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Abstract

In the literature many ranking methods have been proposed for comparing the fuzzy numbers, most of them
suffer from plenty of shortcomings such as complex calculations, inconsistency with human intuition. To
overcome such shortcomings, a new ranking method is proposed for L-R flat fuzzy numbers which is based on
the lexicographical ordering approach. It is shown that proposed ranking method satisfies all the reasonable
properties of the ordering fuzzy quantities proposed by Wang & Kerre (Fuzzy Sets and Systems 118(2001) 375-
385). Finally a comprehensive comparison is done between the existing ranking methods with the proposed one
to demonstrate the effectiveness of the proposed ranking method.
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1. Introduction

In fuzzy set theory comparison of fuzzy numbers plays a vital role. Due to its application in fuzzy optimization
problems ranking method has been extensively researched in the past few years. The ranking method of fuzzy
numbers was first introduced by Jain (1976). In the literature a significant number of ranking methods have been
suggested on the basis of Hamming distance (Yager 1980), the possibility and probability measure of fuzzy
events (Lee & Li 1988), minimizing and maximizing sets (Chen1985), the total integral values (Lious & Wang
1992), the artificial neural networks (Requena et al. 1995), the area measure (Fortemps & Roubens 1996), the
coefficient of variance (Cheng 1998), the centroid point of fuzzy number (Chu & Tsao 2002), the radius of
gyration (Deng et al. 2006) and so on. Most of them exhibit several shortcomings associated with non-
discrimination, counter-intuitive problems and complex calculations. The most commonly approach to compare
fuzzy numbers is to map fuzzy numbers onto a real line by an appropriate mapping and then subsequently realize
a comparison of them. Still no single existing ranking method in the literature has been superior to the other
existing methods since almost each method have different drawback such as the lack of discrimination, difficulty
in implementation, inconsistency with human intuition and producing counterintuitive ordering. To overcome all
these problems, a new ranking method is proposed for comparing L-R flat fuzzy numbers based on the
lexicographical ordering approach.

The paper is organized as follows: Some basic definitions and the idea of area compensation are presented in
Section 2. A new ranking method for L-R flat fuzzy numbers is introduced in Section 3. In Section 4, a
comparative study between the proposed method and the existing methods is done. The paper is concluded in
Section 5.

2. Preliminaries
In this section, some basic definitions and idea of area compensation are presented which will be used in the rest
of the paper.

2.1 Basic Definitions

Definition 2.1.1. (Farhadinia 2009). A fuzzy set A in X is characterized by a membership function
Mz X — [0, 1] and denoted by

AZ{(X,,UA(X))ZXE X}.

Definition 2.1.2. (Farhadinia 2009). Let Ais a fuzzy set then it is called fuzzy number if it satisfied the
following conditions:

1. Aisnormal
2. p; is upper semi-continuous.

3. ,UA IS quasi-convex.

4, Supp(A) is bounded in X.
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Definition 2.1.3. (Asady 2010) A fuzzy number A= (m, nao,o, )LR is said to be an L-R flat fuzzy number if
its membership function is given by

L m—x} if x<m,a, >0,
241
1 (X) =11, if m<x<n,
R x—nj, if x>n, a, >0,
a,

where L and R are called reference function. L, R:[O,w]—)[o,l] be two upper semi-continuous, non-
increasing functions satisfying L (0) = R (0) = 1land L (1) = R (1) = 0 that define the left and right shape of
£4; (X) respectively. If m = n then A= (M, e, @), is called L-R fuzzy number.

F(R) denotes the set of all the L-R flat fuzzy numbers.

Definition 2.1.4. (Farhadinia 2009) Let A be a fuzzy setin X and & € (0, 1]. The ¢« - cut of the fuzzy set A is
the crisp set given by

A, ={xeX: uz(x)zal.
If Az(m,n,ozl,ocz)LR is a L-R flat fuzzy number then A,=[a(e), @(a)]for all 0 < o < 1, where
a(a)=m-aL ! (a) and a(a)=n+a,R ().

Definition 2.1.5. (Farhadinia 2009) Let A & F(R). Then C(A) = inf{x esupp(A) DM (X) :1}.
2.2. ldea of Area Compensation

Roubens (1990) proposed the area comparison method based on the area compensation using ¢ - cut of two
fuzzy numbers.

Let us defined S, (AZ Ig) = I [g(a)—g(a)]da,
U(A.B)
SR(AZ I_5>): J‘N)[a_(a)—ﬁ(a)]da,

A > B)is the area which claims that the left slope of Ajis greater to the corresponding part of B

) is the area which claims that the right slope of Ais greater to the corresponding part of B ,
)IS the degree to which Ais larger than B shown in Fig. 1.
X

F(R) — %R is defined as

In this paper, we are taking R (set of real numbers) to be the range of C” where as in (Fortemps & Roubens

1996) the range of C " was taken to be R* (set of non- negative real numbers).
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3. New ranking method

In this section, a new lexicographical approach for ranking L-R flat fuzzy numbers is introduced. The proposed
method calculates three parameters on the basis of which it compares the two L-R flat fuzzy numbers. Farhadinia
(2009) was the first one to used the lexicographical ordering concept for ranking fuzzy numbers in four steps
where as the proposed method will be using only three steps. Before presenting the new ranking method an
important notation is defined as follows:

— K@

SL(B 2 ]

s @A 2B |

Fig. 1. Comparing AandB.
Definition 3.1 Let A € F (R) be a fuzzy number. Define

W'(A) = sup{x esupp(,&): 1; () =1} — inf{x esupp(A) L (x) =1}
The p~roposed ranking method for~ comparing any two L-R flat fuzzy numbers is defined as follows:

Let A= (m, n, ag, a)r and B = (p, q, Bs, P2)ir be two L-R flat fuzzy number. Then we go through the
following steps to compare A andB.

Step 1 Find C(A):mand C(Ig):p. If m < p then A<B and stop. If m=p go to Step 2.

Step 2 Find W'(A)zn-mand W’(I§)=q—p. If (n—m) < (q-p) then A<B and stop. If (n—m) = (g - p)
then go to Step 3.
Step 3 Find C*(

AzB)
If C"(A=B)>0then A~ B.
If C"(A=B)<othen A< B.
If C"(A2B)=0then A=B.
It can be easily shown that proposed ranking method satisfies all the reasonable properties of the fuzzy quantities

proposed by Wang and Kerre (2001) for the validation of the ranking method.
A1 For an arbitrary finite subsetI" of F(R) and Ae T, A > A.

: For an arbitrary finite subset I of F(R) and( B) 2 A > Band I§>_— A, we should have A~ B .

: For an arbitrary finite subset I of F(R) and (A ) e, A>=Band BEC we should have Até .

S P P

: For an arbitrary finite subset I” of F(R) and( I§) I'?,inf supp( ) > sup supp(|§) , we should have
Ag B
A; : For an arbitrary finite subset I" of F(R) and (A, L5>) eTl?,inf supp(A) > sup supp(é) , we should have
A-B.
A :Let I' and I"" be two arbitrary finite subsets of F(R) in which Aand BareinI T . We obtain A >~ B
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on I'"if and only if A>Bonl".
A :Let A B,C,A®Band B®C be elements of F(R). If A= B, then A®@C ~BaC.

A7 ‘Let A, B,C,A®Band B®C be elements of F(R). If At B and ét() then A®C ~B ®C.
Remark: If A,BeF(R)and A<B then — A=—B.

4. Comparative study
In this section, the proposed method is compared with the some of the existing methods which have been
appeared in the literature and their shortcomings have been discussed. In all the examples the reference functions

are defined as L(X) = R(X) = max(O,l— X) .
Example 4.1. Consider the following sets: (see Shureshjani & Hmiraki 2013).
Set1 A=(0.3,0.3,0.2,0.2)r B =(05 05,02 02) 5
Set2 A=(0.2,04,0.1,0.1)x B =(0.3,0.3, 0.2, 0.2) .
Set3 A=(-0.3,-0.3,0.2 0.1) B =(03 0302 02) 5
Set4 A=(05,0.5,0.2, 0.5) 5 B =(0.6,0.6,0.5,0.2)
A B = (0.5, 0.5, 0.3, 0.4) .x

Set5 A=(0.4,06,04,0.2)x C =(0.6,0.7,05,0.2) 1x

Figs. 2 - 6 present the five sets in Example 4.1. The ranking results of set 1, set 2, set 3, set 4 and set 5 are given
in Table 1. The shortcoming of Yager’s method (1978), Murakami et al.’s method (1983), Cheng’s method
(1998), Chu & Tsao’s method (2002), Chen & chen’s method (2009), Chen & Sanguansar’s method (2011) and

Shureshjani & Hmiraki’s method (2013) are discussed below.

l % o
i A B A :
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04 / \ 0.4 1 / B
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01+ / \ 0.1 4 &
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Fig. 2. Set 1 of Example 4.1. Fig. 3. Set 2 of Example 4.1.
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Fig. 4.  Set 3 of Example 4.1. Fig. 5. Set 4 of Example 4.1.
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From Table 1, we can observe that
Set 1: The proposed method and all the existing methods yield the same ranking order.

>
0 01 02 03 04 05 06 07 08 09

Fig. 6. Set5 of Example 4.1.
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Set2: C (A) =0.2< C(L5>) — 0.3, therefore A < B by proposed method, Murakami’s method and Chen &

Chen’s method where as by Cheng’s method, Chu & Tsao’s method, Yager’s method, Chen & Sanguansar’s
method and Shureshjani & Hmiraki’s method gives A = B, which is not intuitive as one is trapezoidal fuzzy

number and other is triangular fuzzy number.

Set 3 : Comparing positive and negative of the fuzzy numbers Cheng’s method gets unreasonable result while

the other existing methods and proposed method provide the same resultie. A< B.

Set 4: Two triangular fuzzy numbers are compared which are intersecting each other and both having different

left and right spread. The proposed method, Shureshjani & Hmiraki’s method at o = 0.8 yield A < B where as
other existing methods gets unreasonable result (see Shureshjani & Hmiraki 2013).

Set 5: The proposed method and all the methods produce A<B<C except Yager’s method and Murakami et

al.’s method gives A< C < B which is counter-intuitive with human intuition.

Table 1 Comparative results of Example 4.1.

Method Setl Set 2 Set 3 Set 4 Set5

Yager’s method (1978) A<B| A=B | A<B| A-B | A<C<B
Murakami et al.’s method (1983) A<B | A<B A<B | A-B A<C<B
Cheng’s method (1998) A<B| A=B | A<B | A»B | A<B<c
Chu & Tsao’s method (2002) A<B | A=B A<B | A-B A<B<C
Chen & chen’s method (2009) A<B | A<B A<B | A-B A<B<C
Chen & Sanguansar’s method (2011) A<B | A=B A<B | A-B A<B<C
Shureshjani & Hmiraki’s method (2013) A<B | A=B A<B | A<B A<B<C

(@=0.8)
Proposed method A<B | A<B | A<B | A<B | A<B<C

Example 4.2. Consider the following sets used in (Nasseri et al.’s method 2013), as shown in Figs. 7 — 10, in
order to compare the proposed method with Yager’s method (1981), Choobineh and li’s method (1985), Chen’s
method (1985), Cheng CV method (1998), Cheng distance method (1998), Yao and Wu’s method (2000), Chu
and Tsao’s method (2002), Abbasbandy and Asady’s method (2006), Nejad and Mashinchi’s method (2011),
Nasseri et al.’s method (2013). The results are shown in Table 2.

Set1 A=(05,05,0.1,0.5)r
Set2 A=(0.4,0.7,0.1,0.2)x
Set3 A=(05,0.5,0.2 0.2) .z
Set4 A=(0.4,0.7,04 0.1)x

B =(0.7,0.7,0.3, 0.3) 1
B =(07,0704,0.2) 5
B =(05, 0802 0.1) 5
B =(05,05,0.3,0.4) 5
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Fig. 7. Set 1 of Example 4.2. Fig. 8.  Set 2 of Example 4.2.
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Fig. 9. Set 3 of Example 4.2.

From Table 2, we can see that

Fig. 10. Set 4 of Example 4.2.

Set 1: By proposed method, we have C (A) =05< C(Ig) =0.7<C (é) =0.9. Hence the ranking order is
A< B =<C which is same as all the existing ranking methods except for Cheng CV method we have
B<C<A.

Set 2: C(A)=0.4<C(B)=07=C(C)=0.7,W'(B)=W'(C)=0and C"(C 2 B)>0. Hence by
proposed method we get A<B<C. In Cheng CV index method, the ranking order isC < B < A The result
of our proposed method is similar to the other existing methods i.e. A<B<C.

set3: C(A)=0.5=CB=05=¢ ¢ =0 W(A=W(]=0 < W( B =0.tand
o (é > A) > 0, producing the ranking order A=< C < B The result of Choobineh et al.’s method, Yager’s

method and Chen’s method are A< B < C but the result of other existing methods is as same as the proposed
method resultie. A<C <B.

Set 4 : C(,Z\) =04< C(I_5>) =05 < C(é) = 0.6, hence by proposed method the ranking order is

A < B < C but different methods yielding different results.

Example 4.3. Consider the two sets shown in Figs. 11 — 12 as follows (see Nasseri et al. 2013):
Set 1 A: (6, 6, 1, 1) LR B = (6, 6, 01, 1) LR C = (6, 6, 0, 1) LR
Set2 A=(-0.3,-0.3,0.2,0.1) 5 B= (-0.32,-0.32,0.26,0.35) r ~ C =(-04,-0.4,0.3,0.15) 5

The ranking result of Chen’s method (1985), Cheng’s method (1998), Chu and Tsao’s method (2002), Nasseri’s
method (2010), Nasseri et al. method (2013) and proposed method is given in Table 3.
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Table 2 Comparative results of Example 4.2.

Method Setl Set 2 Set 3 Set 4

Yager’s method (1981) A<B<C | A<B<C A<B<C A<B<C
Choobineh and Ii’s method (1985) A<B<C | A<B<C A<B<C A<B<C
Chen’s method (1985) A<B=<C | A<xB<C A<B=<C A<B=<C
Cheng CV method (1998) B<C<A|C<B<A | A<C<B B<C<A
Cheng distance method (1998) A<B<C | A<xB<C A<C<B A<C<B
Yao and Wu’s method (2000) A<B<C | AxB<C A<C<B A<B~C
Chu and Tsao’s method (2002) A<B<C | A<xB=<C A<C <B A<C<B
Abbasbandy and Asady’s method (2006) | A <B <C | A<B<C A<C <B A<B~C
Nejad and Mashinchi’s method (2011) A<B<C | A<xB=<C A<C <B A<C<B
Nasseri et al.’s method (2013) A<B<C | A<B<C A<C <B A<B<C
Proposed method A<B<C | A<xB<C A<C<B A<B<C
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Fig. 11.  Set1 of Example 4.3. Fig. 12.  Set 2 of Example 4.3.

From Table 3, we can conclude that
et C(A= qh= ¢ p6. W(H- (G- WP,

C*(é > é) > 0. Therefore the ranking order is A<B<C. Proposed method, Nasseri’s method, Cheng’s

C*(Bz ~on and

method and Nasseri et al.’s method yields the same result where as the result of Chu and Tsao’s method and
Chen’s method are unreasonable (see Nasseri et al. 2013).

Set 2: Using the proposed method, C(A)=—0.4<C(I§)=—0.32<C((§)=—0.3. The result is

A - é - é which is similar to Nasseri’s method, Chu and Tsao’s method, Chen’s method and Nasseri et al.’s
method. The result of chen’s method is unreasonable (see Abbasbandy & Asady 2006).

Table 3 Comparative results of Example 4.4.

Method Set 1 Set 2

Chen’s method (1985) A<C <B A-B=C
Cheng’s method (1998) A<B<C A<B<C
Chu and Tsao’s method (2002) A<C<B A-B>=C
Nasseri’s method (2010) A<B<C A-B=C
Nasseri et al. method (2013) A<B<C A-Bs=C
Proposed method A<B<C A-Bs>=C
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Example 4.4 Consider the following sets shown in Figs. 13 — 15 (see Yu et al. 2013).
Set 1 Aiz (4, 4, 2, 2) LR A2 = (5, 5, 4, 1) LR Asz (5, 5, 2, 1) LR
set2 A=(2214) A, = (2.75,2.75,0.25, 0.25) 11 A=(3.3,1,1) 1
set3 A=(1,1,0,14) A=(27,2 1) A,=(4,4,6,6)5
All AN
4,
l —
0.5 4, - "
i A,
0 1 2 3 4 5 6 X
Fig. 13. Set 1 of Example 4.4.
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/ L -I II i 1 - =l 1 ! 1 ‘I \\I 1 1 1
0 1 2 3 4 5 6 X 2 0 2 4 6 81012 1416 «x
Fig. 14. Set 2 of Example 4.4. Fig. 15. Set 3 of Example 4.4.

The shortcoming of Abbasbandy & Hajari’s method (2009), Wang et al.’s method (2009), Asady’s method
(2010) and Ezzati et al.’s (2012) methods are discussed below.

Set 1: In Wang et al.’s method whenever centroid point of fuzzy number is equal to a maximal or minimal of
centroid point it gives inconsistent result. The ranking results are shown in Table 4.

Set 2: In Wang et al.’s method and Asady’s method the order of their images is not logical as shown in Table 5.
Set 3: C(Ai) =1< C(Az) =2< C(As) = 4. By proposed method we get A < A, < A,. The ranking order

of Abbasbandy & Hajari’s method and Ezzati et al.’s method are ’&1 =< Az ~ Asand 1&1 < As =< Az respectively
which is counter-intuitive.

5. Conclusion

In this paper, a new lexicographical approach based on the position and area compensation of fuzzy number for
ranking L-R Flat fuzzy numbers is proposed. The proposed method is illustrated by numerical examples and
comparison is made with some of the existing methods. It is shown that our proposed method overcomes all the
shortcoming of the existing methods. Application of ranking method in fuzzy risk analysis and in fuzzy
optimization is left as future work.
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Table 4
Method Setl
Abbasbandy and Hajari's method (2009) ,5& < As < Az
Wang et al.’s method (2009) '5‘1 _ '&z < Aj
Asady’s method (2010) '&1 < Az < As
Nejad and Mashinchi’s method (2011) '&1 < Az < A?:
Asady’s method (2011) '5‘1 < Az < A3
Chen and Sanguansat’s method (2011) '5‘1 < Az < A3
Yu et al.’s method (2013) '&1 < Az < As
Proposed method '5‘1 < Az < As
Table 5
Method Set 2 Image of Set 2 Result
Wang et al.’s method (2009) Az < '5‘3 < '&1 _A3 - _Al < _'&2 Inconsistent
Asady’s method (2010) AZ < A3 < '&1 —A3 - _Ai < _Az Inconsistent
Nejad and Mashinchi’s method (2011) '&1 < Az < A3 _’5‘3 ~ _'5‘1 < _Az Inconsistent
Asady’s method (2011) '&1 < Az < A3 _Aa < _Az _ _'&1 Consistent
Yu et al.’s method (2013) '&1< Az < As _A3 <_A2 <_A1 Consistent
Proposed method '&1< Az < A3 —A3 <_A2 <‘A Consistent
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