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Abstract

Let R, R' be two prime rings and ¢"," be two higher homomorphisms of a ring R forall n
e N, in the present paper we show that under certain conditions of R, every generalized
Jordan (o,t)-higher homomorphism of a ring R into a prime ring R is either generalized (c,1)-
higher homomorphism or (o,t)-higher anti homomorphism.
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1.Introduction

Aring R is called a prime if aRb = (0) impliesa=0 or b =0, wherea, b € R, this definition
is due to [2] , [5].

A -ring R is called semiprime if aRa = (0) implies =0, such that a € R, this definition is due
to [2] , [5].

Let R be a 2-torsion free semiprime ring and suppose that a, b € R if arb + bra =0, for all
r e R, thenarb =bra=0, this definition is due to [2].

Let R be a ring then R is called 2-torsion free if 2a = 0 implies a = O, for every a € R, this
definition is due to [2].

Let R be aring and d: R—— R be an additive mapping (that is d(a + b) = d(a) + d(b)) of a
ring R into itself then d is called a derivation on R if :

d(ab) =d(a) b + ad(b), foralla, b € R.

d is called a Jordan derivation on R if d(a= = d(a) a + ad(a), for all a € R, [2], [4].

Let R be aring and f: R —— R be an additive map (that is f (a + b) = f (a) + f (b)) Then
f is called a generalized derivation if there exists a derivation d: R—— R such that
f(ab)=f(a) b +ad(b), foralla,b e R.

And f is called a generalized Jordan derivation if there exists a Jordan derivation
d: R— R such that

f(@=f(a)a+ad(a),forallaeR,[2].
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Let 6 be an additive mapping of a ring R into a ring R’, 0 is called a homomorphism if  6(a
b) = 6(a) 6(b).

And 0 is called a Jordan homomorphism if forall a, b € R

f(ab+ba)=06(a) 6(b) +6(b) 6(a) foralla,beR,[2],[3] .

Let F be an additive mapping of a ring R into a ring R', F is called a generalized
homomorphism if there exists a homomorphism 6 from a ring R into a ring R’, such that

F(ab) = F(a) 6(b), for all a, b € R, where 6 is called the relating homomorphism .

F is called a generalized Jordan homomorphism if there exists a Jordan homomorphism 6
from aring R into a ring R’, such that

F(ab + ba) = F(a) 6(b) + F(b) 6(a), for all a, b €R, where 6 is called the relating Jordan
homomorphism , [1] .

Let F = (f; )ien be a family of additive mappings of a ring R into a ring R' and there exists a
higher homomorphism 6 = (¢;)icy from a ring R into a ring R’ then f is said to be a
generalized higher homomorphism (resp. generalized Jordan higher homomorphism) on a

ring R into a ring R" if for all neN, (resp. Jordan higher homomorphism) on a ring R into a

ringR"if forallneN, f, (ab) = fi(@) ¢; (b) | resp.f,(ab+ba)=

fi (@) i (b) + fi

n N n
i=1 i=1 i=1

(b) ¢i (@) | ,foralla,beR,[1].

Now, the main purpose of this paper is that every generalized Jordan (o,t)-higher
homomorphism of a ring R into a prime ring R' is either generalized (o,t)-higher
homomorphism or (o,t)- higher anti  homomorphism and every generalized Jordan
(o,7)-higher homomorphism from a ring R into a 2-torsion free ring R' is a generalized Jordan

triple (o,t)-higher homomorphism.
2. Generalized Jordan (o,t)- Higher Homomorphisms On Rings

Definition(2.1):

Let F = ( f; )icn be a family of additive mappings of a ring R into a ring R and o,t be two

homomorphisms of a ring R. F is called a generalized (o,t)-higher homomorphism if there
exists a (o,t)-higher homomorphism 6 = (¢;)icn from a ring R into a ring R', such that for all
a,beMandneN
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f.(@@b)= Zj: fi (o' @) (z' (b))

Where 0 is called the relating (o,t)-higher homomorphism.
Example (2.2):

Let S1, S; be two rings and f = ( fi )icn be a generalized (o,t)-higher homomorphism from a

ring S; into a ring S, then there exists a higher homomorphism 6 = (6;)icn from a ring S; into

aring Sy, such that for all ne N (ab)=if_(o_i @)o. (< (b)) foralla, b eS.

Let R=S5;® S;and R'=S,® S, . Let F = (F; )ien be a family of additive mappings from a
ring R into aring R', such that for all a, b € R

Fa((a,b)) = (fa(@) fa(b)).

Then there exists a (o,t)-higher homomorphism ¢ = (¢;)ien be a family of additive mappings
of aring R into a ring R', such that

dn((a,b)) = (Bn(a),6n(b)), for all (a,b) € R.

Let &, 7' be two homomorphism of a ring R, such that
o7 ((ab) = (c"(a),5"(b)), 21 ((@b)) = (z"(a),7"(b)).

be two homomorphism of a ring R, such that

o ((ab) = (c"(a),6"(b)), 7 ((ab)) = (z"(a),x"(b)).
Then F generalized (c,t)-higher homomorphism .
Definition(2.3):

Let F = ( fi )icn be a family of additive mappings of a ring R into a ring R' and o,t be two
homomorphisms of aring R . F is called a generalized Jordan (o,t)-higher homomorphism
if there exists a Jordan (o,t)-higher homomorphism 6 = (¢;)icn from aring R into a ring

R', suchthatforalla,b e Randn e N

n N

fab+ba) = ), f(0'@)6@b)+ ). (D) biF(@)

i=1 i=1
Where 0 is called the relating Jordan (o,t)-higher homomorphism.

Definition (2.4):

Let F = ( f; )icn be a family of additive mappings of a ring R into a ring R and o,t be two
homomorphisms of a ring R. F is called a generalized Jordan triple (o,t)-higher
homomorphism if there exists a Jordan triple (o,t)-higher homomorphism 6 = (¢)ien from a

ring R into aring R, such that foralla,b e Randn e N
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f.(@aba) = Z f. (o' @) (a'z"" ) b (7' (@)

Where 6 is called the relating Jordan triple (o,t)-higher homomorphism.
Definition (2.5):

Let F = (fi )icn be a family of additive mappings of a ring R into a ring R' and
o,t be two homomorphisms of a ring R. F is called a generalized (o,1)-higher anti
homomaorphism if there exists a (o,t)-anti higher homomorphism

0 = (di)ien from aring R into a ring R', such that for all a, b € Rand n € N, we have:
f.(@ab) = Zi: f (' ®)d (' (@)

Where 6 is called the relating (o,t)-higher anti homomorphism.

Lemma (2.6):

Let F = (f; )icn be a generalized Jordan (o,t)-higher homomorphism of a ring R into a ring R’,

then for all a, b, c € R and foreveryn e N

) f,@bcreba)=>1 (0" @) (e OGN, ©)) +

i fi(a'C©Ndi(a'z"" () di (' (@)
(if) In particular , if R, R" are commutative rings and R’ is a 2-torsion free ring
f.(@bc) = Z fi (' @) (2" () P (7' (€))

Proof:

(i) Replace a +c for a in definition (2.4), we get :

fo(@+cIb (@+c)) = F (o @+CNd (o' 2" BN b, (' @-+c))

=3 (o' @) + S @B (T BN G (@) + 7))

= Zi: fi (o' @ (a'z" O P (' (@) + Zi‘, fi(c' @b (a'z" " (0 P (' (€))

= Zi‘, fi (' @) (a2 BN b (7' (@) + Zi‘, IICHCA A C RN CIHEACHC))

(D)

On the other hand:

fa((at+c)b(a+c))=f(aba+abc+cba+chc)

=3 (0 @) (T NG (' (@) + D (T @) (517 BN (' (6 ) + T, (@be +cba)

.2
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Compare (1) and (2), we get:

f. (abc +cba) = Z f. (o' @), (" ) b (' (©)) +
Zn: f. (' NP (a'z""(0)) b (' ()

(ii) By (i) and since R, R" are commutative rings and R' is a 2-torsion free ring
f.(@abc+abc)=2f,(abc) =_an fi(c' @b (2" OB (' (€©))’

Definition (2.7):

Let F = ( fj )icn be a generalized Jordan (o,t)-higher homomorphism from a ring R into a

ring R', then for all a, b € R and n € N, we define d,(a,b):RxR ——>R' by:
S,(@.b)=f (ab)— Z fi (o' @), (')

Lemma (2.8):

Let F = (fi )icn be a generalized Jordan (o,t)-higher homomorphism from a ring R into
aring R, thenforall a,b,c e Randn € N:

(i) dn(ab) =—38n(b,a)

(if) on(a + b,c) = dn(a,c) + dn(b,c)
(iii) dn(a,b + ¢) = dn(a,b) + 6n(a,c)
Proof:

(i) By Definition(2.3)

f,(ab +ba) = z £, (o (@), (= (B)) + 2 f,(c" 0N, (' (@)
f,@b) — 3 f (o @)D, (! 1) = —(f ,(ba) + 3 1,(" B, (' @)
dn(a,b) =—38,(b,a)

) &5, a+rb.c)=f,(@+b))— 3 f,(c (@+bNh,( ()
—f,(@c +be) = 3 f,(c" @), (' ©) — 3 F.(c" BN (7' )
=f,@c) = 3, (o' @) (7 ©) +F,(00) = > F, (' BN, (' ©)
= dn(a,c) + dn(b,c)

(1) 5, @b +c)=f, @b +c)) = 3 F, (" @), (' b +c))
=f,@b +ac) — > f,(c' @) (' 0 — > F,(c" (@) (' ©)

—f,@b) — > f, (o @), (7' B +,(@c)) — >, (' @), (' (©))
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= dn(a,b) + 6,(a,c)

Remark (2.9):

Note that F = ( f; )icn IS @ generalized (o,t)-higher homomorphism from a ring R into a ring R’
if and only if d,(a,b) =0 foralla,b e Rand n € N.
Lemma (2.10):

Let F = (fi )icn be a generalized Jordan (o,t) - higher homomorphism of

aringRintoaring R',suchthat ;> _ 50 ngn _ o0 ol — £ig
and 't =7's'foralli e N, thenforalla,b,me Randn e N

S,(c" (@), "), (" (MG, (z" (). " (@) +
S, (" ®), " @), (" (M)G,(z"(a),z" (b)) =0

Proof: We prove by using the induction, we can assume that:
3,(c°(@),c° O (c°(M)G, (z° (b),z°(a)) +

3, (o’ (b).c’ (@) d (c°(M)G,(*(a),z° (b)) =0
foralla,b, me R,ands,n e N,s<n.

Let w = abmba +bamab, since F is a generalized Jordan (o,t)-higher homomorphism
fa(w) = f(a(bmb)a + b(ama)b)

= Z f.(a' @) (o'z" (omb))¢; (7' () + Z f. (' ON (7" (@ama))d, (7' (b))
=> 1 (a))(gcb,» (o (" O (e (e (m)))dﬁ(fj(djr”_j(b)))]d)i (' @) +
le fi(c'( ))[jizl% (o' (" @ (o' (o' (M) (2 (o7 (a)))jcpi (z' (b))
= le f (o' @), (o' (a'z" O, (" (2" (M), (2 (o' "7 (b)), (' (@) +
21: f.(c' O (o' (" @D (a'z" (' (M), (' ('™ (@) i (7' (b))

= Z f. (o' @) (o' (o' BN (o' (o' (m)));21¢,-(rj(ojr"—i BN, (7 (@) +

i f.(c' O (o' (o' @) (o' (o' (m)))z'i)j (@ (o' @) (' (b))

62


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) il'gi.il

Vol.5, No.3, 2015

=f.(c" @), (c"(c" O, (" (c" (m)))jzil: o (' (7" PN (7' (@) +
Z_:: (@' @) (o' (a'z" O (o'z" (o' (m)))jzi_ll & (" (P (7' (@) +

f,(a" O (" (" (@), (" (" (m)))jZil‘xbj (' ('™ @) (e’ b))+

I:Z;1‘i(0“i(b))<l>i(0i(0i @ (" (o ”i(m)))jzilld)j(fj(djrnj(a)))%(fj(b))---(l)

the other hand:
fa(w) = fa((@b)m(ba) + (ba)m(ab))

_ z f, (o @), (=" (M), (= (ba)) +§ FL (o (baY)d: (o' " (MY (' (b))
“2 D (m))@% (@@ ©) T N @) -6 @) |
+z[ 31 @O+ 31 o ONa (e @)~ (o' @) J . 5™ () (o' (eb)
=3 @D M) @ 0+ 3 (e @) ()
34 O @) -3 (" @D M) @)+ 3 (" @)
¢, (7' )i (o' (M) (' (@) + Z fi(e” @) (o’ @)i('z" (M) (' (@)
=31, @0 o'z M) (7 (@)
31, @ M) @)~ S (e @) ) -
Z fi(c' @) (a2 (M) (¢, (' (b)) — ;Zlq.(airi(b»q(ﬁ @))) +
31,00 @) (! OV (o7 () (e ) +

> (" BN (o @) (' (M) (7' @)

=3 1.0 @), (' (MG, @), 7 (0)) -
> 1.0 @) (o7 (MG (), 7' (@) +
> £ @) (' B (' () (' (@) +

i f.(a” 0N (' @) (o' (M), (=" (ab))
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=—f,(c"(@))¢,(c"(M)G, (z"(@),z" (b)) —
Zj, fi(c' @) (c'z"" (M)G (7' (@), 7' (b)) —
1‘7n(o”(r':1b))<l>n (c"(M)G,(z"(b).z"(@)) -
Zj, fi(co' (@) (c'z"" (M)G;(z'(b),z'(@)) +
f. (o™ (@), (z"c" ()¢, (" (M), (z" (ab)) +
Zj, f.(c” @), (7o' 0)d (c'z" (M))d; (' (ab)) +
f.(c" (0))4, (z"" (@), (" (M), (z" (@b)) +
Zj, f.(c” ©) (c'c' @) (7" (M))d; (' (ab))...(2)
Compare (1), (2) and since & — ", """ =" , '™ = i ,07 =Td
O0=—f (c" @), (c"(M)G,(z"(@),z" (b)) —f,(c"(@))¢,(c"(M)G,(z"(b),z"(a)) +

f. (0" (@), (" (0, (" (M)(¢, (=" (@) - i(bi (' (c'z" (b)) (7' (@) +

f.(c" 0, (" (@), (" (M))(¢, (" (ab)) — id)i (' (o' (@) i (' (b)) —

S 1o @) (o' (MG, (@), 7 (B)) — S T, (o' @)y (o™ ()

Gi(z'(b).7' () + nZ_l‘, fi (' (@) (z'c" (0))d; (o' (M))(¢; (7' (ab)) —

I o (' (" 0N (' (@) + nZ_l: f.(c' ) (z'c' @) (c'c" (M))(¢;(z' (ab)) —

j=

N G CLAICNINCICO)
0=—f (" @) (c"(M)G,(z"(@),z" (b)) — T, (" (@), (" (M))
G, (2" (), 7" (@) +f, (" @), (" BN, (¢ (MG, (" B), 7" (@) +

f. (a0, (" (@), (" (M) G, (z"(a),z" (b)) —Z fi(c' (@), (c'c""(m))
G(z'(@).7'(®)) —i (o' @) (c'z" (MG, (7' (b), 7'(@)) + Z_l: f (' @), (z'o' () (o277 (M)

Gi(z'(b). 7' @) + nz f. ('O ('’ @) (2" (M) G, (' (@), 7' (b))

0=-35,(c"(b),c" (@), (c"(M)G,(z" (@), 7" (b)) —8,(c" (@), 5" (0)), (" (M) G, (z"(b),7"(a)) —

28 (@' (b).o' @), (o'z" (M)G,(z'(a),7' (b)) —26 (@), 0" N, (o7 (MNG, (7' (0), 7' ()

0=—(8,(c"(B),c" (@) (c"(M)G,(z"(a),z" (b)) +
8,(c"(@),c" (0))¢, (" (M)G,(z"(b),7"(a))) —

(nZ:: 6i (O'i (b)a o' (a))d)u (O'i‘l'nii (m))Gi(Ti (a)= 7' (b)) +

i 8,(c'(@),a' (0 (a'c" (MG, (7' (b), 7' ()))

By our hypothesis, we have:
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3,(c" (@), 5" (0N, (" (M)G, (z" (b),z" (a)) +
3,(c"(®),c" (@) (" (M)G, (" (a).z" (b)) =0-.

Lemma (2.11):
Let F = (fi )icn be a generalized Jordan (o,t)-higher homomorphism from a ring R into

a

2- torsion free prime ring R', then forall a, b, m e Randn e N
3,(c" (@), "), (" (M)G, (z"(b).z" (@) =
3,(c" (), c"(@)Hdh, (" (M)G,(z"(a),z"(d)) =0
Proof:
By Lemma (2.10) , we have:
3,(c"(@),c" 0)d, (" (M)G,(z"(b).z"(a)) +
3,(c" (). " @) (" (M)G,(z"(a),z" (b)) =0
And by Lemma ( Let R be a 2-torsion free semiprime ring and suppose that a, b € R if

arb +bra=0, forall a € R, thenarb =bra=0).
8,(c"(@),c"O)d, (" (MG, (z"(0).z" (@) =
S, ("), " (@), (" (M)NG, (" (@), z" (b)) =0

Theorem (2.12):

Let F = (fj )icn be a generalized Jordan (o,t)-higher homomorphism from a ring R into

a

prime ring R', then forall a,b,c,d,m e R,andn € N
S, (c"(@),o" OGN, ("(M)NG, (z"(d).z"(c)) =0
Proof:
Replacing a +c¢ for a in Lemma (2.11), we get :
3, (c"(@+c),a"O)d, (" (MG, (z"(b),z"(@a+c)) =0
3,(c"(@),a" ), (" (M)G, (z"(b),z"(a)) +
3,(c"(@),c"O)d, (" (M)G,(z"(b),z"(c)) +
3,(c"(€), " ()P, (" (MNG,(z"(b).z"(a)) +
3,(c" (), " ()P, (" (MG, (z"(b),z"(c)) =0
By Lemma (2.11), we get :
3,(c"(@),c" ()¢, (a"(M)G, (" (b),z"(c)) +
3,(c"(€),c" (0N, (" (M)G,(z"(b),z"(a)) =0
Therefore, we get:
8,(c"(@),c" 0, (a"(M)G,(z" (), z" (€))d, (" (M))
3,(c"(@),c" 0, (a"(M)G,(z"(0),z"(c)) =0

—5,("(@),a" (), (" (M)G, (z" (b),z" (€)Nd, (" (M))
3,(c"(€), "N, (" (M)G,(z"(b),z"(@)) =0
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Since R'is a prime ring and therefore:

8, (" @), " 0N, (" (MG, (z" ©).z"(c)) =0 (1)
Replacing b +d for b in Lemma (2.11) , we get :

S,(c"(@),co" (b +d )¢, (" (MG, (z" (b +d),z"(@)) =0

5,(c"(a),c" (), (c"(M)G, (" (b).z"(a)) +

3,(c"(@),c" ), (c"(M)G, (z"(d).z"(a)) +

8,(c" (@), 0" (@), (" (M)G,(z" (), z" () +
8,(c"(@),c"([d )¢, (c"(M)G,(z"(d),z"(a)) =0

By Lemma (2.11) , we get :

3,(c"(@),c" )¢, (" (M)G,(z"(d),z" (a)) +
3,(c" (@), ([d)d, (" (M)G,(z"(b),z"(a)) =0

Therefore, we get:

3,(c"(@),c" ()¢, (" (MG, (z"(d),z" (@), ¢, (=" (M)
3,(c" (@), "), (" (M)G, (" (d).z"(a)) =0

=—5,(c"(@),c"0), (" (MG, (z"[d),z" (@) ¢, (" (M))
3,(c" (@), " @ N, (c"(M)G,(z" (b),z"(a)) =0

Since R' is a prime ring and therefore:
8,(c" (@), " ®N, (" (MNG,, (" (d), 7" (a)) =0 -(2)
Now, §,(c"(@),o" (), (" (M)G,(z"(b +d),z"(@a+c)) =0

3,(c"(@),c" ), (" (M)G,(z"(b).z"(a)) +
3,(c" (@), " O, (" (MG, (z"(b),z"(c)) +
S,(c"(@),c" )N, (" (M)G, (z"(d),z"(a)) +
3,(c"(@),c" ), (" (M)G,(z"(d),z"(c)) =0

Since by Lemma (2.11) and (1), (2) , we get:
S, (c"@),o" )N, (" (M)G,(z"(d),z"(c)) =0-
3.The Main Result

Theorem (3.1):

Every generalized Jordan (o,t)-higher homomorphism from a ring R into a prime ring R" is
either generalized (o,t)-higher homomorphism or (o,t)-higher anti homomorphism.
Proof:

Let F = (fi )ien be a generalized Jordan (o,t)-higher homomorphism of a ring R into

prime ring R', then by Theorem (2.12):
3, (c"(@), "), (" (MG, (z"(d),z"(c)) =0
Since R' is a prime ring therefore either 3, (c"(@),c" (b)) =0

or G,(-"(d).z"(c))=0,foralla,b,c,d e Randn e N.
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If G (z"@).z"))=o0 forallc,d e Randn e Nthen 5 (5" (a),o" (b)) =0- Hence, we
get F is a generalized (o,t)-higher homomorphism.

Butif Gn(z"(@).7"(€)) =0 forallc,d e Rand n e N then we get F is a (5,7)-
higher anti homomorphism.

Proposition (3.2):

Let F = ( fj )icn be a generalized Jordan (o,t)-higher homomorphism from a ring R into a

2

2-torsion free ring R', & =o', 7° =7, o' =o'z"+ and ¢'t' =<'s' for all ie N, then F

is a generalized Jordan triple (o,t)-higher homomorphism.

Proof:
Replace ab +ba for b in Definition (2.3), we get :
f  (a(ab +ba) +(ab +ba)a)

= > f.(o" @) (' (@b +ba)) + 3 F, (o (ab +ba)d, (+' (@)

= Z f. (o' @) (' @7' () + 7' (b)z' (@) + i f.(c'@ac' )+ o' b)o' @) (' (@)

= Z f (o (a))[Z¢,— (cizi@)d, (e (b)) + Zcb,— (o7 (b)) (" (a))] +

n

> [Z fi (o @) (e’ (0)) + Z f,(c7 (), (Tjdj(a))jd)iri @)

i=1

(R
TGO

o' =o', =7, o' =c'c" and o't

= 36 @@ #ETE@) GEO) + 2) (@) acTb) @)+
> (/b)) (e’ < (@) w(F(@) -..(1)
On the other hand:

f.(a(ab + ba) + (ab + ba) ) = f, (aab + aba + aba + baa)
= Z f (o' @) (a'z"" (@), (' () + Z f (o' O (2" (@), (z' () + 2f ,(aba)

..(2)
Compare (1) and (2), we get:

2f, = Z_Zn: fi(o'(@)) ¢i(c' 7" (b)) ¢i(<'()).

Since R'is a 2-torsion free ring , then F is a generalized Jordan triple (o,t)-higher

homomorphism .
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