 W) F X 2m (10410 ) +D(F X2y W) F X 2m i) W) )| [P (FX2mic) W), F X2 1)1 W) ) =02 (FX 2m (1)) 1 (W) F g sy W) )|

n pz(FXZm(k)—l(W)’FXZn(k)+1(W))+P2(Fx2n(k) (W), FXm ()W)
P(FX2n () W).FXan (i) 41 (W) +D (FX 20 (1) W), F X 1) (W)

<p (FxZn(k) W), F X +1 (W))

ta pz(szn(k) (W)anzn(k)+1(W))+p2(szm(k)—1(W)an2m(k) (W))+P(Fx2n(k)(W)JFx2n(k)+1(W))-P(szm(k)—l(W)‘szm(k)(w))
[P(F2n(0 W).Fxan(k) 410 )+ (FXan o W) Fx2ma0 W)

D2 (FX2(0) W) F X2 (1) +1 W) +D2 (FX2m (k)1 (W) F X2 10y W) )
[p(szn(k) (W)lszn(k)+1(W))+p(Fx2n(k) W).FXam (k) (W))]

+B

pz(szm(k)—l(W)anzn(k)+1(W))+p2(szn(k,) (W), FXam (i) (W)
D(FXan (k) W) FXam k)41 (W) +P(FX 20 (k) (W), F X 20 (1) (W)

Using (2.1.3), (2.1.4) and lim,, o, p(Fx, (W), Fx,41(w)) = 0 we have
= & < 2y€

This is a contradiction. Hence {Fx, (w)} is a Cauchy Sequence and then by completeness of X, there is a point
z(w) € X such that Fx,,(w) - z(w).

Since the sequence {Gx,,.; (W)} and {Hx,,(w)} are subsequences of {Fx, (w)}, they have the same limit z(w).
Since G and H are continuous, we have GHx,,(w) = Gz(w) and HGx;, (W) = Hz(w).

Now,

p(GHxZn(W)’HGxZTHl(W)) = p(GFXZn—1(W):HFx2n(W))

< p(GFJCZn_1 (w), FGXZn_l(W)) + p(Fze,l_1 (w), FHxZn(w)) + p(FHxZn(w), HFxZn(w))
Using condition (2.1-(iii)), the weak commutative pair of {F, G} and {F, H}, we get,
p(GHXZn(W), HGx5p 41 (W)) < p(GxZn_1 W), Fxypn_q (w)) + p(FGxZn_1 (w), FHxZn(w))
+D(Fxzn (W), Hxgn(W))
< p(Gxon-1 (W), Fxon_1 (W)

a p3(sz2n_1(w),FGxZn_l(w))—p3(H2x2n(w),FHx2n(w))
[p(62x2n—1W),FGxan—_1(W))+D(G2x2m—1 (W), FHx20,W))].[p(G%Xx 21— 1 W), FGX 21 (W) =D (H 2220 (W),F Hx 2 (W))]

+

+B p4(GZX2n—1(W)rFGX2n—1(W))—p4(Hzxzn(W).FHin(W))
[p(62x2n—1W),FGxan—1(W))+P(G2x2m—1 W), FHX20,W))].[p%(62x2n—1 (W),FGXan—1 (W))—p2 (H2x20n(W),FHx 2 (W))]
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p?(H?Xan (W), F6xan—1(W) ) +p?(62x20-1 (W) FHx2n(W))
4 P(G2x2n—1 (W), FGxan_1(W))+D(G2x2n_1(W),FHX2n(W)) + p(szn(W)’ szn(w))

< p(GxZn—l w), FxZn—l(W))

26221 (W) FGxan—1 (W) )+p?(H2x20 (W) FHXgn (W) )+D(62X2n—1(W),FGXan—1 (W) )0 (H2x2n (W) FHX2n (W)

ta [p(62x2n—1(W),FGxan_1(W))+p(G2x2m—1(W),FHx2,(W))]

p2

A

(6222n—1(W),FGxan—1(W))+P? (H2Xon (W), FHx2n (W)
G231 W), FGxzn—1(W))+D(62x2n—1(W),FHx27(W))]

p?(H22on (W), FGxan—1 (W) )+D?(62x2n-1 (W) FHx2n(W))
4 P(6%x2n-1(W),FGxzp—1 (W) +P(6222n—1 (W), FHX2n (W) + p(szn(W)’ szn(w))

< p(GxZn—I(W)' szn—1(W))

2

[p(ozxm-l(w).mm-l(w)) +p(HZxZn(w).HFxZn(w))r+[p(62x2n-1(w),GFxZn-l(w)) p(HzxZn(w).HFxZn(w))]
+p(Gx2n—1(W).Fx2n—1(W)) +p(Hx2n(W)an2n(W)) +p(Gx2n—1(W):Fx2n—1(W)) ‘H?(szn(w)anzn(W))

ta [{p(62x2n—1W),6GFx27_1 (W) +P(GX2n—1 W), Fxon_1 (W) }+{p(62x 201 (W), HF X2, (W))+p (HX 20 (W), F X2 (W))}]

[p(62x2-1(w).GF a1 ) +P(6 a1 W) Fan s )] +[p(H2 20 W) HF () ) +p (Hom W) F 2 ))|
{p(62x2n—1(W),GF 21 W) +D(Gxan—1(W).Fxon—1 W) }+{p(62x2n—1 W) HF X2 (W) ) +p(HX 20 (W), F 20 (W))}]

+,8[

[p(H22w).6F 202 W))+D(6 21 W) Fan o3 W))] +[p (6222 (W) HF X))+ (HX 201 00) Fam )]
[p(62x2-1W),6GF X201 (W))+D(GX2n—1 W), Fxan—1(W))|+[p(62x2n—1 W) HF X2, (W) ) +p(HX 20 (W), F 20 (W))]

+p(Fx2n(W)' HxZn(W))

Letting n — oo, we get

p(Gzw), Hz(w)) < p(z(w), z(w))

p(Gz(w),Gz(w)) 2+ p(Hz(w),Hz(W)) 2+ p(Gz(w),Gz(w))] p(Hz(w),Hz(W))

+p(z(w),zw)) +p(z(w),z(w)) +p(z(w).zw)) || +p(z(W),zw))
[(p(6zw),G2(W))+p(z(W),z(W))}+{p (G2 (W), Hz(W)) +p(z(W),z(W))}]

+a

+ﬁ [p(Gz(w),Gz(w))+p(z(w),z(w))] z + [p (Hz(w),Hz(w))+p(z(w),z(w))]2
[{p(Gz(w),Gz(w))+p(zW),z(W))}+{p(Gz(W),Hz(W))+p(2(W),z(W))}]

[p(Hz(w),Gz(w))+p(z(w),z(w))]2+[ZJ(GZ(W).HZ(W))+ZJ(Z(W).Z(W))]2
[p(6zw),6z(W))+p(z(W),zW))]+[p(Gz(W),Hz(W)) +p(z(W),z(W))] + p(Z(W), Z(W))

p(Gz(w), HZ(W)) < Zyp(Hz(W),Gz(w))
This is contradiction. Therefore Gz(w) = Hz(w).
Now, we shall prove that Fz(w) = Gz(w).

Consider

P(GFx2n41 (W), FzW)) < p(GF X411 (W), FGXpny W) + P(FGxppiq, Fz(W))
By the weak commutatively of {F, G}, we have

P(GFx3n 1 (W), FZ(W)) < D(GXons1 (W), FXons (W)

P3(G2x2n+1(W)'FGX2n+1(W))—P3(HZ(W).FZ(W))

ta [p(62x2n41 W) FGx2n 41 (W))+P(G2 X241 (W), FzW))][P(62X2n41(W),FGxon 41 (W))—p(Hz(W),Fz(w))]
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+p p*(62x2n11(W),FGxan 11 (W) ) -p* (Hz(w),Fz(w))
[p(62x2n41 W), FGX2011(W))+D(G2x2041 W),FzW))].[p%(62X 2041 (W), FGXon 41 (W) —p2(Hz(W),Fz(W))]

P2(HZ(W),Fzenﬂ(W))+P2(sz2n+1(W),FZ(W))
P(G%x2n4+1 (W), FGxan41(W))+D(G%x2n41 (W), FZz(W))

= p(Gx2n+1(w), Fx2n+1(w))

pZ(G 2xZn+1(W).FGin+1(w))+p2(HZ(W).FZ(W))+p(G 2xXon41(W),F Gin+1(W))-p(HZ(W),FZ(W))

ta [p(6%x2n41 W), FGxopn41(W))+D(62x 2041 (W), Fz(W))]
+B p? (G2x2n+1(w),FGx2n+1(w))+p2 (Hz(w),Fz(w))
[p(62x2m41 W), FGxon41(W))+D(6%x 2041 W), Fz(W))]

p?(Hz(W),FGXan11(W)+0%(6%xzm 41 (W) Fz(W) )
P(62%2141(W),FGx2n41W))+D(62x2041(W).Fz(W))

= P(Gx2n+1(W): Fx2n+1(W))

2
{D(szznﬂ(w).m’xznﬂ(W))} P2 (Hz(w) F2(w))+ P(sz2n+1(W):Gszn+1(W))
+0(6x2n41 W), Fxan41(W)) +p(Gx2n41 (W), Fxans1 W)
[{p(62x2n41W),.GFx2041(W))+D(Gx2n41 (W), F X241 (W) }+D(G2x2041 W), Fz(W))]

p(Hz(W),Fz(w))

+a

2
[p(6%%2n41(W),GF X201 (W) +D(GX2n 41 (W) Fxans1 (W) +p2(Hz(w),Fz(w))
(6222041 (W),GF X041 (W) +P(G X241 W), F X241 (W) D (6222041 W), FZz(W))]

T

[p(Hz(w),GFx2n+1(w))+p(Gx2n+1(w),Fx2n+1(W))]2+p2(62x2n+1(w),Fz(w))
[p(62x2041(W),GF X241 (W) +D(Gx2n41(W),FX2n41(W))]+D0(62x2041 (W), Fz(W))

Letting n — oo, we get
p(Gz(w), Fz(w)) < p(z(w), z(w))
{p(Gz(w),Gz(w)) p(Gz(w),6z(w))

2
+p(zw) 2 W) } +”2(HZ(W)'FZ(W))+{ +p(zw),z W) }"’(HZ(W)'FZ(W))
[{p(6z(w),czW))+p(zW),z(W)) }H+p(Gz(W),Fz(W))]

+a

[p(Gz(w),Gz(w))+p(z(w),z(w))]2 +p2(Hz(w),Fz(w))
[{p(6zw),6z(W))+p(z(W),z(W))}+p(Gz(W),Fz(W))]

+B

[p(Hz(W),6zW))+p(zW),zW))] 2 +p2(Gz(w),Fz(w))
[p(6z(W),GzW))+p(zW),z(W))|+p(Gz(W),Fz(W))

+y

p(Gz(w), Fzw)) < (a + B +y)p(Gz(w), Fz(w))
This is contradiction. Hence Gz(w) = Fz(w).

Thus Fz(w) = Gz(w) = Hz(w).

It now follows that

a p3(6z(W),FzW))—p3 (Hxon (W), FxznW))
[p(Gz(W),Fz(W))+p(GzW),Fxzn(W))].[p(G2z(W),Fz(W))—p(HX2nW),Fxan(W))]

p(Fz(w), Fx;,(w)) <

+B p*(GzW),Fz(w))—p*(Hx20n (W), Fx2n(W)) p2(Hxan(W),Fz(W))+p%(Gz(W),Fx2n(W))
[p(Gz(W),FzW))+p(GzW),FxznW))].[p2(6z(W),Fz(W))—p2(HX2n W), Fx2n(W))] 14 p(Gz(w),Fz(W))+p(Gz(W),Fxzn(w))

p2(6z(W),Fz(W))+p? (Hxzn (W), FxonW))+p(Gz(W),Fz(W)).p(Hxzn (W), Fxan(W))

<
sa [p(GzW),FzW))+p(Gz(W),Fxan(W))]
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+8 p?(Gz(w),Fz(w))+p?(Hxzn(W),Fx2n(w)) p?(Hxzn(wW),Fz(w))+p?(Gz(w),Fxon(w))
[p(Gzw),FzW))+p(Gz(W),Fxon(W))] p(Gz(w),Fz(w))+p(Gz(W),Fxzn(W))

Taking limit n — oo, we get

p2(Fz(w),FzW))+p?(zw),z(W))+p(Fz(W),Fz(w)).p(z(W),z(W))
[p(Fzw),Fzw))+p(Fz(w),z(w))]

p(Fz(w), Z(w)) <a

p2(Fzw),Fzw))+p%(z(w),zw)) p2(zw),FzW))+p%(Fz(w),z(w))
[p(Fzw),Fz(w))+p(Fz(w),zW))] p(Fz(w),Fz(w))+p(Fz(w),z(W))

+B

= p(Fz(w),zw)) < 2yp(z(w), Fz(w))

This is a contradiction and therefore Fz(w) = z(w) = Gz(w) = Hz(w).
Thus z(w) is a common fixed point of F, G and H.

Uniqueness: Let u(w) be another point of F,G and H. Then

p(z(w), u(w)) = p(Fz(w), Fu(w))

<a p3(Gz(w),Fz(w))—p3 (Hu(w),FuWw))
= 7 [p(Gzw),Fz(W))+p(Gz(w),Fuw))].[p(Gz(W),Fz(w))—p(Hu (W), Fu(w))]

+ﬁ p*(Gz(w),Fz(w))-p*(Hu(w),Fu(w)) p2(Huw),Fzw))+p?(Gz(w),Fu(w))
[p(6zw),Fzw))+p(Gzw),Fuw))].[p?(Gz(W),Fz(w))—p2(Hu(w),FuWw))] p(Gz(w),FzW))+p(Gz(w),Fu(w))

p2(Gz(w),Fz(w))+p? (Hu(w),Fu(w))+p(Gz(w),Fzw)).p(Hu(w),Fu(w))

<
sa [p(Gz(w),Fzw))+p(Gz(w),Fuw))]

p2(Gz(w),Fzw))+p? (Hu(w),Fuw)) p2(Huw),Fz(w))+p?(Gz(w),Fu(w))
[p(6Gzw),Fz(w))+p(Gz(w),Fu(w))] p(Gzw),Fz(w))+p(Gz(w),Fu(w))

+B

< p?(zw),zW))+p?(uw),uw) ) +p(z(w),zw)).p(u(w),u(w))
<a
[p(zW).zW))+p(z(W)uw))]

+B p?(zw),zw))+p? (u(w),uw)) p2(uw).zw))+p?(zw),uw))
[p(zw).zW))+p(z(W) u(W))] 14 p(zw),z(W))+p(z(w),u(w))

p(z(w), uw)) < 2yp(uw), z(w))

This is a contradiction. Hence z(w) = u(w).

This completes the proof of the theorem.

Theorem 2.2: Let F be a self mapping and G and H be continuous self mappings of Polish metric space (X, d)
with a w-distance p satisfying the conditions:

(i) FX c GX n HX

p(Gx(w),Fx(wW))+p(Gx(w),Fy(w)) ’
p3(Gx(w),Fx(w))+p3(Hy(w),Fy(w))
[p(Gx(W),Fx(W))+p(Gx (W), Fy(wW))].[p(Gx(W),Fx(W))+p(Hy (W), Fy(w))]’

(i) p(Fx(w), Fy(w)) < @ max
p*(Gx(w).Fx(w))-p*(Hy(w),Fyw))
t [p(Gx(wW),Fx(W))+p(Gx(w),Fy(wW))].[p%(Gx (W), Fx(W))—p2(HyW),Fy(W))]
Forallx,y € X where 0 < a < i and w € Q be a selector.
(iii) {F,G} and {F, H} are weakly commuting pair.

p?(Hy(w),Fx(w))+p?(Gx(w),Fy(w)) 1
|

Then F, G and H have a unique common fixed point in X.
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Proof: Let x,(w) be an arbitrary point in X. Then Fx,(w) € X. Since FX c GX there exist a point x, (w) € X
such that Fx,(w) = Gx;(w). Since FX c HX there exist a point x,(w) € X such that Fx,;(w) = Hx,(w). In
general one can choose point x,,,;(w) and x,,,,(w) such that

FXZn(W) = Gx2n+1(W) and Fx2n+1(W) = Hx2n+2(W), fOI’ n= 0,1,2,3, .....

p(FxZn(W)' Fx2n+1(W)) = p(Fx2n+1(W), FxZn(W))

pz(HXZn(W).Fx2n+1(W))+p2(Gx2n+1(W),Fx2n(W))
P(Gx2n41W),Fxan41(W))+D(Gx2n41(W),Fxan(w))’
P3(6x2n41(W).Fxon 41 W))+p3 (Hxzn (W), Fron(w))
[P(Gx2n41(W).Fxanse1W))+D(Gx2n1 (W), Fxon W) [P(Gx2n41(W).Fxans1(W))+p(Hx2n W), Fxonw))]’
p*(Gx2n41(W) Fxans1W))—p* (Hxzn W), Fxan(w))
[p(Gx2n41(W).Fxant1W))+D(Gx2n+1W),FxznW))].[p2(Gx2n41 W), Fxant1 W) —p2(Hxzn (W), Fxzn(W))]

-~
—

< amax

pz(FXZn—l(W),Fx2n+1(W))+p2(FXZn(W).FXZn(W)) \
p(FXZn(W),Fx2n+1(W))"‘p(FxZn(W),FxZn(W)) ’ %

p3(FxonW),Fxon41(W))+p3(Fxon—1(W),Fxan(w))
[P(FxznW),Fxzn+1(W))+D(Fxan (W), FxanW))]|.[p(Fxan W), Fxans1 W) +p(Fxan—1W),Fxznw))]’

p*(Fxoan(W),Fxan41(W))—p* (Fxan—1(W),Fxan(w))
[p(Fx2nW),Fxan41(W))+p(FxanW),FxznW))].[p2(Fxan(W),Fxant1W))—p2(Fxan—1(W),FxznW))]

< amax <

P(Fx2n(W),Fxani1(w))
D2 (Fx2nW),Fx2n41(W))+D2%(FXon—1(W).Fx2n(W))—p(Fx2n W), Fx2n4+1(W)).0(FXan—1 (W), Fxzn(w)) ¥
J

p2(Fxan—1(W),Fxani1(w)) ]

<
< amax [p(FxznW),Fxonse1(w))]

P2 (Fazn(W),Fazn41(W))+p?(Fxan—1 (W), FxanW))
L [p(FxanW),Fxzn+1(w))]

pZ(FxZn(W)' Fx2n+1(W)) < aPZ(FXZn—1(W): Fx2n+1(W))

P(F o (W), Ftgan W) < (22) p(F s W), Fpn (W)

P(FxonW), Fxynsa(W)) < k p(Fxgn—1(W), Fxzn(w))

Where k = (%) < 1since a < %

Similarly,

P(Fans1(W), Fxznia(W)) < k p(Fxzn (W), FXony (W)
In general,

p(Fxn(W), Fxn+1(w)) < K" p(FxO(W),Fxl(w))

Now, we shall prove that {Fx, (w)} is a Cauchy Sequence. Since lim,,_,, p(Fxn(W), Fxn+1(w)) =0,itis
sufficient to show that the sequence {Fx,,(w)} is a Cauchy Sequence. Suppose that {Fx,,(w)} is not a Cauchy
Sequence. Then there is € > 0 such that for each integer 2k, k = 0,1,2, ... there even integers 2n(k) and 2m(k)
with 2k < 2n(k) < 2m(k) such that

p (szn(k)(w)' FZm(k)(W)) >€ (2.2.1)

Let for each even integer 2k, 2m(k) be the least exceeding 2n (k) and satisfying (2.2.1). Therefore

p (szn(k)(w)' FZm(k)—z(W)) <€ (2.2.2)

Then for each even integer 2k, we have from (2.2.1)
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e<p (FxZn(k) W), Famao (W))
<p (FxZn(k) (w), Fzm(k)—z(W)) +p (Fme(k)—Z(W)f FZm(k)—l(W)) +p (Fme(k)—l(W): Fam@o (W))
Using (2.2.2) and lim,,_,o, p(Fx, (W), Fx,+;(w)) = 0, we have
1imsco D (F2n(y W), oy W)) = € (2.2.3)
If follows immediately from the triangular inequality that
|P (FxZn(k)+1(W)i Fxam(o-1 (W)) -p (FxZn(k) W), FXom (k) (W))| <p (szm(k)—1(W)' Fxzmo) (W))
+p (FxZn(k) W), FXno)+1 (W))

Using (2.2.2), we get

p (FxZn(k)+1(W)'Fme(k)—l(W)) - € (2.2.4)

Now
P (Fano W), Famao W) <  (Fanao W), Fangora W) + b (FXango 11 (W), Fxzmgo W)

<p (Fx2n(k) W), FXan(i)+1 (W))

p? (szm(k) (W)vazn(k)+1(W))+P2 (zen(k)+1(W)'Fx2m(k) (W))
p(GXZn(k)+1 W), FXan(k)+1 (W))+P(Gx2n(k)+1 W) FXam(k) (W))

1]

P2(6X2n (1041 W) FXam (1) 41 ) )40 (HX g 1) W) F X m (1) ()
P(zen(k)+1(W)'Fx2n(k)+1(W)) P(zen(k)+1(W)'Fx2n(k)+1(W))] ’

+p(Gx2n(k)+1(W)an2m(k) (W)) . +P(szm(k)(W)-szm(k)(W))

+a max

* (6% (1041 W) F Xk 41 W) =2 * (HX 2m (1)) (W), FX g 1) (W) )
p(GxZn(k)+1(W)'szn(k)+1(w)) pz(zen(k)+1(W);szn(k)+1(w))]

+0(6% 2010 +1 W F Xm0 W) [ | =22 (HXzm(ao W) Fxama0 W)

<p (FxZn(k) W), FXan (i) +1 (W))

p? (szm(k)—1(W).Fx2n(k)+1 (W))+p2 (Fx2n (k) W), F X2 (1) (W)
P(FX2n(k) W) FXam (1) 41 (W) +D (FX g (1) (W), F X 21 () (W)

P (Fazn() (W)vazn(k)+1(W))+p3(szm(k)—l(W)vazm(k)(W))

+a max

p(szn(k) (W)'szn(k)+1(w))
+p(Fx2n(k) W), FxXam(k) (w))

PH(FXan (i) (W) FX2n )41 (W))

. +p(Fx2m(k)_1 W), FxXom 1) (W) )]

P(szn(k) W), FXan(k)+1 (W))

—0*(FXam (-1 (W) F X 2m (i) W) )

P(szn(k) (W)vazn(k)+1(W))

+p(Fx2n(k) (W),FJCZm(k) (W)) '

< p (FxZn(k) (W)’ FxZn(k)+1 (W))
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pz(szm(k)—l(w).FxZn(k)ﬂ(W))+p2(FX2n(k)(W),FXZm(k)(W)) )
P(FXan(0) W) F Xan (k) +1(W))+D (FX 20 (k) W), F X2 1) (W)
D2(Fx2n (k) W).FXan(i+1(W))
+a max < +p2(szm(k)—l(W)’FXZm(k)(W))
[p(FxZn(k) (W),Fxm(k)ﬂ(w))+p(Fx2n(k) W), FxXami) (W))]

=p(Fxzn(e) (W)lszn(k)+1(W))-p(FXZm(k)—l(W)vFXZm(k)(W))

’

D2 (FX2n(0 W)FXan () +1W)) +02 (FXm (k)1 (W) F X2 (1) (W) )
[P(szn(k) W) F X210 +1W) )+ D (F X (1) (W) F X m k) (W))]

Using (2.2.3), (2.2.4) and lim,, o, p(Fx, (W), Fx,41(w)) = 0 we have
= &< 2ae

This is a contradiction. Hence {Fx, (w)} is a Cauchy Sequence and then by completeness of X, there is a point
z(w) € X such that Fx,,(w) - z(w).

Since the sequence {Gx,,.1 (W)} and {Hx,, (w)} are subsequences of {Fx, (w)}, they have the same limit z(w).
Since G and H are continuous, we have GHx,,(w) = Gz(w) and HGx;, .1 (Ww) — Hz(w).

Now,

p(GHXZn(W)' HGx2n+1(w)) = p(GFXZn—1(W): Hszn(W))

< p(GFxZn—l(W)' Fzen—1(W)) + p(FGXZn—1(W): FHxZn(W)) + p(FHXZn(W): Hszn(W))
Using condition (2.2-(iii)), the weak commutative pair of {F, G} and {F, H}, we get,
p(GHxZn(W)' HGx3p44 (W)) < p(GxZn—l W), Fxan_y (W)) + p(FGxZn—l (w), Fszn(W))
+p(Fxzn (W), Hxzp (W)
< p(GXZn—l(W): Fx2n—1(W))
PZ(Hszn(W).Fzen—1(W))HJZ(szzn—1(W).FHX2n(W))
P(62x2n—1(W),FGXan—1(W))+p(G2xan—1 (W), FHX2n (W)’
Z’3(G2x2n—1(W).FGX2n—1(W))+P3(Hzxzn(W).Fszn(W))
[p(62x20-1 W), FGxan—1(W))+D(G2 X201 (W), FHX2n(W))].[p(62x20—1 W), FGX2n—1(W))+D(H2 %20 (W), FHX2n(W))]’

p4(G2x2n—1(W).Fzen—1(W))—p4(Hzxzn(w),Fszn(W))
k[P(G2962n—1(W)J‘"G’Cznﬂ(w))+1’7(szzn—1(W)J‘"sz-n(W))]-[pz(szzn—l(W):Fzen—l(W))—I’JZ(H295271(W)J‘"I'Ixzn(w))]J

+a max

+ p(Fxyn(w), Hxzn(W))

=< p(GXZn—I(W)' FxZn—l(W))

( p?(H2xon(W),FGxon—1(W))+p?(62x20-1 (W) FHx2n (W) )

' P(G%x2n-1(W),FGxan—1(W))+D(G2x20—1 (W), FHX2n(W)) ’ '

o max 4 P2(6x2n-1(W).FGxzn—1(W) ) +p2(Hxzn (W), FHxzn (W) )~p(62X2n—1 (W),FGxan—1(w))-p(H2xzn (W), FHxzn(W)) £

| [p(62x2n—1W),FGx2p—1(W))+P(G2x2n—1 (W), FHX2n(W))] "

L pz(szzn—1(W).Fzen—1(W))+p2(HZin(W).Fszn(W)) J
[P(G2x2n-1(W),FGx2n—1(W))+D(G2x2n—1 (W), FHX2n(W))]

+ p(FxZn(W)’ HxZn (W))

< p(GxZn—l W), Fxpn_y (W))
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2 2
[p(H2x20(W),6FX2n—1(W))+P(Gx2n—1 (W), Fxan—1(W))] +[p(62%2n—1 (W) HF 220 (W) ) 4D (H2n—1 (W) Fx2n ()]
[P(62x2n-1 (W),GFx2n—1(W))+D(Gx2n—1 (W) Fx20—1 (W))]+[D(6 2202 (W) HF X2 (W) +p(HoX 20 (W), F X2 (W) ]

{p(czxm_l(w).chZn_l(w>)Iz+ p(HZxZn(wLHFxZn(w))IZ ) {p(czxm_1<w>,m2n_1(w))} {p(H2x2n<w),HFx2n<w))ﬂ

)

+a max q | +p(6xan—1 W) Fxan_1 (W) +p(Hxzn (W), Fxan(w)) +0(6x2n-1 (W), Fxan—1W)) ) { +p(Hx2n (W), Fxznw)) )] ¢
[{p(62x2n—1(W),GFx20—1(W))+P(GX2n—1 W), F X201 (W) }H+{p (G220 (W), HF X320, (W) +D (Hx 20 (W), F X2, (W))}] ’
[p(62x21-1w) GF a1 ) +p(6 a1 W) Ftan—s )] +[p(H2x 20 W) HF () ) +p (Hom W) F 2 ))]
[(p(62x2n-1(W),GFx2n—1(W))+D(GX2n—1(W),FXapn—1 W)} HD (G2 X20 (W), HF X2 (W))+p (HX 20 (W), F 20, (W))]}]
+p(Fxy0 (W), Hxzp (W)

Letting n — oo, we get
p(Gz(w), Hz(w)) < p(z(w), z(w))

[p(HZ(w),GZ(w))+p(z(w),z(w))]2+[p((;z(w),HZ(w))+p(z(w),z(w))]2
[p(6zw),6z(W))+p(zW),z(W)) | +[p(Gz(W),Hz(W))+p(z(W),z(W))] ’
{p(Gz(w),Gz(w))}z {p(Hz(w),Hz(w))}z {p(Gz(w),Gz(w))} {p(Hz(w),Hz(w))}]
+p(z(w).z(w)) +p(z(w),z(w)) +p(zw).zw)) )| +p(z(W).z(w))
[{p(Gz(w),Gz(W))+p(z(W),zW)) }+{p(Gz(W),Hz(W) ) +p(2(W),z(W))}] ’

[p(Gz(w),Gz(w))+p(z(w),z(w))]2+[p(Hz(w),Hz(w))+p(z(w),z(w))]2
[{p(Gz(w),Gz(W))+p(z(W),zW))}+{p(Gz(W),Hz(W))+p(2(W),z(W))}]

+a max <

p(z(w), z(w))

p(Gz(w), Hz(w)) < 2ap(Hz(w), Gz(w))

This is contradiction. Therefore Gz(w) = Hz(w).

Now, we shall prove that Fz(w) = Gz(w).

Consider

p(GFx2n+1(W), FZ(W)) < p(GFx2n+1(w), FGx2n+1(W)) + p(FGx2n+1, FZ(W))

By the weak commutatively of {F, G}, we have

P(GFx2n+1(W)’FZ(W)) < P(Gx2n+1(W):Fx2n+1(W))

p2(Hz(W),F Gxan 1 (W) +p?(62 22041 (W) Fz(W) )
P(G2x2n41(W),FGxan4+1(W))+P (6222041 (W), Fz(W))’
P3(62x2041 (W) F GXan 41 (W) ) 493 (Hz (W) Fz(w))
[P(62x2n+1(W),FGxan+1 (W) +D(G2x2n4+1W),FZ(W))] [D(62X2n+1 (W), FGXon41 (W) )+p(Hz(W),Fz(W))]
p4(sz2n+1(W)‘FGx2n+1(W))—p4(HZ(W):FZ(W))
k[P(Gz’fznﬂ(W).FGin+1(W))+1’7(G2in+1(W),FZ(W))]-[Z?Z(szznﬂ(W):F‘ze-rw1(W))—2’J2(HZ(W):FZ(W))]J

+a max

< p(Gx2n+1(w), Fx2n+1(W))

pz(Hz(W).FGin+1(W))+p2(szzn+1(W),Fz(W))
P(G%x2141(W),FGx2n41(W))+D(6%x2041 (W), Fz(W))’
P2(62%2n 41 (W) FGxan 11 (W) +p2 (H2(W),F2(w))=D(62X2n 41 (W) FGxan 11 (W) ) p(HZ(W), Fz (W)
[P(G2x2n4+1 (W), FGxan+1(W))+D(G2 X241 (W), Fz(W))]
P2 (6%x2n41 (W) FGxzn41 (W) ) +p? (Hz(w) Fz(w))
k [p(62x2n41(W),FGxan 41 W))+D(G2X2n 41 (W), Fz(W))] )

+a max

< p(Gx2n+1(W), Fx2n+1(w))
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[P(HZ(W),GFx2n+1(W))+P(Gx2n+1(w),Fx2n+1(W))]2+P2(sz2n+1(w),FZ(W))
[P(6%x2n+1W),GFx2n41(W))+D(Gx2n+1 (W), FX2n41(W))]+0(62 22041 (W), Fz(W))’
2
p(62x2n41(W),GFx2n41(W)) o2 (H2W) F2w))- p(6%x2m41(W),GFx2n 41 (W) )
+a max | | +p(Gxzne1 (W), Frznsi(w)) +P(622n41(W).Fx2ns1(W))
[{p(62x2n+1W),GFx2041(W))+D(GX2m 41 (W), FX2n41(W))}+D(G2x2041 (W), Fz(W))]

p(HzW),Fz(w))

—~—

[P(G2x2n+1(W)yGFx2n+1(W))+P(zen+1(W).Fx2n+1(W))]ZHJZ(HZ(W).FZ(W))
[{p(62x2n+1(W),GFx2041(W))+D(GX2m41(W).FX2n41(W))}+D(G2x2041 (W), FZz(W))]

Letting n — oo, we get
p(Gz(w), FZ(W)) < p(z(w),z(w))

[p(HZ(w),GZ(w))+p(z(w),z(w))]2 +p2(Gz(w),Fz(w))

[p(Gz(w),Gz(w))+p(zW),zW) )| +p(Gz(W),Fz(w)) ’
p(Gz(w),Gz(w)) z 2 p(Gz(w),Gzw))
+a max{ | +p(zw),zw)) P (HZ(W)'FZ(W))_{ +p(z(w),zw)) }'p(HZ(W)'FZ(W)) ’
[p(Gz(w),Fz(w))+p(Gz(w),Fz(W))]
[p(Gz(w),Gz(w))+p(z(w),z(w))]2+p2(Hz(w),Fz(w))
[{p(6z(w),GzW))+p(zW),z(W)) }+p(Gz(W),Fz(W))]
p(Gz(w), Fz(w)) < ap(Gz(w), Fz(w))
This is contradiction. Hence Gz(w) = Fz(w).
Thus Fz(w) = Gz(w) = Hz(w).
It now follows that
P (HxznW),Fz(W))+p?(Gz(W),Fxan(w))
p(Gz(w),Fzw))+p(Gz(W),Fxon(w)) ]
p3(Gz(W),FzW))+p3(Hx20 (W), Fx2n(W)) #
<
P(F2 (W), Fxan(W)) < amax ) G G Fran ) o c2n) 2y eam PR

p*(Gz(wW),FzW))—p*(Hx2n W), Fx2n(W)) l
[p(Gz(W).FzW))+p(GzW),Fx2nW))].[p%(6z(W),Fz(W))-p2(Hx2n (W), Fx20(W))]

D2 (HxanW),Fz(W))+p2(Gz(W),Fxan(W)) \
p(Gz(w),Fz(W))+p(Gz(W),Fxzn(w))
p*(6z(W),Fz(W))+p? (Hxan (W), FX2n W)= (62(W),Fz(W)).0 (HX20(W),Fx2n(W))
[p(Gz(w),Fz(w))+p(Gz(w),FxZn(w))]
p%(6z(W),Fz(W))+p?(Hxzn(W),Fx2n(W))
[p(Gz(w),Fz(w))+p(Gz(w),FxZn(w))]

< amaxy

)

Taking limit n - oo, we get

( p2(z(w),Fz(W))+p2(Fz(w),z(w))
p(Fz(w),Fz(w))+p(Fz(w),z(w)) ’
p? (Fz (w),Fz (w)) +p? (z(w),z(w)) -p (Fz(w),Fz(w) ).p (z(w),z(w))
[p (Fz (w),Fz(w) ) +p (Fz (w),z(w))]
p? (Fz(w),Fz(w)) +p? (z(w),z(w))
[p (Fz (w),Fz (w)) +p (Fz (w),z(w))]

—

p(Fz(w),z(w)) < a max

’

p(Fz(W),Z(W)) < Zap(z(w),Fz(w))
This is a contradiction and therefore Fz(w) = z(w) = Gz(w) = Hz(w).
Thus z(w) is a common fixed point of F, G and H.

Uniqueness: Let u(w) be another point of F,G and H. Then

p(z(w),uw)) = p(Fz(w), Fu(w))
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< amaxy

< amaxy

< amaxy

p? (Hu(w),Fz(w))+p2 (Gz(w),Fu(w))

p(Gz(w),Fz(w))+p(Gz(w),Fu(w)) ’ ]

p3(Gz(w),FzW))+p 3 (HuWw),Fu(w)) }
J

[p(6zw),Fzw))+p(Gz(w),Fuw))].[p(6z(W),FzW))+p(Hu(w),Fu(w))]’
p*(Gz(w),Fz(w))-p*(Hu(w),Fu(w))
[p(Gz(w),Fz(W))+p(Gz(W),FuWw))].[p2(Gz(W),Fz(W))-p2(Hu(Ww),Fu(w))]

p?(Huw),Fz(w))+p%(Gz(w),Fu(w)) \
p(Gz(w),Fz(w))+p(Gz(w),Fu(w)) ’
p2(Gz(w),Fz(w))+p?(Hu(w),Fuw))-p(Gzw),Fzw)).p(Hu(w),Fu(w))
[p(Gz(w),Fz(w))+p(Gz(W),Fu(w))]
p2(Gz(w),Fz(w))+p?(Hu(w),Fu(w))
[p(Gzw),Fz(w))+p(Gz(W),Fu(w))]

’

p2(uw),zw))+p%(zw),u(w)) \
p(zw),zW))+p(zw),u(w)) ’
p2(zw),zw))+p? (uw),uw))—p(z(w),zw)).p(u(w),u(w))
[p(zw),zW))+p(z(W) u(w))] ’
p2(z(w),zW)+p% (uw),u(w))
[p(zw).zW)) +p(z(W),u(w))] )

p(z(w), u(w)) < 2ap(u(w),z(w))

This is a contradiction. Hence z(w) = u(w).

This completes the proof of the theorem.
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