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Abstract:
Let M be a I'-ring and o, t be two endomorphisms of M.

In this paper, some result on the centralizing of (c,t)-derivations on a subset S of a prime I'-ring
M. Also we study the commutativity of M by using the concepts centralizing and commuting of a (o,1)-
derivations of M.
If M is a prime T"-ring of characteristic not equal 2 has a non-zero divisors and satisfying (*). Suppose
there exists a non-zero (o,t)-derivation d of M such that the mapping x —— [d(XBX),X]. IS
centralizing and o(x) ¥ t(x) =0, [0 (X),X] = [*(X),X]o=0 forall x € M and o, € I" then M is
commutative.
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1- Introduction:

The study of I'-rings was introduced by Nobusawa [1] and further generalized by
Barnes [2],M. Ashraf, A. Ali and S. Ali was study (o,t)-derivation on aprime near ring [3], In
2003,S.M.A.Zaidi ,M. Ashraf and S. Ali gave more properties of (o,t)-derivations on prime
rings[4], afterward in 2008,M.A. Ozturk and Y. Ceven [5] defined (c,t)-derivation on gamma
near rings, where o, t are endomorphisms .
In [6] S.M. Salih and A.M. Kamal in 2012 present the definition of (o,t)-derivations on a
prime .
Note that Bresar[7] , Mayne [8] and J. Luh[9] have developed some remarkable results on
prime rings with commuting and centralizing mappings. Y. Ceven[10] worked on Jordan left
derivation on completely prime T-ring that make the T'-ring commutative with an
assumptions.
Barens in [2] defined the I'-ring is a pair (M,I") of two additive abelian groups for which there
exist a map from MxI'xM —— M, i.e. the image of (x,a,y) will be denoted by xay, for all x,
y € Mand a e T" and this map satisfying
(i) (x+y)az=xoz+yoz
(i) X (o +B)y=xay +xpy
(iii) Xo (y +2) = xay + Xoz
(iv) (xay)Bz = xa(ypz)
holds forall x,y,z e Mand o, B € T'". Then M is called a I"-ring.
Suppose that M is a I"-ring. Then M is called a prime I'-ring if XI'MI'y = {0} implies x =0
or y=0,and M is called semi-prime I'"-ring if XTMI'x = {0} implies x = 0.forthermore M is
said to be commutative I'-ring if xay= yox hold for all X,y € M and o € ", moreover the set
ZM)={ x € M | xay= yax , forall y € M and a € I'} is called the center of the T-ring
M[11].
AT-ring M s called 2-torsion free if 2x = 0 implies x = 0, for all xe M, [11].
For any x,yeM and a.el’, the symbol [x,y], will be represent for the commutator xay — yox,.
We denote the following assumption by (*)

Xaypz = xByaz hold forallx,y,ze Mando,p €T
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The above commutator satisfies the following
[Xay,z]p = xaly,z]s + [X.z]pay and
[x,yaz]p = ya[x,z]p + [X,y]paz
Suppose again that M is a I'-ring, an additive mapping d: M—— M is called a derivation if
d(xay) = d(x)ay + xad(y), and
it is called Jordan derivation if d(xax) = d(x)ax + xod(X)
holds forallx,y e Mand a € T'.
In [12] the concept of (o,t)-derivations in rings defined as follow an additive mapping d: M
——> Miis called (o,7)-derivation if
d(xay) = d(x)o oy) + t(x)od(y)
and Jordan (o,t)-derivation if d(Xax) = d(X)a o(X) + t(X)od(X)
holds for all x, y € M and a € I" where o, t are endomorphisms of M.
An additive mapping f of a prime I"-ring M is called centralizing on a subset S of M if [x, f
(X)] € Z(M) for all x € Sand o e I" and it called commuting on a subset S of M if [x, f (X)],
=0hold forall x e Sand o € T, [11].

The objective of this paper is to study the centralization of the (o,t)-derivation on a
subset S of a prime I'-ring M and study the commutativity of M. We need the following
lemma:

Lemmal.1:[13] let M be a prime T'-ring. If ac Z(M) and al'’be Z(M) then either a=0 or be
Z(M).

2-Centralizing (o,t)-Derivations
The main purpose of this section is to study the centralization on asubset S of prime I'-ring M.
Lemma2.1:
Let M be a prime I"-ring of characteristic not equal 2 satisfying (*) and let S be a Jordan

subring of M, if d is a Jordan (o,t)-derivation of S such that [X,5(X)]. = [t(X),X]e. = 0, o(X) F
1(x) = 0 and [x,d(X)],. € Z(M) for all x € S and o e I'.then [x,d(x)],=0 for all x € Sand a €
r
Proof:

By assumption we have

[x +y,d(X +Y)]a € Z(M) (1)

forallx,ye Sanda e I'
therefore

[X +y,d(X + Y)]o = [X,d(X)]a + [y.d(¥Y)]a + [x,d¥)]a + [y,d(X)]«
since Z(M) is an additive subgroup of M and by assumption we have
[x.d(y)]a + [y.d(X)]e € Z(M) ..(2)

forallx,y e Sanda € '
In (2) replace y by xpx for B e I', we get
[X,d(XBx)]o + [XBx,d(X)]o = [Xx,d(X)Bo(X) + T(X)BA(X)]o +[XPX,d(X)]o

= [x,d(x)Bo(X)]o + [x,x(x)BA(X)]e +[XPX,d(X)]w

= [x,d(x)]uo(x) + () [x,d(X)]o + XB[X,d(X)]a

+ [x,d(x)]aBx
and since [x,d(x)],.€Z(M) then the above relation becomes
[X,d(xBx)]e + [XPx,d(X)]e = (o(X) + 1(x))B [X,d(X)]o +2 XB[x,d(X)]a
but o(x) + t(x)=0 so that [x,d(XBxX)].. + [XBX,d(X)]e= 2 XB[X,d(X)]s. €Z(M)
by lemma 1.1 we have either [x,d(x)],=0 or 2xeZ(M) and hence
0=[2x,d(x)]«=2[X,d(X)].

and since char.M = 2 so we have [x,d(x)],=0 holds forall x e Sand o € I'.m
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Lemma 2.2:

Let M be a prime I'-ring satisfying (*) and S be a right ideal of M if d is (o,t)-derivation
of M such that [X,6(X)]e= [X,7(X)]«=0 and [x,d(X)].€Z(M) for all X, y € S and o € T" then
[x,d(X)]o=0forallx e Sand a € T.

Proof:
If char.M = 2 then by lemma (2.1) we conclude that [x,d(x)], =0 for all x € S and a. €
T.
Now suppose that M is of characteristic equal 2.
Let X,y € Sand d be an additive mapping then we have
[[x.yIp,d(X)]e = [XBy — YBX,d(X)]a
= [XBy,d(X)]o — [yBX,d(X)]
since char.M = 2 then we have
[[x:yIp,d(X)]e = [XBy,d(X)]a + [yBX,d(X)]a
= XBly,d(X¥)]o + [x,d(X)]aBy + BY[X,d(X)]o + [y,d(x)]apX

= XBly,d(X)]o + [y,d(X)]oBX + 2yB[X,d(X)]o
and since char.M = 2 the above relation becomes

[[x.¥18.d()]e = XBLy,d(X)]o + [y,d(X)]aBX (D)
we intend to prove that
[[x.y1p.d()]ot [XBx,d(y)]o=0 (2

from (1) we can write (2) as the following
(01 001t XX, AY)]e= XBLY. A0+ AOX)]upx+ [XBx.d()]e

= xBLy.d()]at Iy, d)TaBx+XBIx,d(Y)]ot [X,d(Y)]aBX
so that and since char.M = 2 we have

. [[x.y1,d(X)]a* [XBX,d(y)]=0
in (2) let z=d(x) so we get

[[le]ﬁiz]a-'- [XBX,d(y)]azo (3)
if we put y=x in (3) then
[[x.y1p.2]«=0 (4

now forall x e Sand pu € T, lety = xuz.
hence from (3) we have
0 = [[x,xpz]p,z]a + [XBx,d(Xpz)]
= [xulx,zlp + [X.XJapz,z] + [XPX,d(Xp2)]a
= xp[[x.z]p,z] + [X,z]ap[x.z]p + [XBX,d(Xp2)]o
but [x,z], € Z(M) which implies that
0= [X!Z]B“[X!Z]a + [XBXId(XHZ)]a
hence
[X!Z]B“[X!Z]a = [XBX,d(XHZ)]a
= [xBx,d(xpz)]u (%)
now from (5) we can conclude that
[X.z]pulx,z]o = — [XBX,d(xpz)]a
= [Xpx,d(X)no(z) + t(x)nd(z)]«
= [xBx,d(x)ud(z) + [XPx,1(x)ud(2)]«
= [xBx,z]anc(z) + zu[XPx,0(2)]o + [XBX,1(X)ud(z)]«
= XBIx,z]apo(2) + [x.z]ufxpo(z) + zpxBIx,o(z)]. +
zpufx,6(2)]opx + T)UIXPX,d(2)]o + [XBX,T(X)]oprd(2)
= XB[x,z]opo(z) + [X,2]oPzuc(z) + ZuxP[X,o(2)]o +
zu[x,0(2)]uPx + 1()uxBX,d(2)]o + T()nx,d(Z)]oPX +
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XBX,t(X)]apd(2) + [X,7(X)]oPxpd(z)
so that

[x.Zlpulx.z]o = 2XBo(Z)ulx,z]e + t()uxBIX,d(2)]e + t(X)n[X,d(@)]pX  ...(6)
in (6) replace x by z we get
0 = 2xBo(Z)u[x,d(2)]o + 2T (X)uxB[X,d(2)].
= 2(xBo(z) + t(x)BX)ux,d(X)]a
Since M is a prime ring, we get either [X,d(X)]o =0 or 2xBo(z) + 2t(X)Bx =0
If 2xBo(z) + 21(X)Bx =0 then 2xBo(z) = - 2t(X)Bx and since M has no zero divisors and o,
T are non-zero maps then x = 0 which is a contradiction since x is an arbitrary element of S
and S is a non-zero ideal so that [x,d(X)],=0 forallx € S,and o € T.

Lemma 2.3:

Let M be a prime I'-ring and S be a non-zero ideal of M if d is a non-zero (o,7)-
derivation of M such that[X,5(x)].= [X,t(X)]¢=0 and [x,d(X)], € Z(M) forall x € S, and a €
I" then M is commutative.

Proof:

By lemma 2.2 we have [X,d(X)]o=0VXxeS,Vael
therefore
0=[x+ydXx+y)]a

= [x,d()]a + [Xd(Y)]e + [y, d(X)]a + [y, d(Y)]a
so that
0=[y,dX)]e + [XdW]e VX, yeS,Va el ..(1)
since S is an ideal replace y by xBy e U, so
0 = [xBy,d(X)]a + [X,d(XBY)]a
= xBly.d(X)]a + [x,d(X)]aBy + [X,d(X)Bo(y) + t(X)BAY)]a
= xBly.d(X)]a + [x,d(X)]aBy + [X,d(X)Bo(Y)]a + [X,1(X)Bd(Y)]x
= xBly.d(X)]a + [x,d(X)]aBy + d(X)BIX,0(Y)]« + [x,d(Y)]apo(y) +
t(X)BX,dY)]« + [X,1(X)]oBd(Y)
So that
0 =dX)BIx,5(M)]a + t(X)BIX,dY)]a + [X,1(x)]aBd(y) + XBLy,d(X)]a
in the above relation put x instead of t(x).
hence, we get
0=dX)B[X,ocW)]e VX, yeS,Va,B el ...(2)
in (2) for all a € M, replace o(y) by o(y)ua, so
0 =d(x¥)B[x,o(y)nal.

= d(X)Bo(y)ulx.als + d(x)B[x,o(y)]ua
from (2) the above relation becomes

0=dX)Bo(y)u[x,.ale, VX, y e S, Va,B,uel ...(3)
from (3) we can conclude that
d(x)I'MI'[x,a],, =0
now forallm € M and 3 € T" we get
dX)I'MI'[xB m,al,=0

0 =d(xX)I'MTUT[ xpm,a],

= d)I'MI xB [m,a]+ d(X)I'MI[Xx,a], pm

hence
d(xX)'MI'xp[m,a], =0 forallm,a e M.
since M is prime I'-ring and d is a non-zero (o,t)-derivation of M and since x is any arbitrary
element of S then we have
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[ma],=0 forall mjaeM,a el
.. M is commutative

3-The Main Results

In this section we present the main results of this paper.
Theorem 3.1:

Let M be a prime I'-ring of characteristic not equal 2 which has no zero divisors and
satisfying (*). Suppose there exists a non-zero (o,t)-derivation d:M —— M such that the
mapping X —> [d(XBX),X]q is commuting on M, [X,6(X)]e= [X,7(X)],=0 and [o(X),t(y)].=0
holds for all x,yeM, a.e I" then M is commutative.

Proof:

By assumption we have
[[d(xBX),X]aX]. = O (D)
forallx e Manda, B eT.
let us introduce a mapping B(-,-): MxM —— M by
B(x,y) = [d(x),0()]o. + [1(x),d(¥)]a + [d(x),5(X)]o + [1(y),d(X)]a
forallx,y e Manda e T.

It is clear that B(:,-) is symmetric (B(x,y) = B(y,x)) and bi-additive.
a simple calculation show that

B(xBy,2) = [d(xBY),o(2)].. + [(xBY),d(2)]« + [d(2),5(XBY)]a. + [(2),d(XBY)]«

from the definition of the mapping B(:,-) and by the assumption we have

B(xBy.z) = B(x,2)Bo(y) + ©(x)BB(y.2) + d(x)Blo(y).6(2)]« + [1(2),x(X)]aBd(Y)

..(2)

now we introduce a non-zero mapping f : M—— M by f (X) = B(x,x).
so we have
f(x) = 2{[d(x).c(X)]a + [1(x),d(x)]} (3
forallx e Manda e T,
It is obviously, that mapping f satisfies the relation

f(xy)=f(x)+f(y) +2B(x,y) forall x,ye M, and a.el’ ...(4)
so the relation (1) becomes

[f(x),x]o= 0 for all xeM and a.el" ...(5)

the linearizing of (5) gives
0=[f(x+y)x+yl
= [0yl + [T (). X]a + 2[BXY).X]a + 2[B(X.Y)Y]a ..-(6)
forallx,ye Manda e T’
the substitution —x for x in the above elation get
0=[f(¥).yla—[f¥)X]a *+ 2[B(XY).X]a — 2[B(X,Y).Y]« (7
from (6) and (7) we obtain
2[f(X).ylo + 4[B(X,Y) X]o = 0
but char.M # 2 so we get
[F(¥).Yla +2[B(XY)X]oa=0 ..-(8)
in (8) replace y by xPy then
0 =[f(x).xByla + 2[B(X,XBY), X]a
=XBLT ).yl [ F (%) X]at2[B(XX)Bo(y) + t(X)BB(y.X) +d(X)B[o(Y),o(X)]at
[x(x),2(x)]aBd(y) X]a
= XBLT (). ylot[ T (%), X]aBy+2[B(X,X)uo(y).X]u + 2[T(X)BB(Y.X),X]o +
2[d(x)Blo(y).c(X)]aX]e + 2[[1(x),t1(X)]aBd(y) . X]a
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so that

0 =xBLf (x).ylat2 f (X)BIo(Y).X]a + 20(X)BB(Y.X),X]at2[d(X), X]oB[o(Y),0(X)]x
2d(x)B[Lo(y).o(X¥)]wX]a .9

In the above relation replace t(x) by X, we get

0=2f(X)Blo(y).X]« + 2[d(X).X]aB[o(Y),0(X)]o + 2d(X)B[[c(Y),0(X)]e:X]e )
...(10

now replace o(x) by t(x) in (10)

0=2f(x)B[o(y).X]« (1)

put o(y) =z so (11) becomes

0=2fX)B[zX]a

Since char.M # 2, so

0 =1 (X)B[z,X]« ...(12)

Since M is a ring has no zero divisor and since f is a non-zero mapping so we get

0=[z,X] forallx,z e Mand.

So M is commutative. B

Theorem 3.2:
Let M be a prime I"-ring has no-zero divisors of characteristic not equal 2 and satisfying
(*). Suppose that there exists a non-zero (o,t)-derivation d:M —— M such that the

mapping X —> [d(XBx),X]., is centralizing and [c(X),X]«. = [t(X),X]s. = 0,6(X) F t(X) = Ofor
all x e M then M is commutative.
Proof:
; Il-tet B(x.y) = [d(X),c()]a + [t(X),d(¥)]a + [d(X),.6(X)]o + [(y).d(X)]a
and le
f (X) = B(x,X)
= 2{[d(x),0(X)]o *+ [t(x),d(X)]o}

since the map x —— [d(X)Bo(y) + t(x)Bd(y),X]., is centralizing on M then we have

[f(X).X]a € Z(M) (1)
by the same steps of theorem 3.1 we can proof that
[f(X).¥la + 2[B(X.Y) X]o € Z(M) (2

in (2) put xpx instead of y to get

[ (). xBX]o + 2[B(X,XBX) X]o € Z(M)

now from step (2) in theorem 3.1 we have

[ (}).xBxX]e + 2[B(X,XBX),X]

=XBLf (X).X]ot[ f (x).X]aBX +2[B(X,X)Bo(X)+t(X)BB(X,X)+d(x)B[c(X),0(X)]a +
[(x),7(x)]aBd(X),X]a

= 2xB[ f (X),X]o+ 2B(X,X)B[o(X),X]0 + 2[B(X,X),X]aBo(X) + 2T(X)B[B(X,X),X] +
2[(x),x]BB(x,x)

= 2XBL f (X).X]ot+ 2 f (X)BLo(X),X]o + 2[f (X),X]aBo(X) + 22(X)BL f (X),X] +
2[x(x),x]p f (x)

= 2XxBLf ()Xot 2(c(x) + T(X)BL  (X).X]a + 2[ f (%) X]oaBo(X).X]o +
[t(x).x]aB f (%)

By assumption we have [c(X),X]q = [t(X),X],=0 and o(x) ¥ t(x) =0, for all
X e M, and el

so that

[ f(X).xBX]ot 2[B(X,XBX),X]o = 2XB[ T (X),X]c. € Z(M)

now for all y € M we have
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0=[2xBLf (X).X].y] o

SO

0=2[xB[f (X).X]oYla
but char.M =2 so 0 =[XB[ f (X),X]ew,Y]«
which leads to
0 =XBILf (). X]eYla + [X:YloBL f (X).X]o
which implies that
0= [XYluBLf (X).X]a
since M has no zero divisor so either [X,y]o =0 or [f(x),X],=0
if [X,y]lo =0 forall X,y € M, and a. € I" then M is commutative.
or if [ f(x),x]. = 0 then by the same steps of theorem 3.1 we have that M is commutative.
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