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Abstract 

 In this article, we prove some fixed point theorems in metric space by using altering distance function. Our 
result are generalization of many previously known results 
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Introduction  

A new category of contractive fixed point problem was introduced by  M.S. Khan , M. Swalech and S.Sessa 

[10]. In this work, they introduced the concept of altering distance function which is a control function that 

alters distance between two points in a metric space.  

2 Preliminary 

Definition 2.1: If 𝑇 is a mapping of a complete metric space (𝑋, 𝑑) into itself satisfying the condition:  

               𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑘𝑑(𝑥, 𝑦)  

For all 𝑥, 𝑦 ∈ 𝑋 and   for some 𝑘, 0 ≤ 𝑘 < 1
 
then  𝑇 has a unique fixed point. A mapping satisfying above 

condition is called contraction mapping. 

Definition 2.2: The function 𝜓: [0, ∞) → [0, ∞) is called an altering distance function if the following properties 

are satisfied: 

(i) 𝜓 is continuous and non-decreasing. 

(ii) 𝜓(𝑡) = 0 if and only if 𝑡 = 0. 

Definition 2.3: If 𝜉: [0, ∞) → [0, ∞) is subadditive on each [𝑎, 𝑏] ⊂ [0, ∞) then 

        ∫ 𝜉(𝑡)𝑑𝑡 ≤
𝑎+𝑏

0
∫ 𝜉(𝑡)𝑑𝑡

𝑎

0
+ ∫ 𝜉(𝑡)𝑑𝑡.

𝑏

0
  

Lemma 2.4: Let (𝑋, 𝑑) be a metric space. Let {𝑥𝑛} be a sequence in 𝑋 such that  

        lim𝑛→∞ 𝜓[𝑑(𝑥𝑛 , 𝑥𝑛+1)] = 0  

If {𝑥𝑛} is not Cauchy sequence in 𝑋, then there exist an 𝜖0 > 0 and sequence of integer positive {𝑚(𝑘)} and 
{𝑛(𝑘)} with 𝑚(𝑘) > 𝑛(𝑘) > 𝑘 such that 

      𝑑(𝑥𝑚(𝑘), 𝑥𝑛(𝑘)) ≥ 𝜖0, 𝑑(𝑥𝑚(𝑘)−1, 𝑥𝑛(𝑘)) < 𝜖0.  

 Main Results 

Theorem 3.1: Let (𝑋, 𝑑) be a complete metric space, let 𝑆: 𝑋 → 𝑋 be a mapping which satisfies the following 

condition: 

𝜓(∫ 𝜉(𝑡)𝑑𝑡) ≤ 𝜓(𝑀(𝑥, 𝑦)) − 𝜑
𝑑(𝑆𝑥,𝑆𝑦)

0
(𝑀(𝑥, 𝑦))       

                                           (3.1.1)   

For each 𝑥, 𝑦 ∈ 𝑋 with 𝑎, 𝑏, 𝑐 > 0 such that  𝑎 + 𝑏 + 2𝑐 < 1, where 𝜓, 𝜑 are altering distance functions, and   

𝑀(𝑥, 𝑦) = 𝑎 ∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑥,𝑦)

0
  

           +𝑏 ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑦,𝑆𝑦)[1+𝑑(𝑥,𝑆𝑥)]

1+𝑑(𝑥,𝑦)

0
           +𝑐 ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑥,𝑆𝑥).+𝑑(𝑦,𝑆𝑦)

1+𝑑(𝑥,𝑦).𝑑(𝑦,𝑆𝑥)

0
                    (3.1.2) 

Where 𝜉: 𝑅+ → 𝑅+ is a lesbesgue- integrable mapping which is summable, sub-additive on each compact subset 

of 𝑅+, non-negative and such that for each 𝜖0 > 0, 
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                   ∫ 𝜉(𝑡)𝑑𝑡 > 0
𝜖0

0
. 

Then 𝑆 has a unique fixed point 𝑧0 ∈ 𝑋.  
 Proof: Let 𝑥0 ∈ 𝑋 be an arbitrary point and let {𝑥𝑛} be a sequence defined as follow: 

                𝑥𝑛+1 = 𝑆𝑥𝑛 for each 𝑛 ≥ 0. 
Now  

𝑀(𝑥𝑛−1, 𝑥𝑛) = 𝑎 ∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑥𝑛−1,𝑥𝑛)

0
        +𝑏 ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑥𝑛,𝑆𝑥𝑛)[1+𝑑(𝑥𝑛−1,𝑆𝑥𝑛−1)]

1+𝑑(𝑥𝑛−1,𝑥𝑛)

0
                     

+𝑐 ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑥𝑛−1,𝑆𝑥𝑛−1).+𝑑(𝑥𝑛,𝑆𝑥𝑛)

1+𝑑(𝑥𝑛−1,𝑥𝑛).𝑑(𝑥𝑛,𝑆𝑥𝑛−1)

0
   

= 𝑎 ∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑥𝑛−1,𝑥𝑛)

0
+ 𝑏 ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑥𝑛 ,𝑥𝑛+1)

0
   +𝑐 ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑥𝑛−1,𝑥𝑛)+𝑑(𝑥𝑛,𝑥𝑛+1)

0
  

By sub-additivity of  𝜉, we get 

𝑀(𝑥𝑛−1, 𝑥𝑛) ≤ (𝑎 + 𝑐) ∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑥𝑛−1,𝑥𝑛)

0
                 +(𝑏 + 𝑐) ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑥𝑛,𝑥𝑛+1)

0
  

From (3.1.1), we have 

𝜓 (∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑥𝑛,𝑥𝑛+1)

0
) = 𝜓 (∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑆𝑥𝑛−1,𝑆𝑥𝑛)

0
)  

                 ≤ 𝜓(𝑀(𝑥𝑛−1, 𝑥𝑛)) − 𝜑(𝑀(𝑥𝑛−1, 𝑥𝑛))   

                 ≤ 𝜓 (
(𝑎 + 𝑐) ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑥𝑛−1,𝑥𝑛)

0

+(𝑏 + 𝑐) ∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑥𝑛,𝑥𝑛+1)

0

)         −𝜑(𝑀(𝑥𝑛−1, 𝑥𝑛))       

                    Since 𝜓 is non-decreasing, we get 

∫ 𝜉(𝑡)𝑑𝑡 ≤
𝑎+𝑐

(1−𝑏−𝑐)
∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑥𝑛−1,𝑥𝑛)

0

𝑑(𝑥𝑛,𝑥𝑛+1)

0
   

    

Continuing this process, we get in general       

∫ 𝜉(𝑡)𝑑𝑡 ≤ 𝑘𝑛 ∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑥0,𝑥1)

0

𝑑(𝑥𝑛,𝑥𝑛+1)

0
                    Let  𝑘 =

𝑎+𝑐

(1−𝑏−𝑐)
< 1  

Taking 𝑛 → ∞, we get 

lim𝑛→∞ ∫ 𝜉(𝑡)𝑑𝑡 = 0
𝑑(𝑥𝑛 ,𝑥𝑛+1)

0
 .Therefore lim

𝑛→∞
𝑑(𝑥𝑛 , 𝑥𝑛+1) = 0.                    (3.1.3) 

Now, we will show that {𝑥𝑛} is a Cauchy sequence in 𝑋. suppose that {𝑥𝑛} is not a Cauchy sequence, which 

means that there is a constant 𝜖0 > 0 such that for each positive integer 𝑘, there are positive integer 𝑚(𝑘) and 

𝑛(𝑘) with 𝑚(𝑘) > 𝑛(𝑘) > 𝑘 such that 

     𝑑(𝑥𝑚(𝑘), 𝑥𝑛(𝑘)) ≥ 𝜖0, 𝑑(𝑥𝑚(𝑘)−1, 𝑥𝑛(𝑘)) < 𝜖0   

By triangle inequality 

𝜖0 ≤ 𝑑(𝑥𝑚(𝑘), 𝑥𝑛(𝑘)) ≤ 𝑑(𝑥𝑚(𝑘), 𝑥𝑚(𝑘)−1)     +𝑑(𝑥𝑚(𝑘)−1, 𝑥𝑛(𝑘))       < 𝑑(𝑥𝑚(𝑘), 𝑥𝑚(𝑘)−1) + 𝜖0  

Letting 𝑘 → ∞ and using (3.1.3), we get  

lim
𝑘→∞

𝑑(𝑥𝑚(𝑘), 𝑥𝑛(𝑘)) = 𝜖0.                             (3.1.4) 

Similarly, we have 

 lim
𝑘→∞

𝑑(𝑥𝑚(𝑘)+1, 𝑥𝑛(𝑘)+1) = 𝜖0.                  (3.1.5) 

For 𝑥 = 𝑥𝑚(𝑘) and 𝑦 = 𝑥𝑛(𝑘) from (3.1.2), (3.1.3) and (3.1.4) we have, 

    

                 + lim
𝑘→∞

𝑀(𝑥𝑚(𝑘), 𝑥𝑛(𝑘)) = 𝑎 ∫ 𝜉(𝑡)𝑑𝑡
𝜖0

0
         (3.1.6) 

From (3.1.1), we have 

𝜓 (∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑥𝑚(𝑘)+1,𝑥𝑛(𝑘)+1)

0
)      = 𝜓 (∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑆𝑥𝑚(𝑘),𝑆𝑥𝑛(𝑘))

0
)  

          ≤ 𝜓 (𝑀(𝑥𝑚(𝑘), 𝑥𝑛(𝑘))) − 𝜑 (𝑀(𝑥𝑚(𝑘), 𝑥𝑛(𝑘)))    

Taking 𝑘 → ∞ and using (3.1.5), (3.1.6) and the continuity of 𝜓 and 𝜑, we get 

𝜓(∫ 𝜉(𝑡)𝑑𝑡
𝜖0

0
) ≤ 𝜓(𝑎 ∫ 𝜉(𝑡)𝑑𝑡

𝜖0

0
)     −𝜑(𝑎 ∫ 𝜉(𝑡)𝑑𝑡

𝜖0

0
)       ≤ 𝜓(∫ 𝜉(𝑡)𝑑𝑡

𝜖0

0
) − 𝜑(𝑎 ∫ 𝜉(𝑡)𝑑𝑡

𝜖0

0
)  

This leads to 𝜑(𝑎 ∫ 𝜉(𝑡)𝑑𝑡
𝜖0

0
) = 0, and property of 𝜑 we get    ∫ 𝜉(𝑡)𝑑𝑡

𝜖0

0
= 0.  

This is contradiction. Thus {𝑥𝑛} is a Cauchy Sequence in (𝑋, 𝑑), which is complete. Thus, there is 𝑧0 ∈ 𝑋 such 

that 

                       lim
𝑛→∞

𝑥𝑛 = 𝑧0   ,                 

Setting  𝑥 = 𝑥𝑛 and 𝑦 = 𝑧0 in (3.1.2) we have 
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𝑀(𝑥𝑛, 𝑧0) = 𝑎 ∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑥𝑛,𝑧0)

0
          +𝑏 ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑧0,𝑆𝑧0)[1+𝑑(𝑥𝑛,𝑆𝑥𝑛)]

1+𝑑(𝑥𝑛,𝑧0)

0
       +𝑐 ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑥𝑛,𝑆𝑥𝑛)+𝑑(𝑧0,𝑆𝑧0)

1+𝑑(𝑥𝑛,𝑧0).𝑑(𝑧0,𝑆𝑥𝑛)

0
  

= 𝑎 ∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑥𝑛,𝑧0)

0
+ 𝑏 ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑧0,𝑆𝑧0)[1+𝑑(𝑥𝑛,𝑥𝑛+1)]

1+𝑑(𝑥𝑛,𝑧0)

0
    

+𝑐 ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑥𝑛,𝑥𝑛+1)+𝑑(𝑧0,𝑆𝑧0)

1+𝑑(𝑥𝑛,𝑧0).𝑑((𝑧0,𝑥𝑛+1)

0
   

  Let 𝑛 → ∞ and using (3.1.3) and (3.1.7), we get 

lim
𝑛→∞

𝑀(𝑥𝑛 , 𝑧0) = (𝑏 + 𝑐) ∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑧0,𝑆𝑧0)

0
    (3.1.8)      

From (3.1.1) we have 

𝜓 (∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑥𝑛+1,𝑆𝑧0)

0
) = 𝜓 (∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑆𝑥𝑛 ,𝑆𝑧0)

0
)  

                              ≤ 𝜓(𝑀(𝑥𝑛 , 𝑧0)) − 𝜑(𝑀(𝑥𝑛 , 𝑧0)) 

Using (3.1.7) and (3.1.8), we get 

𝜓 (∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑧0,𝑆𝑧0)

0
) ≤ 𝜓 ((𝑏 + 𝑐) ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑧0,𝑆𝑧0)

0
)                −𝜑 ((𝑏 + 𝑐) ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑧0,𝑆𝑧0)

0
)  

                                  ≤ 𝜓 (∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑧0,𝑆𝑧0)

0
)            −𝜑 ((𝑏 + 𝑐) ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑧0,𝑆𝑧0)

0
)  

Which implies𝜑 ((𝑏 + 𝑐) ∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑧0,𝑆𝑧0)

0
) = 0, so 𝑑(𝑧0, 𝑆𝑧0) = 0, that is 𝑆𝑧0 = 𝑧0. 

Uniqueness: Let 𝑦0, 𝑧0  be two fixed point of  𝑆 such that 𝑦0 ≠ 𝑧0.  
Putting 𝑥 = 𝑦0 and 𝑦 = 𝑧0 in (3.1.2) we have 

𝑀(𝑦0, 𝑧0) = 𝑎 ∫ 𝜉(𝑡)𝑑
𝑑(𝑦0,𝑧0)

0
           +𝑏 ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑧0,𝑆𝑧0)[1+𝑑(𝑦0,𝑆𝑦0)]

1+𝑑(𝑦0,𝑧0)

0
       +𝑐 ∫ 𝜉(𝑡)𝑑𝑡

𝑑(𝑦0,𝑆𝑦0)+𝑑(𝑧0,𝑆𝑧0)

1+𝑑(𝑦0,𝑧0).𝑑(𝑧0,𝑆𝑦0)

0
  

𝑀(𝑦0, 𝑧0) = 𝑎 ∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑦0,𝑧0)

0
               (3.1.9) 

So 𝜑 (𝑎 ∫ 𝜉(𝑡)𝑑𝑡
𝑑(𝑦0,𝑧0)

0
) = 0, so 𝑑(𝑦0, 𝑧0) = 0, that is 𝑦0 = 𝑧0. 

Theorem 3.2: Let (𝑋, 𝑑) be a complete metric space, let 𝑆: 𝑋 → 𝑋 be a mapping which satisfies the following 

condition: 

𝜓(∫ 𝜉(𝑡)𝑑𝑡) ≤ 𝜓(𝑀(𝑥, 𝑦)) − 𝜑(𝑀(𝑥, 𝑦))
𝑑(𝑆𝑥,𝑆𝑦)

0
       (3.2.1) 

 For each 𝑥, 𝑦 ∈ 𝑋, 𝑥 ≠ 𝑦, 𝛼, 𝛽 > 0,2𝛼 + 3𝛽 < 1, where 𝜓, 𝜑 are altering distance functions, and    

  𝑀(𝑥, 𝑦) = 𝛼 ∫ 𝜉(𝑡)𝑑𝑡
[
𝑑2(𝑥,𝑆𝑥)+𝑑2(𝑦,𝑆𝑦)+𝑑2(𝑦,𝑆𝑥)

𝑑(𝑥,𝑆𝑥)+𝑑(𝑦,𝑆𝑦)+𝑑(𝑦,𝑆𝑥)
]

0
        +𝛽 ∫ 𝜉(𝑡)𝑑𝑡

[
𝑑2(𝑥,𝑆𝑦)+𝑑2(𝑦,𝑆𝑥)+𝑑2(𝑥,𝑦)

𝑑(𝑥,𝑆𝑦)+𝑑(𝑦,𝑆𝑥)+𝑑(𝑥,𝑦)
]

0
      

                                                                     (3.2.2) 

Where 𝜉: 𝑅+ → 𝑅+ is a lesbesgue- integrable mapping which is summable, sub-additive on each compact subset 

of 𝑅+, non-negative and such that for each 𝜖0 > 0, 

                              ∫ 𝜉(𝑡)𝑑𝑡 > 0
𝜖0

0
 

Then 𝑆 has a unique fixed point 𝑧0 ∈ 𝑋.  
Proof: Can be proved easily as theorem 3.1 

Theorem 3.3: Let (𝑋, 𝑑) be a complete metric space, let 𝑆, 𝑇: 𝑋 → 𝑋 be a mapping which satisfies the following 

condition: 

𝜓(∫ 𝜉(𝑡)𝑑𝑡) ≤ 𝜓(𝑀(𝑥, 𝑦)) − 𝜑(𝑀(𝑥, 𝑦))
𝑑(𝑆𝑥,𝑆𝑦)

0
                                                            (3.3.1) 

For each 𝑥, 𝑦 ∈ 𝑋, 𝑥 ≠ 𝑦, 𝛼, 𝛽 > 0,2𝛼 + 3𝛽 < 1, where 𝜓, 𝜑 are altering distance functions, and    

𝑀(𝑥, 𝑦) = 𝛼 ∫ 𝜉(𝑡)𝑑𝑡
[
𝑑2(𝑥,𝑆𝑥)+𝑑2(𝑦,𝑇𝑦)+𝑑2(𝑦,𝑆𝑥)

𝑑(𝑥,𝑆𝑥)+𝑑(𝑦,𝑇𝑦)+𝑑(𝑦,𝑆𝑥)
]

0
         +𝛽 ∫ 𝜉(𝑡)𝑑𝑡

[
𝑑2(𝑥,𝑇𝑦)+𝑑2(𝑦,𝑆𝑥)+𝑑2(𝑥,𝑦)

𝑑(𝑥,𝑇𝑦)+𝑑(𝑦,𝑆𝑥)+𝑑(𝑥,𝑦)
]

0
      (3.3.2) 

Where 𝜉: 𝑅+ → 𝑅+ is a lesbesgue- integrable mapping which is summable, sub-additive on each compact subset 

of 𝑅+, non-negative and such that for each 𝜖0 > 0, 

                       ∫ 𝜉(𝑡)𝑑𝑡 > 0
𝜖0

0
.Then 𝑆 and 𝑇 have a common fixed point 𝑧0 ∈ 𝑋.  

Proof: Can be proved easily as theorem 3.1 and 3.2 
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