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Abstract:

In this paper, the concept of weakly compatible maps in hausdorff fuzzy metric space has been
applied to prove fuzzy fixed point theorems. A fixed point theorems for six self maps has been
established using the concept of compatible maps of type hausdorff, which generalizes the
result of Cho [1].
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lintroduction:

The concept of Fuzzy sets was initially investigated by Zadeh [11] as a new way to represent
vagueness in everyday life. Subsequently, it was developed by many authors and used in
various fields. To use this concept in Topology and Analysis, several researchers have defined
Fuzzy metric space in various ways. In this paper we deal with the Fuzzy metric space defined
by Kramosil and Michalek [8] and modified by George and Veeramani [4]. Recently, Grebiec
[5] has proved fixed point results for Fuzzy metric space. In the sequel, Singh and Chauhan
[10] introduced the concept of compatible mappings of Fuzzy metric space and proved the
common fixed point theorem. Phiangsungnoen et. al. [9] introduced the concept of compatible
maps in hausdorff fuzzy metric space and proved fixed point theorems. Cho [2, 3] introduced
the concept of compatible maps of type (o) and compatible maps of type (B) in fuzzy metric
space. Using the concept of compatible maps of type hausdorff, Jain et. al. [6] proved a fixed
point theorem for six self maps in a fuzzy metric space. Using the concept of compatible maps
of type (P), Jain et. al. [7] proved a fixed point theorem in fuzzy metric space. In this paper,

a fixed point theorem for six self maps has been established using the concept of compatible
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maps of type (B) and weak compatible maps, which generalizes the result of Cho [1]. For the

sake of completeness, we recall some definitions and known results in Fuzzy metric space.
2 Preliminaries:

2.1. Definition: A binary operation *: [0, 1] x [0, 1] — [0, 1] is a continuous t-norm if * is

satisfying the following conditions:

(@) * is commutative and associative;

(b) *is continuous;

(c) a*b=aforallae [0, 1];

(d)a* b<c *dwhenevera<cand b<danda,b,c,d €[0,1].

2.2. Definition: A 3-tuple (X, M, *) is said to be a fuzzy metric space if X is an arbitrary set, *
is a continuous t-norm and M is a fuzzy set on X x (0, ) satisfying the following conditions;

forall x,y,ze X, s, t >0.

WMy, 1)>0;

(2) M(x,y,t) =1 ifand only if x = y;

(3) M(x, y, ) = M(y, x, 1);

(4) M(x, y, t)* M(y, z, s) <M(X, z, t + 8);
(5) M(x, Y, .): (0, 0 )—[ 0, 1 ] is continuous.

Then M is called a fuzzy metric on X. The function M(X, y, t) denote the degree of nearness

between x and y with respect to t.

2.3. Example: Let (X, d) be a metric space. Denote a *b = a b for a, b € [0, 1] and let M,

t
t+d(x, y)

be a fuzzy set on X? x (0, o) defined as follows: M, (x, y, t) =

Then (X, Mg, *) is a fuzzy metric space, we call this fuzzy metric induced by a metric d the

standard intuitionistic fuzzy metric.

2.4. Definition: Let (X, M,*) be a fuzzy metric space, then
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(@) A sequence {x,} in X is said to be convergent to x in X if for each € >0 and each t> 0,

there exists ny € N such that M (x,,, x, t) > 1 —¢ for alln> n,.

(b) A sequence {x,} in X is said to be Cauchy if for each € > 0 and each t > 0, there exist

ny € N such that M (x,,, x,,,t) > 1 —¢ foralln,m>n,.

(c) A fuzzy metric space in which every Cauchy sequence is convergent is said to be

complete.

2.5. Proposition: In a fuzzy metric space (X, M, *), ifa * a>a fora € [0, 1] thena* b = min
{a, b} forall a, b € [0, 1].

2.6. Definition: Two self-mappings A and S of a fuzzy metric space (X, M, *) are called

compatible if lim M (ASx,, SAx,, t) = 1 whenever {x,} is a sequence in X such that

n—oo

lim,,_,, Ax,,=lim,,_,,, Sx,= X for some x in X.

2.7. Definition: Two self-maps A and B of a fuzzy metric space (X, M, *) are called weakly
compatible (or coincidentally commuting) if they commute at their coincidence points, i.e. if
Ax = Bx for some x € X then ABx = BAx.

2.8. Remark: If self-maps A and B of a fuzzy metric space (X, M, *) are compatible then they
are weakly compatible. Let (X, M,*) be a fuzzy metric space with the following condition: (6)

limg,, M (x,y,t) =1 forall x, y € X.

2.9. Lemma: Let (X, M, *) be a fuzzy metric space. If there exists k €[0, 1] such that
M(x, y, kt) > M(x, y, t) then x =y.

2.10. Lemma: Let {x,} be a sequence in a fuzzy metric space (X, M, *) with the condition
(6). If there exists k €[0, 1] such that M (v,,,¥n+1, kt) > M (y,,_1, ¥, t) forallt >0and n € N.
Then { y,, } is a Cauchy sequence in X,

Main Result:

(1) Theorem. Let A, B, S, T, L and N be self-maps on a (X, M, *) complete fuzzy metric
space and a: X — (0, 1] be a maping such that [Sx] ), [TX] «x)are nonempty compact subset

of X for all x e X. Suppose that S, T: X = F(x) is a fuzzy mapping such that
(@). L(X) € ST(x), N(x) € AB(X);
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(b).There exists a constant k € [0, 1] such that

Hu ([STx]sexy INYlocyyr £) )
* Hy ([ABx] o), [NY](y), )
3 * Hy([ABYlx(y), [Lx] ) t)
* Hy ([STX ]y, INY] (3, )
* Hy ([STx] () [ABY )y, )

~~

Hu ([ABx]ccxs [LX] ey, KE) }

Hy (LX) [N ) ) {* Hy ([STY]w(yy, [INY]ac(y), Kt)

(c). AB=BA, ST=TS, LB=BL, NT=TN.

(d). Either AB or L is continuous.

(e).The pair (L, AB) is compatible and (N, ST) is weakly compatible.

The A, B, S, T, L and N have a common fixed point.

Proof: Let x, be an arbitrary point of X. By (a) there exists x;, x,¢ X such that

[LxXolu) = [STX1]ax) = Yoand [Nxq]u) = [ABX2]ax) = Y1-

Inductively we can construct sequence {x,,} and {y, } such hat

[LxXon]o) = [STX2n41]ao) = [Vanla@ @A [NXzni1la) = [ABXons2]a) = [Van+1law)
forn=0,1,2,3,4........

Step-1 by taking x = x,, and y = x,,,4+1 in (b) we have

HM([ABXZn]oc(x): [LxZn]oc(x)' kt) }
* HM([STx2n+1]o<(x)r [Nx2n+1]o<(x)r kt)

HM([STXZn]oc(x): [LxZn]oc(x): t) * HM([ABx2n+1]o<(x)' [Nx2n+1]o<(x); t)
=\ * HM([ABx2n+1]oc(x)' [LX2n ] oc(x)s t) * HM([STxZn]oc(x)' [NX2n41])oc(x)s t)
* HM([STxZn]OC(x)' [ABx2n+1]oc(x)' t)

HMZ([LxZn]oc(x): [Nx2n+1]oc(x), kt) * {

HM([erL—l]o((x)' [YZn]oc(x)' kt) }

H..» , kt) *
m2 ([Vanlxe [y2n+1]°<(x) ) {* Hy ([Yanlaor [Von+1lo@), kt)

HM([yZn—l]o((x)f [yZn]oc(x)» t) * HM([yZn]oc(x)' [y2n+1]oc(x)' t)
2§ * Hy ([V2nlo [Vanleeor £) * Hu([Van-1lx [Yane1lam t)
* HM([yZn—l]oc(x)f [yZn]oc(x)' t)

HMZ([yZn]oc(x)f [y2n+1]o<(x)' kt) = HM([yZn—l]o((x)' [yZn]oc(x)' t)
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In general

HMZ([y2n+1]o<(x)» [y2n+2]o<(x): kt) = HM([yZn]oc(x)' [y2n+1]oc(x): t)

In general for al n even or odd we have

HM([yn]oc(x)' [yn+1]o<(x); kt) = HM([yn—l]oc(x); [yn]oc(x)' t) forke (07 1) and all t >0.

Thus by Lemma 2.2.10, it {y,,} is a Cauchy sequence in X. Since (X, M, *) is complete, it

converges to a point z in X, and also its sub sequences converges as follows.

{[LxZn]oc(x)}ﬁ [Z]oc(x)’ [ABxZn]oc(x)}_) [Z]oc(x){[Nx2n+1]o<(x)}_> [Z]o<(x) and
{[STx2n+1]oc(x)}_) [Z]oc(x)-

Case-1: AB is continuous.
Since AB is continuous.AB[(AB)X2n]«(x) = [ABZ]«x) and  AB[LXzp]w(x) = [ABZ]«(x)-
Since (L, AB) is complete.

[L(AB)X2n]lw(x) = [ABZ]w(x)-

Step 2: By taking x = [(AB)Xzn]«(x) and y = Xp,44 in (b) we have
Hy ([AB(AB)Xon ]ty [ LIAB) X35, Kt
Hyg2 (IL(AB)Xan]x(ays [N X1 (o ) { w (AB(AB) 520 onlco kt)

* HM([STx2n+1]o<(x)' [Nx2n+1]o<(x)» kt)

HM([ST(ABxZn)]oc(x)' [L(AB)xZn]oc(x)' t) * HM([ABx2n+1]oc(x): [Nx2n+1]oc(x): t)
=4 * HM([ABx2n+1]o<(x)» [L(AB)XZn]oc(x)» t) * HM([ST(AB)XZn]oc(x)' [Nx2n+1]o<(x)r t)
* HM([ST(AB)XZn]oc(x): [ABx2n+1]o<(x)r t)

This implies that as n— o«

( Hy([Zl(o, [ABZ]xg), t) )
* HM([ABZ]oc(x)' [Z]OC(x)' t)
* Hy ([ABZ) (o), [ABZ) o), t)
* HM([Z]oc(x)' [Z]oc(x); t)
\ * Hy ([Z) o) [ABZ] e t) )

A
"

HM [ABZ]o((x): [ABZ]oc(x): kt)} =

Hy2([ABZ) (), 2, kt
MZ([ Z] (x)» Z )*{ * HM([Z]o((x)' [Z]oc(x); kt)
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HM([ABZ]oc(x): [Z]oc(x), t)
Hy2([ABZ]ary, [2] iy, Kt) * {1 % 1} = * Hy ([ABZ] (), [Z] (), £)
* 1 %1 * HM([ABZ]oc(x): [Z](x(x),t)

HM([ABZ]oc(x); [Z]oc(x)r kt) = 1 Thus we get [ABZ]OC(x) = [Z]oc(x)-
Step 3: By takingx =z andy = x,,,1 in (b) and we take n — o we have

Hu([ABZ]ury, [LZ) o, kt) }
* HM([STx2n+1]oc(x)r [Nx2n+1]oc(x): kt)

HM([STZ]oc(x)’ [LZ]oc(x): t) * HM([ABx2n+1]oc(x): [Nx2n+1]oc(x)l t)
=4 * HM([ABx2n+1]oc(x); [LZ]oc(x)' t) * HM([STZ]oc(x)r [Nx2n+1]o<(x): t)
* Hy ([STZ] () [ABX 241l () £)

HMZ([LZ]o((x)' [Nx2n+1]o<(x): kt) * {

HMZ([LZ]oc(x): [Z]oc(x): kt) = HM([LZ]oc(x)r [Z]oc(x)r t)
[LZ]oc(x) = [Z]w@) = [ABZ]oc(x)

Step 4: By taking x = Bz and y = x,,4+, and take n — cowe have

H e (11D e, [Nl KE) = { Hy ([AB(B2)]«(x), [L(BZ)]x(x), kt) }

* HM([STx2n+1]oc(x)r [Nx2n+1]oc(x)l kt)

HM([ST(BZ)]M(x)’ [L(BZ)]oc(x)' t) * HM([ABx2n+1]oc(x)' [Nx2n+1]oc(x): t)
=4 * HM([ABx2n+1]oc(x): [L(BZ)]oc(x): t) * HM([ST(BZ)]oc(x)r [Nx2n+1]o<(x)r t)
* HM([ST(BZ)]OC(x); [ABx2n+1]o<(x); t)

H 2 ([BZ) ey, [2] ey, kt) 2 Hy([BZ)eccays [2) ey t)
Hy ([BZl oy, [Z] ey KE) = 1
Thus we have [Bz]w«(x) = [Z]«x)
Since z = ABz we also have z = Az therefore a = Az = Bz = Lz.
Step 5: Since L(X) € ST(X) there exists v € X such that [z]o(x) = [LZ]wx) = [STV]w(x)-
By taking x = x,,,y = v in (b) and take n — cowe have

HM ([ABxZn]oc(x)' [Lx2n]o<(x), kt)}

HMZ([LxZn]oc(x): [Nv]oc(x), kt)*{ . HM([STV] w [Nv] W kt)
oc(x)r oc(x)
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( HM([STXZn]oc(x)' [LXZn]o((x)' t) )
* HM([ABU]oc(x)» [Nv]«(x)r t)

> { * Hy([ABV]ar), [Lx2n] e t)

* Hy ([STx2n ]y, [INV](), )

Uk HM([STxZn]OC(x)» [ABv]oc(x): t)J

"

Hyz ([Z] o [INV]ry kt) = Hyg (2] [NV s 1)

Hy ([z]ocx)s [INV] (), KE) 2 1

Thus we have z = Nv and so z = Nv = STv.

Since (N, ST) is weakly compatible we have ST(Nv) = N(STv).Thus STz = Nz.

Step 6: By taking x = x5, and y = [z]«() in (b) and using step 5 we have

Hy([ABx [ Lx Lkt
HMZ([szn]oc(x)’ [NZ]oc(x); kt)* M([ Zn]oc(x) [ Zn]oc(x) )
* HM([STZ]oc(x): [NZ]o((x)' kt)
HM([STZZn]oc(x): [LXZn]OC(x)I t) * Hm([ABZ]oc(x): [NZ]oc(x)' t)
29 * HM([ABZ]oc(x): [LxZn]oc(x)r t) * HM([STXZn]oc(x)r [NZ]oc(x)' t)
* Hy ([STX2n]w(xys [ABZ] (), t)

( HM([Z]oc(x)’ [Z]oc(x)' t) )
* HM([Z]oc(x)' [NZ]OC(x)' t)
* Hyy ([2]ocxy [Z) o )

* HM([Z]oc(x)' [Nz]oc(x)r t)
\ * HM([Z]oc(x)' [Z]oc(x); t) J

~—

Hy ([Z] s [Z] ) KE) }><

Hy2 ([Z)ezy [NZ)ec(s kt)*{* Hu ([2)o), [NZ]ecey, K}

HM([Z]oc(x)r [NZ]oc(x): kt) >1

Thus we have [Z]oc(x) = [NZ]oc(x) and therefore [Z]oc(x) = [AZ]oc(x) = [BZ]oc(x) = [LZ]oc(x) =
[NZ]OC(x) = [STZ]oc(x)
Step 7: By taking x = [X2p, Jo(x) and y = [Tz](x in (b) Since NT = TN and ST =TS, we

have NTz = TNz = Tz and ST(Tz) = Tz letting n — oo we have

HM([ABxZn]oc(x), [LxZn]oc(x), kt) }

HMZ([LXZTL]OC(X)J [N(TZ)]O((X)' kt)*{* HM([ST(TZ)]oc(x); [N(TZ)]o((x), kt)
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HM([STxZn]oc(x)r [LxZn]oc(x): t) * HM([AB(TZ)]OC(x)' [N(TZ)]oc(x)r t)
=9* HM([AB(TZ)]K(x)' [LxZn]oc(x)’ t) * HM([STXZn]oc(x): [N(TZ)]oc(x)l t)
* HM([STXZn]oc(x)' [AB (TZ)]oc(x)r t)

Hy ([2)c, [TZ)uo, kt) 2 1

Thus [z]«x) = [TZ]x(x)- SINCE [TZ]w(x) = [STZ] oy We also have [z] () = [SZ]o(x)-

Therefore [Z]oc(x) = [AZ]oc(x) = [BZ]o((x) = [LZ]o((x) = [NZ]oc(x) = [Sz]oc(x) = [TZ]oc(x)a that

IS [Z]«(x) IS the common fixed point of the six maps.

Case-2: L is continuous. Since L is continuous

[LLX2p])oc(x) = [LZ]xyand [L(AB)Xzn]wx) = [LZ]o(x)-

Since (L, AB) is compatible, [(AB)Lxyn]«(x) = [LZ]o(x)-

Step 8: By taking x = [Lxzn]w(x) and ¥ = [Xz2n41]x(x) N (0) We have

HM([ABLxZn]oc(x)' [LLxZn]oc(x)' kt) }
* Hy ([STX2n41] ) [INX2n+1]oc(x)r KE)
HM([STLxZn]oc(x)f [LLxZn]oc(x)' t) * HM([ABx2n+1]oc(x)' [Nx2n+1]oc(x): t)

=9* HM([ABx2n+1]oc(x): [LLXZn]oc(x): t) * HM([STLxZn]oc(x)' [Nx2n+1]0<(x); t)
* HM([STLXZn]oc(x)' [ABx2n+1]oc(x)' t)

HMZ [LLXZn]oc(x)' [Nx2n+1]o<(x)' kt) * {

( HM( oc(x)' C><(x)'t)\

* Hy ([Z)xxy, [Z] ) )
Hy ([LZ) gy, [LZ) ey, k) ) HM x(x) ’ o(x)
«H ( kt) = \* M([Z]oc(x)r[ Z]oc(x)»t)
M oc(x)' oc(x). . HM([LZ]o((x)' [Z]o((x), £)
¢ Hy ([LZ] o)) [Z] o (x0)r £) )

~—

H 2 ([Lz]oc(x)r [Z]oc(x)r kt) {

Hy ([L2)eceys 2o KE) 2 1

Thus we have [z]«(x) = [Lz]«(x) and using step 5-7 we have

[Z]ox) = [LZ]ar) = [NZ]wex) = [SZ]ax) = [TZ] ()
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Step 9: Since N(X) € AB(X) there existsv € X such that [z]«(x) = [NZ]w(x) = [SZ]x@x) =
[TZ]o(x)- By takingx = v,y = [X2n41]x(x) in (b) and take n — oo we have

Hy ([ABV] o)) [LV]ox(x)s ) }

H Lv ,[Nx L kt)*
MZ([ ]OC(X) [ 2n+1]oc(x) ) {* HM([STx2n+1]o((x)ﬂ [Nx2n+1]oc(x)’kt)

HM([STV]oc(x)’ [Lv]oc(x)’ t) * HM([ABx2n+1]oc(x)' [Nx2n+1]oc(x)' t)
=4y * HM([ABx2n+1]o<(x)» [Lv]oc(x); t) * HM([STU]«(x)r [Lv]o((x)r t)
* HM([STU]OC(JC)' [ABx2n+1]o<(x): t)

Hy ([LV] o), [Z) ) kE) = 1
Thus we have [z]w(x) = [LV]x@) = [ABV]«x)
Since (L, AB) is weakly compatible, we have [Lz]« ) = [ABz]« () and using step 4, we have
[Z](x) = [BZ]x(x)- Therefore [z] ) = [AZ]xx) = [BZla) = [SZ]wx) = [TZ]wx) =
[LZ]wx) = [NZ]ee(x)
That is z is the common random fixed point of the six maps in this case also.
Step 10: For uniqueness, let (w # z) be another common fixed point of A, B, S, T, Land N
taking x = [z]o(x), ¥ = [W]x(x) in (b) we have

Hy ([ABZ]w(x), [LZ) o), Kt) }
* Hy ([STW]acry [INW] (), Kt)

Hy ([STZ)acxys [LZ] ey ) * Hy([ABW] oy, [INWloe(), )
> { % Hy ([ABW]aiy, [LZ] o)y ) * Hy ([STZ ey [INW ] )
% Hy ([STZ] ey, [ABW] o), t)

HMZ ([LZ]oc(x); [NW]O((x), kt)*{

Hy ([2) ) Wy, kt) = 1

Thus we have [z]«) = [W]x(x). This completes the proof of the theorem. If we take B =
T = Ix (The identity map on X) in the main theorem we have the following.
Corollary3.1: Let A, S, L and N be self-maps on a complete fuzzy metric space (X, M, *)
witht =t >t for all t € [0, 1] satisfying

(8) L(X) € S(X),N(X) € A(X)

(b) There exists a constant k € (0,1) such that
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( Hy([SX]oceys [LX ] £) )
* Hy ([AY oy [INY Iy )
3 # Hy ([AYlays [LX ) £)
* Hy ([Sx]ocys [INY Iy )
U Hyy ([SX] s [AY Ty £) )

~—

LZ , kt
HMZ([LX]oc(x)' [Ny]o((x),kt) { 1‘1’;(( “Ex; Nyoc(f)) kt))}
oc x)’ °< x)’

Forall x,y e Xand t > 0.

(c)Either A or L is continuous.

(d) The pair (L, A) is compatible and (N, S) is weakly compatible. Then A, S if we take
A=S,L =NandB =T = Lx is the main theorem, we have the following:

Corollary 3.2: Let (X ,M ,*) be a compatible fuzzy metric space witht xt >t for allt €
[0,1]and let A and L be compatible maps on X such that L (X) < A (X), if A'is continuous
and there exists a constant k € (0, 1) such that

( Hy ([Ax] ooy [LX] ) £) )
* HM( [AY]x(y), [LY ]y, t)
1 * Hu (141, (L], t)

|
* HM([Ax]oc(x)' [Ly]o((y): t)
\*x Hy ([Ax]oc(x)' [Ay]oc(y)' t)J

Forall x,y € X andt > 0 then A and L have a unique fixed point.

"

w ([Ax xlacgay, kt), }

H 2 ([Lx)ocrys (LY lecyys KE)* {HM ([Ay] o) [LJ’ ) kt)
x(y)r x(y)’

4 Conclusions

In the present work we introduced a new concept of fuzzy mappings in the fuzzy metric space
on compact sets, which is a partial generalization of fuzzy contractive mappings in the sense
of GeorgeandVeeramani. Also, we derived the existence of fixed point theorem for weakly
compatible maps in fuzzy metric space. Moreover, we reduced our result from fuzzy
mappings in fuzzy metric spaces. Finally, we showed some relation of multivalued mappings
and fuzzy mappings, which can be utilized to derive fixed point for multivalued mappings.
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