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Abstract: In this paper we study certain subclasses of analytic p-valent meromorphic
convex functions with positive coefficients in the puncture unit disk. The result presented
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subclasses. Further results of modified hadamard product, inclusion properties, radii of close-
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. Preliminaries and Definitions:
Let X, be in the class of p-valent meromorphic functions of the form

f(z) =277+ z 5,25 P, (p EN=1,2,3,..)
k=1
(1.1)
(1.1)
which are analytic and p-valent meromorphic in puncture unit disk (U* =z € C:0 < |z| <
1).
A function f € X, is said to be in the class ZC{,‘ (n, B) of meromorphic p-valent convex of
order n and type S if it satisfies
z2f "(2)
f ()
1+ Z]]:(—(ZZ)) —p+2n
Letf e X, givenby (1.1) and g € X, defined by

9(z)=z7+ 2 b, ,z“?,(peN=123,.).

k=1
Then hadamard (convolution) product of f(z) and g(z), is defined as

1+

+p

<B,(zeU,0<n<p0<B<1pE€EN).
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(Frg)@) =2 p+Zak bepZ P (pEN =1,2,3,..)
Aglan et. Al. [11] defined the operator of Qspf(2):Zp) — I,
- F(a+19)z I'(k+9)
Qv yf(2) = @) I'k+9+a)

f(2), (a=0,9>-1,p€N)
Now, Mostafa [12, 13], P. He and D. Zhang [14] defined the operator Hy,, ,f(2): £, — Z,
as follow,

ag—pz*P, (@ > 0,9 >—1,p €NN)

First put }
INa+9 I'k+9
Gypf(2):27P + (1?(19) )z F(k(+ 9 +)a) ak—pzk_p' (» EN)
=1 12)
And let Gg, , f (2) be defined by
1
Ggp(2) * Gapﬂ(2)=m, (u>0,p EN)
Hﬁpu = G‘Bpu(z) *f(Z)r (f € Zp)l
(1.3)
Using (1.2) and (1.3), we have,
. o T TR+ I+ @@
Hopnf ) =270+ 5079 L Th+om, " !
(1.4)

Where (u),, denote the Pochhammer symbol given by

_T@+9) (1 (n=0)
Where (1) = =) = {19 W@ +1)..(8+n—1),(n € N)
It is notice that, putting u = 1 in (1.4), we obtain the operator

) @) ~<oT(k+9+a) )
Hipaf(2) = Hipf(2) = 277 + 2= ANCEE) OnpZ"
n:

Aouf et al. [10] introduced a Mostafa operator. Waggas Galib Atshan and Assra Abdul Jaleel
Husien [15] introduced a subclass class %, ,, (u; a; h) of meromorphically p-valent analytic
functions. Using the operator Hy ,, , f (z) defined in (1.4). We introduced classes £Cg,, , (17, 5)
of p-valent functions as follows

Definition: The function f € X, is said to be in the class Cg,, ,(n, £) if and only if
2(Hg,,f ()
(45,0 @)
o)
(Hpur @)

+p

<B,

—p+2n

(1.5)
(zeU"0<n<p0<p<1a>09>-1u>0p€N), where Hy, ,f(z) defined as
(1.4).

34


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) J/'H.i.l
Vol 5, No.7, 2015 NIS'E

The class Cg,, ,(n, ) are called meromorphic p-valent convex functions of order n and type

B with positive coefficient. M. K. Aouf et al.[5, 10], G. Murugusundaramoorthy and Aouf [2],
F. Ganim and M. Darus [1], S. M. Khairnar and S. M. Rajas [4] studied the subclasses of p-
valent functions of order n and type .

In this paper we obtain coefficient estimates for the class XCg', ,(n, ), Hadamard product,

growth and distortion theorems, radii of close to convexity, starlikeness and convexity.
. Coefficient Estimate:
Theorem2.1: Assume that f € X, and

F@) ~oT@+9+a) (W,
M@+ L Th+9)(D,

(m—p)[n(1+ ) — 26 —nlan-p < 2Bp( —1n).

(2.1)
(2.1)

Then f € 2Cg,,,(n, B).

Proof: Let us assume that inequality (2.1) is true. Further suppose that

Q) = |z (Hpuf @) + A=) (HS,uf @) |
~Ble (Hspuf @) + @1+ 1-p) (HS,uf @) |
Using (1.4) and for 0 < |z| = r < 1, we have
r@) N Tm+9+ @)@y o
Q(f) < M@+ 92 Tt o), (n—p)[n(1+B) =28 —M]an_pr™"
—2Bp(p —mr7P,

(2.2)

Since above inequality holds forall r, 0 < r < 1. Letting r — 1 in (2.2), we easily get that
Q(f) < 0, hence f € XCg, ,(n,B) .
Theorem2.1: Let f € X,,. Then f € XCg, ,(n, B) if and only if
r®) <Tm+9+a)(w,
INa+9) ] rn+9)(1),
n=

(m—p)[n(1+B) -2 —-nla,_, <2Bp(—n),

(2.3)
(2.3)
Proof: In view of Theorem 2.1, it is sufficient to prove that the ‘only if* part. Let us assume
that f € X,.
Then
z(Hgpuf (2)
1+ ( diia ) +p
(HS,.f(@)
z(HS, . f(2)
1+ (H ) —p+27
(HS,,.f(@)

Since Re(z) < |z| for all z, it follows that
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@) o T+I9+ )Wy n-
@+ 021 T, WPy
@) o F+I+a)Wn
200 = P2 ~ Tz 1 9y Ln=1 " T(n + ) (D)n

(#5pur @)

VA
Choosing values of z on the real axis so that - is real and letting z — 1~ through
H§  uf (@)

Re

<p

(277 - Zp + n)an—pzn_p:

real axis, we get desired conclusion.
Corollary2.3: If the function f(2)is in the class 2Cg,, , (1, B), then

2pp(@ —1n)

bp <T@ T+ 9+ @), pnEN.
T@a+9) T+, (m—p)[n(1+p)—28(p—n)]
(2.4)
The result (2.8) is sharp for the function f(z) of the form
_ 2pp(p —m) _
f(z)<zP+ T z"7P,
@) I'(n+9+ )Wy
F((l ¥ 19) F(Tl ¥ 19)(1)71 (Tl - p)[n(l + ﬁ) - ZB(p - 7])]
(2.5)
. Growth and Distortion
Theorem3.1: A function f defined by (1.1) is in the class XCg’,, ,(n, 8), then for 0 < |z| =
r < 1, we have
_ 2Bp(p —n) _
|f(z)|2rp—#(19+a) ~ _ ~ rlp
——— A -p[A+p5)-28(p-n)]
(3.1)
_ 2Bp(p — 1) _
|f(z)|£r”+ﬂ(19+a) B B B ri=p
= — Q-1 +p)-280p-n)]
(3.2)
' o1 2pp(p — 1) _
(@) |z pr TG pr——
(3.3)
: . 2Bp(p —m) -
)| <prrs XD (1 2po-m]
(34)
With inequality for
_ 2fp(p — 1) _
|f(z)|£zp+u(19+a) B B B z17P
——— @ -p[A+p)-28(p-n)]
(3.5)

Proof: Since f € 2C§, (1, B)
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Therefore

If(@| =

(00}
zP+ E Ap_pz" P

n=1

o0

o0
Z a, ,z"P| < |f(2)| < |z7P| + Z Ap_pz" P

n=1 n=1

Thus for 0 < |z| = r < 1, we have

o

Z Q| S If (@] <777 + 177

n=1

|z7P| —

o

rP— P

an_p
n=1

(3.6)
Using (2.1) and (3.6) we easily arrive at the desired result (3.1) and (3.2). Furthermore, we
observe that

F@) | = |-p277 + > anp(n—p)z"?
n=1
Therefore
plz P = Y @y =)z < |(F@) | < pla P + | ) anoy (1 - p)z
n=1 n=1
Thus for 0 < |z| = r < 1, we have
prot=(L=pr® ) any < [(F@) [ <prP i+ (A -prP ) an,
n=1 n=1

(3.7)
Using (2.1) and (3.7) we easily arrive at the desired result (3.3) and (3.4). Finally, we can see that the

estimate for Hy , ,f(z) and (Hg’p’u f (z)) are sharp for the functions (3.5).
Corollary3.2: Under the hypothesis of Theorem 3.1, Hyg ,, ,f (2) is included in the disk with
center at origin and radius R4 given by

2pp(p —1n)
BOX D (1 ) +B) — 28(p — )]
and (H,‘;‘,p,uf(z))' is included in the disk with center at origin and radius R, given by
2pp(p —m)
EOX D) (14 ) — 28(p — )]

. Modified Hadamard Products:
Let the functions f;(z), (i = 1,2) be defined by

R,=1+

R2=p+

fi(z) =z77 + Z app; 2" P,(pEN=123..)
n=1

(4.1)
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The modified hadamard product of f;(z) is defined by
(fixf)@=2z"P+ z an—p,lan—p,zzn_p; PeEN=123..)
=1

Theorem 4.1: Let the functions f;(z), (i = 1, 2) be defined by (4.1) be in the class
XC5,,(M, B) - Then (fy = f2)(2) € 2Cg,, ,(8, B), where
281+ Bp(p —n)?
9 + '
O D) (1 p) A +B) - 2B(p — I + 482p(p — )2
The result is sharp for the functions

6<p-—

2Bp(@ —n)

filz) =z + Z' P i=12%p€EN
LOLD (1 p) A +p) ~28(p — )]
4.2)
Proof: To prove the theorem, we need to find largest § such that
e P2t TG gy =PI+ ) = 260 = lnp oy <1
2pp(p - 6) h
Since fi(z) € XCg, ,(n, ), then
[®) o +9+a)@y
Tla+9)~™! Tn+9)(), (n=p)InC + ) = 2B(p —n)lan—p. “1i=12
2Bp(p —m) -
By Cauchy-Schwarz inequality, we get
F(l;(i)ﬂ) O;;:1 F(?(;I; i g)‘éig/:)n (n - p) [Tl(l + B) - Zﬁ(p - 77)]\/ an—p,lan—p,z -1
2pp(p —n) a
(4.3)
We want to show that
gy B S 0 ) =260~ s
2Bp(p — 6) h
F(F(X(zl’i)ﬁ) Zn 1 F(ltl(z i ;)Czigi)n (n - p) [n(l + ﬁ) - Zﬁ(p - 77)]\/ An—p,1n—p,2
2Bp(p—m) '

This is equivalent to

[n(1+p)—-26(—mlp-295)
Vn-prtnopz S By T oR( — 0)](p — 1)

Using (4.3)
2Bp( —n)

<
Van-pitn-pz < 5y T 9T @),

Tla+9)“=1" I'(n+)(), m—p)[n(1+p)—-280(@—n)]

- n(1+p) =28 —-mlp-:9)
T mA+p)-26@-Dl—n)

Or, equivalent that
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2nB(1+ Rplp —n)?

o) LA 9 DU (- (1 + ) - 28 = P + 452 (p — 1)

Letting n=1

§<p-

28(1+ Bp(p —n)?

ula+9

L@t 9) (1 p) L+ ) - 2B(p — M + 4% (p — )?
which completes the proof.
Corollary4.2: For f;(z), (i = 1,2) as in the Theorem 4, we have

o0
— = n—
h(z) =z7P + Z n—p1Gn_p2 2P
n=1

belongs to the class XCg, ,(1, B). The result is sharp with the function given by (4.2).

Proof. The result follows from the inequality (4.3). Similarly we can prove the following
results.

Theorem 4.3. Let the function f;(z), defined by (4.1) be in the class £Cg,, (1, B)- Then
(f1*f2)(2) € £Cg, (7, B), where
3 2B+ Bp —n)® —n2)

@t 9) (1 - )L+ B) - 2B( — )L + B) — 28(p — )] + 4B2(p — 1) (P — 1)
The result is sharp with the functions

2 —n;
) =2 s P —n:)

——— A=A +B)-28p—n)]

. Inclusion Properties:

Theorem 5.1: Let the function f;(z), (i = 1, 2) defined by (4.1) be in the class
2C3 . (m, B)- Then the function

6<p

T<p

z1™P,i =1,2;p € N.

h(z) =zP + Z(azn_p_1+a2n_p_2)
n=1

belongs to the class XCg,, ,(n, B), Where

41+ Bp(p —n)?

Cu(a+9

et 9) (1 — p)[(L+ B) - 28(p — I + 882p(p — )2
The result is sharp with the function given by (4.4).
Proof: By virtue of the Theorem 2.1, we obtain

i Py P osin (n - p){n(1 + §) — 260 — )]

azn—p 1
26p(p—mn) ’

2

6<p

n=1

. T®) T+ + @)Wy
- z fa+9) T(m+9)D), (n—p)[n(1+B) —28(p —n)l

A, _
2Bp(p — 1) nopl

<1

n=1

(5.1)
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2

o (LT T+9+a)W,
3 {F(a ¥9) T+, o P+ -26p- ’7)]} 2
n-p,2

2Bp(@ —n)

n=1

2

» T T@+9+a)W,
- Zr(a-l_ﬁ) F(Tl+l9)(1)n (Tl—P)[Tl(l‘*‘ﬁ)—Zﬁ(P—TI)]a <1
=] 2pp(p — 1) L
(5.2)
It follows from (5.1) and (5.2) that

o ( T@® Tm+9+a)(w, 2
lz F(CZ + 19) F(Tl + ﬁ)(l)n (Tl B p) [Tl(l + 'B) B Zﬁ(p B 77)] (a2 +a? )
2L 2pp(p — 1) nTpA T R

<1
Therefore we need to find largest § such that
s T LW (1 — )1 + ) - 260 - 0)]
2Pp(p - 6)

<1 {F(lf;(i)ﬁ) F(lr“l(:; i ;)Oagl;)n (n—=p)[n(1+p) - 280 - n)]}
=2

2

2Bp(@ —n)

4nB(1+ Bp(p —n)?

e S 2 OWn (- [+ §) — 268G — I + 852(p — M2

Letting n=1, we get

6<p-—

481+ Bp(p —n)?

W@t 9) (1 — )1+ B) — 28(p — M + 862p(p — )

This completes the proof.

. Radii of Close to convex, Starlikeness and Convexity:

Theorem6.1. Let the function f(2) defined by (1.1) be in the class 2Cg,, ,(17, ). Then
f(z) is p-valently close to convex of order § (0 < < p) in|z| < r; where

Yn
inf {F(l;(i)ﬁ) r(ltl(:; i Efﬁg‘,?" (0 —P)[n(1+p)-2B(p - n)]}

6<p-—

41

“neEN 2Bp(p — 1)

6.1)

The result is sharp with the extremal function f(z) given by (2.5).
Proof: For 0 < ¢ < p, it suffices to show that
f (@)

z7p-1

+p‘ <(@-Y)lzl <r
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Indeed, we have

;_gz_)l +p| = Z(n - p)an—plzln-
n=1
The above expression is less than (p — ¢) if
- (n—p) N
Li(p-9) moplel” <1
(6.2)
Using the fact, that f(z) € £Cg,, ,(n, ) and Theorem 2.1, (6.2) is true if
(n=p) ,_ e ) T (= P+ §) — 26 —) .
o-» = 2Bp(p —m) =
(6.3)

Solving (6.3), we get the desired result (6.1)
Theorem6.2. Let the function f(z) defined by (1.1) be in the class XCg,, (1, B). Then
f(2) is p-valently starlike of order 6 (0 < ¥ < p) in |z| < r, where

Un
i D)L A9 LD gy — )~ )L+ B) - 26(p — )]
*"nen 2p(p—mM(n—p—19)

The result is sharp with the extremal function f(z) given by (2.5).
Proof: The proof is analogous to that of Theorem.1, and we omit the details.

Theorem6.3 Let the function f(z) defined by (1.1) be in the class XCg,, ,(n, B). Then
f(2) is p-valently convex of order 6§ (0 < ¢ < p) in |z| < r, where

1/
r®¥) Trn+9+a)(w, n
.- nf |T(@+9) ;}(n+19)cz1)5 (@ —P)[n(1+B) - 2B(p—n)]
P nen 2Bp(p— M —p—)

The result is sharp with the extremal function f(z) given by (2.5).

Proof: The proof is analogous to that of Theorem.1, and we omit the details.
. Extreme Points:

Theorem 7.1 Let f_,(z) = z7P

And

2Bp(p — 1)

fap(2) =27P + Z"P,n=123.
’ 2 o) Lt 94D (10— p)in(1 + ) - 260 — )]

n

Then f(z) € XCg, ,(n, B) if and only if it can be expressed in the form

F&) =) A pfarp(®

(7.1)
Where
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o0
dpep 2 0, z dpey =1
n=0
(7.2)
Proof: Let

F@) =) Anpfap@

BN 2Bp(p =) _
— 7P 4 An—pz"7P,
Z ) LA 8D n ( — p)n(1 + ) - 28 =)

n

Then, in view of (7.2), it follows that

. _T@® Tm+d+aW,
) = Z NCERICERIION

26p® —m) ey s (n = p)lnC1 + §) — 26 =]

=Yne1dnp=1—-2_, <1
So, by Theorem 2.1, the function f(z) belongs to the class XCg,, ,(n, £). Conversely, let the
function f (z) defined by (1.1) belongs to the class XCg, ,(n, £). Then
2Bp(p — 1)

(n—-p)n(1+p)—26(@ -l 2800 — 1)

An_p < ,n,p €N.
e 8 D0 (0 p)inc + ) - 260 — )
Setting
r©) I'n+9+ a)(u)
L(n—p)[n(1+B)-28(@—n)]
Ay = T@+9) T+, tnp s €N,

2pp(@ —1n)
And A_, =1—2,,
It follows that

F&) =) Anpfarp(®

We see that f(z) can be expressed in the form (7.1). This completes the proof.

. Convex Linear Combination
Theorem 8.1: The class XCy, , (17, £) is close under convex linear combinations.

Proof: Suppose that the function f; (z) and f,(z) defined by
fj(z) =z7P+ Z|an_p,j|z"‘p, (G =12)
n=1

Are in the class ~Cg,, ,(n, ). Setting

f@O=vi@D+AQ-v)f(2), 0<ysLl
(8.1)
We find from (8.1) that

f) =27 + D {rlanpa| + A= Planpal}em 7,0 <y < 1.

n=1
In view of Theorem 2.1, we have,
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I'@) I'(n+9+a)(Wn
LT(@+9) T(n+9)(D,
+ (1 - V)lan—p,zl};
@) I'n+9+a)(p,
— MNa+9) T'(n+9)(1),

(n—p)n(1+B) — 28 —M{y|an—pa|

(n - p)[n(l + ﬁ) - Zﬁ(p - n)]lan—p,ll

- T® T(+9+ )W,
+(1- ”;na T T, PR+ B) =260 = mlan .l

<v2Bp(—-m]+ A -y)2Bp( -] =2Bp(—1n)
This shows that f XCg,, , (1, B)-

. Closure Theorem:
Let the functions f,(z), k = 1,2,3, ... s, defined by

fi(z) =z7P + Z an—p,kzn_p, (an—p,k = O)'
n=1

9.1)
We shall prove the following closure theorem.
Theorem9.1. Let the function £ (2),k = 1,2,3, ..., s, defined by (9.1) be in the class
XCyp,(m, B)- Then the function F € (g, ,(n, B) where
F(z) = Z befi(2), by = 0 and Z be=1.
n=1 k=1
9.2)

Proof: From (9 2), we can Write

F(Z)—bej(z)—z <Z p+2an pjZ" p)—z p+ZZb Ap_pjz" P

n=1j=
NOW’ F(Z) € ZCﬁ,p,#(n' .8): SmCe
. T® T+9+a)(W,
F(z) = Z Tla+9) I'(n+ro)(D), (n—p)[n(1+p)—280p —n)] z .
2pp(p—1n) n-p,j

n=1

Tt P 49 -200 -

a _ .
2Bp(p —n) P

j=1
This completes the proof.
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Theorem9.2. Let the function f;.(z),k = 1,2,3, ..., s, defined by (9.1) be in the class
XCgp,(m, B)- Then the function

1 m
h@) = — > fl2)
k=1

Belong to the class ~Cg,, ,(n, B)-
Proof: We have

m oe] m [e'e]
1 1
h(z) = Ez fi(z) =z7P + Z — An_pz™ P =2z7P + 2 ez P,

k=1 n=1 k=1 n=1
Where ¢}, = %Z}c’;l An—pk- Since fi(2) € XCg, ,(m, B), from Theorem (2.1), we have

e TW) T+I9+a)(Wn, _ _
Z T@+9) Lm+o)), (mn—p)[n(1+p)— 2@ —n)] . |
2Bp(p—m) e

<1

n=1

Now, h(z) € =Cg,, ,(n,B), since

L T® Tm+9+a) (W,
Z Ma+0) Tm+o), @ pnl+p)-260p-n)]

2Bp(p —n)

€k

» nzli(ﬁ) I'(n+9+a)(w, ~
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n-p,

2Bp(@ —n)

n=1 k=1

m o L) T+ 9+ @)W, _ymer 4 gy — 2800 — )

1 IMNa+9) T'(n+9)(1),
N EZ z 2Bp(p — 1) n-pk

k=1n=1

m
1
m
k=1

This completes the proof.
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