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1. Introduction 
The nonlinear phenomena played a very significant role in the field of applied Mathematics and  

mathematical Physics. It is known that phenomena coming from applied physics and engineering for example 

propagation of waves and shallow water waves can be modeled by systems of linear and nonlinear PDEs. To 

findaccurate, a reliable and efficient method to solve nonlinear system of PDEs is the interest of most of the 

researchers now a day. Adomian Decomposition Method (ADM) is used to tackle the systems of PDEs which 

become more difficult when finding the Adomian Polynomials [1-3,8]. Variational Iteration Method (VIM) is 

also helpful for the approximate solutions of the systems of PDEs [4-5,11]. 

In recent years, a lot of attention has been given to study the homotopy perturbation method (HPM) by different 

researchers such asto solve the nonlinear system of PDEs [7-12]. HPM deforms a difficult problem into a set of 

problems which are easy for solving without any need to transform nonlinear terms.  

In this article, HPM is applied to some linear and nonlinear system of PDEs to find the exact solutions of the 

systems. Here HPM is also applied to a two dimensional system of PDEs proving the accuracy, efficiency and 

reliability of the proposed method. 

 

2. Basic Idea of Homotopy Perturbation Method (HPM) 

Consider system of nonlinear differential equations, 

 )(),(),( qfvuNvuL jjj   q  ,     (1) 

with the boundary conditions of, 
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where jL  are linear operators and jN  are nonlinear operators. The He’s homotopy perturbation technique 

defines the homotopy, 

 ,]1,0[:),( RpqU    

and  

 .]1,0[:),( RpqV    

which satisfies 

 0)(),(),([)],(),()[1(),,( 00  qfVUNVULpuvLVULppVUH jjjjjj  (2) 

Where ]1,0[p  is an imbedding parameter, 00 ,vu are initial approximations which satisfy the boundary 

conditions. 

The basic assumption is that the solution of Eq. (2) can be expressed as a power series in p, 
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The approximate solution of Eq. (1) can be obtained as, 
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3. Numerical Applications 

To demonstrate the effectiveness of the method, we consider the following problems with given initial condition. 

Example 3.1 Consider the following linear System of PDEs 
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Let solution of the Eq. (3) be, 
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Putting in Eq. (4), 

....)]([sin...

...)]([cos...

3

3

2

2

10

1

3

3

2

2

10

3

3

2

2

10

1

3

3

2

2

10

















upuppuu
y

pLyvpvppvv

vpvppvv
y

pLyupuppuu

 

Equating powers of “p”, 

yyxv

yyxup

sin),(

cos),(,

0

0

0




 

yxyxv

yxyxu

y

u
Lyxv

y

v
Lyxup

sin.),(

cos.),(

)(),(

)(),(,

1

1

01

1

01

1

1



















 

http://www.iiste.org/


Mathematical Theory and Modeling                                                                                                                                                  www.iiste.org 

ISSN 2224-5804 (Paper)    ISSN 2225-0522 (Online) 

Vol.5, No.4, 2015 

 

137 

)(sin
!2

),(

)(cos
!2

),(

)(),(

)(),(,

2

2

2

2

11

2

11

2

2

y
x

yxv

y
x

yxu

y

u
Lyxv

y

v
Lyxup



















 

)(cos
!3

),(

)(),(

)(),(,

3

3

21

3

21

3

3

y
x

yxu

y

u
Lyxv

y

v
Lyxup

















 

.)(sin
!3

),(
3

3 y
x

yxv   

So, the solution of the system of PDEs (3) is given by, 
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Example 3.2 Consider another example of linear system of PDEs 
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Let solution of the Eq. (6) be, 
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Putting these values in Eq. (6), 

...)](...)(

...)([cosh...

...)](...)(

...)([sinh...

3

3

2

2

103

3

2

2

10

3

3

2

2

10

1

3

3

2

2

10

3

3

2

2

103

3

2

2

10

3

3

2

2

10

1

3

3

2

2

10





















upuppuuvpvppvv

upuppuu
x

pLxvpvppvv

vpvppvvupuppuu

vpvppvv
x

pLxupuppuu

Equating powers of “p”, 

xtxv

xtxup

cosh),(

sinh),(,

0

0

0




  

)(),(

)(),(,

00

01

1

00

01

1

1

vu
x

u
Ltxv

vu
x

v
Ltxup

















  

)(sinh),(

)(cosh),(

1

1

xttxv

xttxu




 

)(),(

)(),(,

11
11

2

11
11

2

2

vu
x

u
Ltxv

vu
x

v
Ltxup

















  

x
t

txv

x
t

txu

cosh
!2

),(

sinh
!2

),(

2

2

2

2





 

)(),(

)(),(,

22
21

3

22
21

3

3

vu
x

u
Ltxv

vu
x

v
Ltxup

















 

x
t

txv

x
t

txu

sinh
!3

),(

cosh
!3

),(

3

3

3

3





 

)(),(

)(),(,

33

31

4

33

31

4

4

vu
x

u
Ltxv

vu
x

v
Ltxup

















  

http://www.iiste.org/


Mathematical Theory and Modeling                                                                                                                                                  www.iiste.org 

ISSN 2224-5804 (Paper)    ISSN 2225-0522 (Online) 

Vol.5, No.4, 2015 

 

139 

.cosh
!4

),(

sinh
!4

),(

4

4

4

4

x
t

txv

x
t

txu





 

So the solution of the system of Eq. (5) is, 
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Example3.3 Now consider the nonlinear system of PDEs 
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Putting these values in Eq. (8), 

...)](

...)(...)

()[(...

...)](

)(...)

()[(...

3

3

2

2

10

3

3

2

2

103

3

2

2

103

3

2

2

10

1

3

3

2

2

10

3

3

2

2

10

3

3

2

2

103

3

2

2

103

3

2

2

10

1

3

3

2

2

10































wpwppww
y

vpvppvvwpwp

pww
x

wpwppwwpLyxwpwppww

vpvppvv
y

wpwppwwvpvp

pvv
x

vpvppvvpLyxvpvppvv

Equating powers of “p”,

 

http://www.iiste.org/


Mathematical Theory and Modeling                                                                                                                                                  www.iiste.org 

ISSN 2224-5804 (Paper)    ISSN 2225-0522 (Online) 

Vol.5, No.4, 2015 

 

140 

yxtyxw

yxtyxvp





),,(

),,(,

0

0

0

  

][),,(

][),,(,

0
0

0
0

1

1

0

0

0

0

1

1

1

y

w
v

x

w
wLtyxw

y

v
w

x

v
vLtyxvp

























  

tyxtyxw

tyxtyxv

)(2),,(

)(2),,(

1

1





 

)]()[(),,(

)]()[(),,(,

0
1

1
0

0
1

1
0

1

2

0

1
1

0

0

1
1

0

1

2

2

y

w
v

y

w
v

x

w
w

x

w
wLtyxw

y

v
w

y

v
w

x

v
v

x

v
vLtyxvp













































  

.)(4),,(

)(4),,(

2

2

2

2

tyxtyxw

tyxtyxv





 

So solution of the Eq. (7) is given by, 
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Putting values, we have, 
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Example 3.4Consider another system of nonlinear PDEs 
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Let solution of the Eq. (10) be, 
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Putting these values in Eq. (10), 

...)](...)

(...)(...)

(...)[(...

3

3

2

2

103

3

2

2

1

03

3

2

2

103

3

2

2

103

3

2

2

10

1

3

3

2

2

10





















 

wpwppww
x

vpvppv

v
y

wpwppww
y

vpvp

pvv
x

upuppuuLeupuppuu yx

 

 

...)](...)

(...)(...)

(...)[(...

3

3

2

2

103

3

2

2

1

03

3

2

2

103

3

2

2

103

3

2

2

10

1

3

3

2

2

10





















 

wpwppww
y

upuppu

u
x

upuppuu
y

wpwp

pww
x

vpvppvvLevpvppvv yx

 

....)](...)

(...)(...)

(...)[(...

3

3

2

2

103

3

2

2

1

03

3

2

2

103

3

2

2

103

3

2

2

10

1

3

3

2

2

10





















 

vpvppvv
x

upuppu

u
y

vpvppvv
y

upup

puu
x

wpwppwwLewpwppww xy

Equating powers of “p”, 

xy

yx

yx

etyxw

etyxv

etyxup













),,(

),,(

),,(,

0

0

0

0

0 










































































































x

v

y

u

y

v

x

u
wtyxw

y

w

x

u

y

u

x

w
vtyxv

y

v

x

w

y

w

x

v
utyxup

0000

01

0000

01

0000

01

1

),,(

),,(

),,(,

 

 
xy

yx

yx

tetyxw

tetyxv

tetyxu













),,(

),,(

),,(

1

1

1

 

http://www.iiste.org/


Mathematical Theory and Modeling                                                                                                                                                  www.iiste.org 

ISSN 2224-5804 (Paper)    ISSN 2225-0522 (Online) 

Vol.5, No.4, 2015 

 

142 
































































































































































x

v

y

u

x

v

y

u

y

v

x

u

y

v

x

u
wtyxw

y

w

x

u

x

u

y

w

y

u

x

w

y

u

x

w
vtyxv

y

v

x

w

x

w

y

v

y

w

x

v

y

w

x

v
utyxup

01100110

12

01010110

12

01010110

12

2

),,(

),,(

),,(,

 

 

xy

yx

yx

e
t

tyxw

e
t

tyxv

e
t

tyxu













!2
),,(

!2
),,(

!2
),,(

2

2

2

2

2

2

 








































































x

w

y

v

x

w

y

v

x

w

y

v

y

w

x

v

y

w

x

v

y

w

x

v
utyxup 021120021120

23

3 ),,(,

 















































































































































x

v

y

u

x

v

y

u

x

v

y

u

y

v

x

u

y

v

x

u

y

v

x

u
wtyxw

y

w

x

u

y

w

x

u

y

w

x

u

y

u

x

w

y

u

x

w

y

u

x

w
vtyxv

021120021120
23

021120021120
23

),,(

),,(

 

.
!3

),,(

!3
),,(

!3
),,(

3

3

3

3

3

3

xy

yx

yx

e
t

tyxw

e
t

tyxv

e
t

tyxu













 

So the solution of the system of PDEs in (9) is given as, 
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Hence the solution of the system of PDEs given in (9) is, 
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Example 3.5 Consider two dimensional system of nonlinear PDEs 
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Let solution of the Eq. (12) be, 
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So the solution of the Eq. (11) is given by, 
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Consequently, we have 

 
...)cos(

!3

)2(
)cos(

!2

)2(
)cos(2)cos(),,(

32

 yx
t

yx
t

yxtyxtyxu
 

 

t

t

eyx

tt
tyx

yx
t

yx
t

yxtyxtyxv

eyx

tt
tyxtyxu

2

32

32

2

32

)cos(

....
!3

)2(

!2

)2(
)2(1)cos(

...)cos(
!3

)2(
)cos(

!2

)2(
)cos(2)cos(),,(

)cos(

....
!3

)2(

!2

)2(
)2(1)cos(),,(































 

http://www.iiste.org/


Mathematical Theory and Modeling                                                                                                                                                  www.iiste.org 

ISSN 2224-5804 (Paper)    ISSN 2225-0522 (Online) 

Vol.5, No.4, 2015 

 

146 

Hence the solution of the system of Eq. (11) is given by, 

 
.)cos(),,(),,( 2 yxetyxvtyxu t  

 
 

4. Conclusion
 In this paper, the Homotopy Perturbation Method (HPM) was employed successfully for solving linear and 

nonlinear system of partial differential equations. The HPM is applied without determining the Adomian’s 

polynomials, unrealistic assumptions, and transformation formulas. The results given here provide further 

evidence of the usefulness of Homotopy Perturbation Method. The HPM is clearly very efficient and powerful 

technique to find exact solutions of the nonlinear systems of PDEs and can be extended to other mathematical 

problems.  
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