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1. Introduction and Preliminaries

Mustafa and Sims [5] introduced the notion of complete G —metric spaces as a generalization of complete
metric spaces. For details on G —metric spaces, we refer to [5, 6, 7, 8]. The notion of a coupled fixed
point in partially ordered metric spaces has been introduced by Bhaskar and Lakshmikantham in (2006)[9].
In this paper ,we prove a common coupled fixed point theorem for two mappings in G — metric spaces.

Definition 1.1 [5] Let X be a nonempty set and G: X x X x X —RR" a function satisfying the
following properties:

(G1) G(x,y,2)=0 if x=y=z=0,

(Gp) 0<G(x,x,Yy), forall x,yeX with x=y,

(G3) G(X, X, y)<G(x,y,z) forall X,y,ze X with z=Y,

(Gg) G(x,Y,2)=G(x,2,y) =G(Y,z,X) =..., symmetry in all three variables,

(Gg) G(x,y,2)<G(x,a,a)+G(a,y,z) foral x,y,z,aeX

Then the function G s called a generalized metric, or, more specifically, a G —metricon X, and the
pair (X,G) iscalleda G —metric space.

Definition 1.2 [5] Let (X,G) be a G —metric space and (X,) a sequence of points of X. A point

X e X is said to be the limit of the sequence (X,), if lim G(X,X,,X,) =0, and we say that the
m,n—c

n?
sequence (X,) is G—convergentto X orthat (x,) G —convergesto X.

Thus, X, —X in a G—metric space (X,G) if for any £>0, there exists keN such that
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G(X, X, X,) <& forall m,n>k.

Proposition 1.1. [5] Let (X,G) bea G —metric space. Then the following are equivalent:

(1) (x,) is G—convergentto X.

@) G(X,,X%,,X) >0 as n— oo

(3) G(X,,X,X) >0 as n— oo,

4) G(X,,X%,,X)—>0 as n,m—>oo,

Definition 1.3 [5] Let (X,G) be a G —metric space, a sequence (X,) is called G —Cauchy if for
every ¢€>0, there is keN such that G(X,,X,,%)<g for all nml>k, that is
G(X,,X,, %) —>0 as n,m,| - oo,

Proposition 1.2. [5] Let (X,G) bea G —metric space, then the following statements are equivalent:

(1) The sequence (X,) is G —Cauchy.

(2) Forevery & >o thereis ke N suchthat G(X,,X,,X,) <&, forall n,m>k.

Definition 1.4 [5] A G —metric space (X,G) is called G —complete if every G — Cauchy sequence
in (X,G) is G—convergentin (X,G).

Proposition 1.3. [5] Let (X,G) be a G- metric space. Then, the function G(X,Y,z) is jointly
continuous in all three of its variables.

Example 1.1. [5] Let (R,d) be the usual metric space. Define G, by

G,(x,y,z) =d(X,y)+d(y,z)+d(x,2)
forall X,y,zeR.Thenitisclearthat (R,G,) isa G —metric space.
Proposition 1.4. [5] Let (X,G) be a G- metric space. Then T:X — X is G — continuous at
x e X ifand only if itis G —sequentially continuous at X ,that is, whenever (X,) is G —convergent
to X, (f(x,)) is G—convergentto f(Xx).

Definition 1.5 [4] Let (X,G) be a G —metric space. A mapping F: X xX — X is said to be
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continuous if for any two G — convergent sequences (X,) and (y,) converging to X and Y
respectively, (F(x,,Y,)) is G—convergentto F(X,Y).

Definition 1.6 [3] An element (X,y)e X xX is called a coupled fixed point of the mapping
F:XxX —>X if F(X,y)=XxF(y,x)=Y.

Definition 1.7 [9] An element (X,Yy) e X x X is called a coupled coincidence point of a mapping

F:XxX — X andamapping g: X — X if F(x,y)=gx, F(y,X)=gy.

Note that if ¢ is the identity mapping, then Definition 1.7 reduces to Definition 1.6.
Definition 1.8 [1] An element X € X is called a common fixed point of a mapping F: X xX — X

and g: X — X if F(X,x)=gx=x.

Abbas et al. [1] introduced the concept of W—compatible and W*—compatible mappings and utilized

this concept to prove an interesting uniqueness theorem of a coupled fixed point for mappings F and ¢
in cone metric spaces.

Definition 1.9 [1] Mappings F: X xX — X and ¢g: X — X arecalled
(W) w—compatible if g(F(x,y))=F(gx,gy) whenever gx=F(x,y) and gy=F(y,X).
(Wo) W —compatible if g(F(x,X))=F(gx,gx) whenever gx = F(X,X).

Example 1.2. [2] Let X =R", define F:XxX — X and g: X > X by

8, Xx=1
8, x=1,y=0,
10, X =0,
F(x,y)=< 10, x=0,y=1 and g(x) = <=4
4 other wise, .
4, other wise.

Thenitisclearthat F and ¢ are W—compatible but not w —compatible.
Definition 1.10 [9] Let X be a nonempty setand F: X xX — X and g: X — X. One says F

and g are commutative if forall X,y e X, F(gx,gy) =g(F(x,Y)).

2. Main results
Our first result is the following.

Theorem 2.1 Let (X,G) be a G—metric space. Set T: X xX — X and g:X — X. Assume

186


http://www.iiste.org/

Mathematical Theory and Modeling

www.iiste.org
ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) JLET]
Vol.5, No.2, 2015 ||STE
there exist a,,a,,8, >0 with 2a, +3a, +3a, <2 such that
G(T(x,¥),T(u,v), T(w,2)) < %[G(gx, gu, gw) +G(gy, gv, 9z)] 2.1)

+%[G(gx,T(x, y),T () +G(gu,T(u,v), T (u,v))+G(ay, gv, 92)]
+%[G(gx,T(u,V),T(u,V))+G(gu,T(x, y).T(x ¥))+G(gy, gv, g2)],
for all X,y,u,v,w,ze X . If T(XxX)cg(X), g(X) isa G-complete subset of X, then T
and ¢ have a unigue common coupled coincidence point. Moreover, if T is W —compatible with g,
then T and g have a unique common coupled fixed point.
Proof. Let X, and Yy, be in X. Since T(XxX)c g(X), we can choose X;,Y, € X such that
g% =T(X,Y,) and gy, =T(Yy X) . Analogously, there exist X,,Y,€X such that
gX, =T(X,Y,) and gy, =T(y,,X,). Continuing this process, we can construct two sequences {X, }

and {y,} in X such that

X,y = T(X,,y,)and gy,., =T(y,,x,) foralln>0 (2.2)
From by (2.1), we have

G(9%ys OXni1s Pnia) = G(T Koy Vo) T (X Vo), T (X0 V)

< %[G(gxn_l, 9%y, 9%,) + G(9Yn 1, BYns OYa)l

+%[G(gxn_1,T(xn_l, Yoy T (X1 Yoa)) + G (9%, T (X0 Y ) T (Xq0 Ya)) +
SIS F AR CH DR ICHA)

+G(9%, T (X1 Yor)s T (Xt Yod)) + GOV 9Yn, 9Y)]

= %[G(gxn_l, 9%y, 9%,) + G(9Yq1: OYa OYa)]

+ %[G(gxn_l, 9%,1 9%, ) +G(9X,, 9Xo1, 9%,1) + G (Y10 O Yn)]

a
+ ?[G(gxn—h an+1’ an+1) + G(gxn ' an ’ gxn) + G(gyn—1’ gyn ’ gyn )]

Thus, we obtain

a +a,+a

2 [G(gxn—l’ an1 an) + G(gyn—2! gyn—11 gyn—l)]1 (23)

G(9X%,, 9Xuq X 0q) <
(g n g 1 g 1) 2—32—33
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and

G(9Yn: Ynits Wnia) = T (Vogs Xoa ) T(Vis X0 ) T (Vs X))
< %[G(gyn_l, Y, 9Yn) +G (9%, 4, 9%, 9%,)]
+%[G(gyn_1,T(yn_1, Xo1 ) T (Voss X0 0)) + G(9Yn, T (Y0, X0) T (Yn0 X0))
+ G 1 G O )]+ TGy 1T (¥ ). T (¥ %)
+G(9Yn, T (Vo1 X00)s T (Yoss X00)) + G941, 9%, 9X,)]
= %[G(gyn_l, a9y, 9Yn) + G(9X, 4, 9X,, 9X,)]
+ %[G(gyn_l, Y, 9Yn) + G(9Ynr Wnarr Wnia) + G(9X, 4, 9X,, OX,)]

+ % [G(gyn—ll gyn+1’ gyn+1) + G(gyn ’ gyn ’ gyn) + G(gxn—11 an ' an )]

Thus, we obtain

+a,+
G(gyn! gyn+1l gyn+1) S M[G(gyn—ll gyn1 gyn) + G(gxn—l! an7 an )] (24)

2—a,—a,
From (2.3) and (2.4), we have
2(a, +a, +
G(gxnl an+1l an+1) + G(gyn’ gyn+1’ gyn+1) S H[G(gyn—ll gyn1 gyn) + G(gxn—l! an1 an )]
2 3
Set a'n = G(gxn’ an+l' an+1) + G(gyn' gyn+l’ gyn+l) and ﬂ“ = Mv then the
2—a,—a,
sequence {a,} is decreasing as
0<a,<Ja, ,<#a, ,<..<a

which implies

!]En an = r|1l—r>n [G(an, an+1’ an+1) + G(gyn’ gyn+1’ gyn+1)] = O

Thus,
Ilm G(gxn’ gxn+ll an+1) = Ol a'nd Ilm G(gyn' gyn+1l gyrH-l)] = O (25)

nN—o0 N—o0

Next, let us prove that {gx,} and {gy,} are G —Cauchy sequences. In fact, for m >n, we have

G(gxn’ ng, gxm) + G(gyn’ gym’ gym) < G(gxn’ gxn+17 an+1) +G(gyn1 gyn+11 gyn+1)

+G(gxn+1’ gxn+27 an+2) + G(gyn+1’ gyn+27 gyn+2)
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+...+G(ng_1, OXins ng) +G(gym—l’ QY gym)

=a, +a,,+..+a,,

n+1

<Aay+ A, +..+ A" g, = (A" + A+ + A" )4,

/In
1-2

<" _a,

Letting N,m —» oo, we have
n,lrLTooG(gX”’ Xys 9% ) + G (Y41 GY s OYm) = 0.
This imply that {gx.} and {gy,} are G —Cauchy sequences in g(X). By G —completeness of
g(X), there exists gX,gy € g(X) such that {gx,} and {gy.} converge to gX and gy,
respectively. We claim that g(X) =T(X,y) and g(y)=T(Y,X). Indeed, from (2.1), we have
G(9%0, T4 Y) T (X Y)) = G(T (X, Yo ). T (X, ¥), T(X, )
S%[G(gxn,9(X),g(X))+G(gyn,g(y),g(y))]
+%[G(9Xn,T(Xn,yn),T(Xn,Xn))+G(9(X),T(X, ), T(x,y))

+G(gy,, 9(y), g(y))]+%[G(gxn,T(x, Y),T(XY))

+G(g0), T (X, ¥a) T (X, ¥a) +G(aY,, 9(Y), 9 (V)]

Letting N —> o0, and using the fact that G is continuous on its variables, we get that

GGOO.T (4 YT (6 Y) < 2222 (g0, T (Y. T (% Y)).

Hence g(X) =T(X,y). Similarly, we may show that g(y)=T(y,x). Then, (gx,gy) is a coupled
point of coincidence of mappings T and @ . Now we prove that gX = gy. By (2.1), we have
G(9(x),9(y). 9(¥)) = G(T(x, ), T(y,X), T(y. X))
S%[G(Q(X),g(y),g(y))+G(9(y),g(X),g(X))]
+%[G(9(X),T(x, V)T y)+G(a(y), Ty, x), Ty, x)+G(g(y), 9(x), g(x))]

+%[G(Q(X),T(y, X), T(Y, X)) +G(g(y), T(x, ¥), T(x,¥))+G(g(y), g(x), g(x))]
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-2t% G(g(x),g(y),g(y))+%6(g(y),g(x),g(X))-

Similarly, we may show that

G(9(). 90, 9(x) < 2228 6(g(x), (1), 9(1)+ 22 (g (1), (9, 9(0)
Therefore

G(g(X),g(y),g(y))+G(g(y),g(X),g(X))S@[G(Q(X),g(y),g(y))+G(g(y),g(X),g(X))]
<G(9(x),9(¥), 9(¥)) +G(9(y), 9(x), g(x))-

which is a contradiction. So g(X) = g(y). We conclude that T(x,y)=g(x) = g(y) =T(Y,X).

Thus, (g(X),g(X)) is a coupled point of coincidence of mappings T and g. Now, if there is another

x, € X suchthat (g(x,),g(X)) isa coupled point of coincidence of mappings T and g, then

G(9(x), 904), 9(x)) = G(T (%, X), T (%, ), T (X, %))

S%[G(Q(X),g(Xl),g(Xl))+G(g(X),g(Xl),g(Xl))]

+%[G(9(X),T(X,X),T(X,X))+G(9(X),T(X1,Xl),T(Xl,Xl))+G(g(X),9(X1),g(Xi))]
+%[G(9(X),T(XyXl),T(Xl,Xl))+G(9(X1),T(X,X),T(X,X))+G(9(X),Q(Xl),g(xl))]

= (&, +2, +8;)G(9(x), 9(x), 9(x,)) +%G(9(X1), 9(x), g(x)).

Similarly, we may show that

G(9(x), 9(x), g(x)) < (& +a, +a5)G(g(x), 9(x), 9(x)) +%G(9(X)1 9(x,), 9(x,)).

Therefore

G(9(0). 5(%). 9(x)+G(g (), 9, 9() = 222516 (g(x), 9(x), 9(%)) + G(3(%), (X, G ()]

It implies that G(g(x), 9(x,), 9(x)) =G(9(x,), 9(x), g(x)) =0 and so g(x) = g(x,). Hence,

(9(x),g(x)) is a unique coupled point of coincidence of mappings T and ¢. Now, we show that T
and g have common coupled fixed point. For this, let U = g(X). Then, we have U = g(X) =T (X, X).

By W — compatibilityof T and ¢, we have

g(u) =g(g(x) = g(T(x,x)) =T(g(x), g(x)) =T (u,u).

Then, (g(u),g(u)) is a coupled point of coincidence of mappings T and (. By the uniqueness of
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coupled point of coincidence, we have g(X) = g(u). Therefore, (u,u) is the common coupled fixed

pointof T and Q. To prove the uniqueness, let ve X with v=u such that (v,V) is the common

coupled fixed pointof T and g. Then, using (2.1),

G(u,v,v) :G(I'(u,u),T(v,v),T(v,v))S%[G(gu,gv, gv) +G(gu, gv, gv)]
+%[G(gu,T(u,u),T(u,u))+G(gv,T(v,v),T(v,v))+G(gu,gv, gv)]
+%[G(gu,T(v,v),T(v,v))+G(gv,T(u,u),T(u,u))+G(gu,gv, gv)]

=(q +%+a3)G(u,v,v)+%G(v,u,u).
Similarly, we may show that
G(v,u,u) < (a +%+a3)G(v,u, u) +%G(u,v,v).
Hence,

G(u,v,v)+G(v,u,u)S@[G(U,V,VHG(V,U,U)].

Since w

<1, so that G(u,v,v)=G(v,u,u)=0 and u=v. Thus T and g have a

unique common coupled fixed point. In Theorem 2.1, take W=U and Z =V, to obtain the following
corollary.

Corollary 2.2 Let (X,G) be a G —metric space. Set T: XxX — X and ¢:X — X. Assume

there exist a,,a,,a, >0 with 2a, +3a, +3a, <2 such that

G(T (X% y), T(u,v),T(u,v)) < %[G(gx, gu, gu) +G(gy, gv, gv)] (2.6)
+%[G(gx,T(x, Y, T(%y)+G(gu, T (u,v), T (u,v))+G(gy, gv, gv)]
+%[G(gx,T(u,V),T(u,V))+G(gu,T(x, ). T(x,y))+G(gy, gv, gv)],

for all X,y,u,v,w,ze X . If T(XxX)cg(X), g(X) isa G-complete subset of X, then T

and ¢ have a uniqgue common coupled coincidence point. Moreover, if T is w —compatible with g,

then T and ¢ have a unique common coupled fixed point.

Now, putting g = I, (the identity map of X ) in the Theorem 2.1, we obtain

Corollary 2.3 Let (X,G) be a complete G —metric space. Assume T :X xX — X be a function
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satisfying (2.1)(with g =1, )forall X,Yy,u,v,w,ze X. Then T has a unique fixed point.
By choosing a;,a, and a, suitably, one can deduce some corollaries from Theorem 2.1.

For example, if & =2K and @, =a, =0 in Theorem 2.1, then the following corollary is obtained
which extends and generalizes the comparable results of [10].

Corollary 2.4 Let (X,G) be a G—metric space. Set T: XxX — X and ¢:X — X. Assume
there exist k e[O,%) such that

G(T (% ), T(u,v), T(w,2)) <k[G(gx, gu, gw) +G(gy, gv, 2)], @.7)

for all X,y,u,v,w,ze X . If T(XxX)cg(X), g(X) isa G-—complete subset of X, then T

and ¢ have a unigue common coupled coincidence point. Moreover, if T is W —compatible with g,

then T and g have a unique common coupled fixed point.
Now, we introduce an example to support the usability of our results.

Example 2.1. Let X =[0,1]. Define T:XxX —>X by T(X y):%xzy2 and define
: 1.,
g: X —>X by g(x)=Ex.

Definea G—metricon X by G(X,Y,2)=|Xx—-y|+|x—=z|+|y—2]| forall X,y,ze€ X.
By routine calculations, the reader can easily verify that the following assumptions hold:

@) T(XxX)<=g(X);
(@ 9g(X) isa G—complete subsetof X;
()T is W —compatible with g.
Here, we show only that T and ¢ are condition (2.1) in Theorem 2.1 is satisfied for all real numbers
a,a,,a8, with 0<2a +3a,+3a,<2. Since |xy—uv|{x—u|+|y—Vv| holds for all
X, Y,U,ve X, we have
1 2.,2 1 2,,2 1 2,2
G(T (x, y),T(u,v),T(W,z))=G(Ex y ,Bu Ve, —wWz%)

16

=%| x2y? —u*v? |+%| x2y? —w?z? |+%|u2v2 -wz?
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1
L Rl B el b U Bl DA A B Ul R i

sl[ﬁxz—luz|+|£x2—1wz|+|1u2—iwz|+|ly2—1v2|+|1y2—£22|+
8 2 2 2 2 2 2 2 2 2 2
1v2—322|]+i[1x2—ix2y2|+|1u2—iu2v2|+|£y2—£v2|+
2 2 16 2 16 2 16 2 2
|1y2—£22|+|1v2—£22|]+i[1x2—iu2v2|+|£u2—ix2y2|+
2 2 2 2 16 2 16 2 16
1. 1, 1,1, 1, 15,
Y e N e e S o e
|2y2||2y2||22|]
1
<~ [G(ax, 9u. gw) + G(gy, gV, 62)]
1
+%[G(gx,T(x,y),T(X,y))+G(gu,T(u,V),T(u,V))+G(gy,gv,92)]
1

+%[G(gx,T(u,V),T(u,V))+G(gu,T(x, y). T(x,¥))+G(gy, gv, 92)].
Thus, (2.1) is satisfied with a, :% and a, = a, :% where 2a, +3a, +3a, <2. Hence, all the
conditions of Theorem 2.1 are satisfied. Moreover, (0,0) is the unique common coupled fixed point of

T and g. References
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