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Abstract:

Fixed point theory has fascinated hundreds of researchers since 1922 with the celebrated Banach’s fixed point
theorem. There exists a vast literature on the topic and this is a very active field of research at present. The main
purpose of this paper is to prove some generalized common fixed point theorem in intuitionistic fuzzy metric
spaces.
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INTRODUCTION

The concept of fuzzy set was first introduced by Zadeh [18] in 1965. Many authors have introduced the concept
of fuzzy metric space in different ways ([7], [8]). George and Veeramani [5] modified the notion of fuzzy metric
space introduced by Kramosil and Michalek [10]. In 1986, Atanassov [3] introduced and studied the concept of
intuitionistic fuzzy sets as a generalization of fuzzy sets [18].Park [13] ,in 2004 introduced the concept of
intuitionistic fuzzy metric space with the help of continuous t-norms and continuous t-conorms. In 2006,using
the notion of intuitionistic fuzzy sets, Alaca defined the concept of intuitionistic fuzzy metric space with the help
of continuous t-norms and continuous t-conorms as a generalization of fuzzy metric space which is introduced
by Kramosil and Michalek [10]. Turkogulu et.al [17] generalized Jungck’s [7] common fixed point theorem in
intuitionistic fuzzy metric space.They first introduced the concept of weakly commuting and R weakly
commuting mappings in intuitionistic fuzzy metric space. The concept of weakly compatible mapping is most
general as each pair of compatible mapping is weakly compatible but the converse is not true.

PRELIMINARIES

Definition 2.1. A continuous t-norm is a binary operation * on [0, 1] satisfying the following conditions:
(i) = is commutative and associative;

(ii) = is continuous;

(ii)a * 1

aforall a € [0,1];

(ivia * b < c » dWhenevera < candb < dforalla,b,c,d € [0,1].

Definition 2.2. A continuous t-conorm is a binary operation ¢ on [0, 1] satisfying the following conditions:

(i) ¢ is commutative and associative;

(i) ¢ is continuous;

(iiiya 0 0 = aforalla € [0,1];

(ivia ¢ b < c ¢ dWhenevera < candb < dforalla,b,c,d € [0,1].

Definition 2.3.An intuitionistic fuzzy metric space is a 5-tuple (X, M, N,*,0) where X is a nonempty set, * is a
continuous t-norm, ¢ is a continuous t-conorm and M, N are fuzzy sets on X2 x (0, «) satisfying the following

conditions:

(iYM(x,y,t) > O0forallx,y € X;
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(i) M(x,y,t) = 1forallx,y € Xandt > 0iff x = y;

@iy M(x,y,t) = M(y,x,t)forallx,y € Xandt > 0;

(iv) M(x,y,t) * M(y,z,5) < M(x,z,t +s)forallx,y,z € Xands,t > 0;
(V) M(x,y,.):[0,0) — [0, 1] is continuous forall x,y € X;

(Vi) N(x,y,t) =0forallx,y € X;

(vii) N(x, y,t) Oforallx,ye Xandt > 0iffx = y;

(Vi) N(x,y,t) = N(y,x,t)forall x,y e Xandt > 0;

(iX) N(x,y,t) 0 N(y,z,5) = N(x,z,t + s)forall x,y,ze Xands,t > 0;
(X) N(x,y,.) = [0,0) = [0,1] is continuous for all x,y € X;

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M(x,y,t) and N(x,y,t) denote the
degree of nearness and the degree of non-nearness between x and y with respect to t, respectively.

Definition 2.4. An intuitionistic fuzzy metric (X, M, N,*,0) on X is said to be stationary if M and N does not
depend on ¢, i.e. the function M, ,,(t) = M(x,y,t) and N, ,,(t) = N(x,y,t) isconstant.

Definition 2.5. In an intuitionistic fuzzy metric space (X, M, N,x,9).

(a) asequence {x, } in X is said to be Cauchy sequence if
limy, o M(Xpip Xp, t) =1, limy_, N(Xp4p Xp, t) = 0 forallt >0andp > 0

(b) A sequence {x, } in X is said to be convergent to a point x € X.if lim,,_, M(x,,x,t) =1,
lim,,_,, N(x,,x,t) =0 ,forall t > 0,

Definition 2.6. An Intuitionistic fuzzy metric space is called complete iff every Cauchy sequence in X is
convergent . Definition
2.7.The F mappings and g are called compatible where F: X X X - Xand g: X — X if

limn—mo d(g(F(xn Yn )): F(g (xn): g(yn)) = 0and
lirnn—mo d(g (F(yn,xn))r F(g (yn)' g(xn)) =0

Whenever {x,,} and {y,} are sequences in X,such that lim,,_,, F(x,, ¥, ) =lim,_, g(x,) = x and
lim,, o, F (Y %) = lim,,,, g(y,,) = y forall x,y € Xare satisfied.

Definition 2.8.The mappings F and g whereF: X X X — X and g: X — X has g mixed monotone property of

intuitionistic fuzzy metric space (X, M, N,*,0) if F is monotone g nondecreasing in first argument and g is
monotone g-nonincreasing in second argument.

Definition 2.9. The mappings F and g on intuitionistic fuzzy metric space (X,M,N,x9) are said to be
compatible where F: X X X »> Xand g: X - X if

lim M (g (F (xn,yn)), F(9(xn), gOm)) ) = 1
lim M (g (F (yn, %)), F(9 (), 9 (), 8) = 1
lim N (g (F (Xn, ), F (9 (xn), 9(yn)) , 1) = 0
lim N(g(F (n,%n)), F(g ), 9(xn)) , £) = 0
Whenever {x,} and {y,} are sequences in X, such that lim,_ ., F(x, ¥,) = lim,_. g(x,) = x and

limy, o F (Y xp,) = limy, ., g(y,) = y for all x, y € X are satisfied.
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Definition 2.10. The mappings F: X x X — X and g: X — X on intuitionistic fuzzy metric space (X, M, N,*,0)
are said to be weakly compatible if they commute at three coincidence points i.e.

F(x,y) = g(x) for some x € X then F(g(x),g(»)) = g(F(x,y)) and

F(y,x) = g(y) forsome y € X then F(g(y), g(x)) = g(F(y,x)).

Definition 2.11. The mappings F and g of Intuitionistic fuzzy metric space where F: X X X - Xand g: X - X
satisfy E.A. property if there exist sequences {x,} and {y,,} are sequences in X,such that lim,_ F(x,, ) =
lim,, ., g(x,,) = g(u) and lim,,,, F (¥, x,) = lim;,,,, g(,) = g(v) forallu,v € Xand ¢t > 0.

MAIN RESULT Theorem 3.1.Let S and T be
two continuous self mappings of an intuitionistic fuzzy metric space (X, M, N,*,0) .Let A be a self mapping of X
satisfying {4, S} and {4, T} are R-weakly commuting and

AX) € SX)NTX) €Y)
and M(Ax, Ay, t) = r[min{M (Sx,Ty,t), M(Sx, Ax, t), M(Sx, Ay, t), M(Ty, Ay, t)}] 2.1)
and N(Ax, Ay, t) < r'[max{N(Sx, Ty, t), N(Sx,Ax,t), N(Sx, Ay, t), N(Ty, Ay, t)}] (2.2)
forallx,y e X,

where r: [0,1] = [0,1] and r: [0,1] = [0,1] is a continuous function such that r(t) > t and r’(t) < t for each
t<lr@)=1landr’(t) =0fort=1. 3)

The sequences {x,,} and {y, } in X are such that x,, = x,y, = y,t > 0 implies M (x, y,,, t) = M(x,y, t) and
N(xpYn,t) = N(x,y,t) .Then A, S, T have a unique common fixed point in X.

Proof. Let x, € X be any arbitrary point. Since A(X) S S(X) there is a point x; € X such that Ax, = Sx;. Also
since A(X) € T(X)there is another point x, € X such that Ax; = Tx,.In general we get points x,,,_;and
x2n+2il’l X SUCh that Sx2n+1 = AXZn; Tx2n+2 = Ax2n+1f0T n= 0,1,2 TR

Let My, = M(Axyn11AXont)

= r[min{M (Sxzpn11, TXon, £), M(SXzn41, AXoni1, £), M(SXany1, Axon, t), M(TX2p, Axap, t)3]

= r[min{M(Sxzp+1, AXon-1, ), M(AXap, AXoni1, t), M(AXzn, AXon, t), M(AXzy-1, AXop, t)]]

= r[min{Myp_1 Mz, 1, Man_4}]- (4.1)
Nan = N(AXzpn41,A%z0t)

< r'[max{N(Sxzp11, TXzn, t), N(Sxan41, Axoni1, t), N(Sxant1, AXon, £), N(Txzn, AXan, £)}]

= r'[max{N(Sxzn+1, AXop—1, ), N(AXyn, AXon 11, 1), N(AXgn, AXon, t), N(AXon—1, AXzn, t)3]

= r’[max{Nz,-1Nzn, 1, N2n-1}]- (4.2)

If My,,_4 > M,, then M,,, = r(M,,) > M,, and If N,,,_; < N,,, then N,,, < r'(N,,) < N,,, a contradiction,
therefore, M,,_; < M,,and N,,,_; = N,,,. From (4.1) and From (4.2) we get

Myn 2 1(Map—1) > Map_q (5.1)
Nyp < 1'(Nyp—1) < Nop—q (5.2)
Thus {M,,,,n = 0} is an increasing sequence of positive real numbers in [0,1] and therefore tends to a limit
L <1and {N,, n = 0} is an decreasing sequence of positive real numbers in [0,1] and therefore tends to a limit

L >1. Weclaimthat L = 1.If L < 1,ontaking n — « in (5.1) we get L < r(L) > L, a contradiction . Hence
L=1andif L>1,ontakingn - o in (5.2) we getL > r'(L) < L, a contradiction. Hence L = 1.

Now , for any integer p,
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M(Axn,Axn+p,t) = M(Axp, Axpy1, ) * oo s vk M(AXpy i1, AXpyyp, £/D)

> M(Axy, AXpy1, t/D) * e e v M(AXy, AXp i1, t/D)
N(Axy, Axpyp, t) < N(AXy, Axpyg, £) O oo oo oo 0 N(AXpyp—1, AX 1, /D)

S N(Axy, A%y, t/D) O oo e . .0 N(Axpy, AXp 1, t/D)

Since lim,,_,.,, M(Ax,, Ax,41,t) = 1and lim,_, N(Ax,, Ax,.q1,t) = 0, for t > 0,it follows that
lim,,, M(Axp, AXpyp,t) = 1% 1% oox 1 = 1and lim,_,, N(Axy, A%y4p,t) <0000 ......00=10

Thus {Ax,} is a Cauchy sequence and by the completeness of X, {Ax,} converges to a point zeX.Clearly the
subsequences {Sx,,1}and {Tx,,} of { Ax,}also converge to the same limit .Thus Sx,,.; = zand Tx,, - z
. Since A is R-weakly commuting with S, we get
M(ASx3n41, SAX2n41,8) = M(AXgn11, Sxap41, t/R) and
N(ASx3n41, SAXop41, 1) < N(AXzny1, SXone1, t/R).
Which by continuity of S giveslim,,_,,, ASxy, 41 = lim,_, SAx,,41 = Sz.

Now we prove that Sz = z. Suppose Sz # z then there exists t > 0 such that

M(Sz,zt) <1 and N(Sz,z,t) > 0.Using (2.1) and (2.2) we have

M(ASxyp41, AXgpn, t)
> r[min M(S*Xpn11, TXzn, t), M(§*Xpn 11, ASX gm0, )M (S* X011, AX g, t), M (A, TX g, t)}].
N(ASxp 41, Axop, t)
< r'[max N(S?xan41, TXo0, £), N(S* X011, ASX 11, £), N(S2 X211, AXy, £), N(AxXoy, Txon, )}
In the limiting case we get,
M(Sz,z,t) = r[min{ M(Sz,z,t),M(Sz,5z,t),M(Sz,2,t),M(z,zt) }]
= r[M(Sz,z,t)] > M(Sz,z,t)
and N(Sz,z,t) < r’'[max{ N(Sz,z,t),N(Sz,Sz,t),N(Sz,2,t),N(z zt) }]
= r[N(Sz,zt)] < N(Sz,zt) .
Which is a contradiction .Thus z is a fixed point of S .Similarly we can show that z is a fixed point of A. Now
we claim that z is also a fixed point of T.Suppose it is not so. Then forany t > 0, M(z, Sz, t) < land
N(z,5z,t) > 0and
M(Az, A Txyp t) = r[min{ M(Sz, T?x,,t), M(Sz, Az, t), M(Sz, AT X3, t)
M(T?x5p, AT Xy, £)}]-
N(Az,ATxynt) < r'[max{ N(Sz,T?x,,t), N(Sz,Az,t), N(Sz, AT X3y, t)
N(T?x3,, ATx5,, £)}].

On taking limit n — oo it gives
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M(z,Tz,t) =r[min{ M(z,Tz,t),M(z,z1t),M(z,Tz,t),M(Tz, Tz, t)}],

i.e, M(z,Tz,t) = r[M(z,Tz,t)]

N(z,Tz,t) <r[max{N(zTzt),N(z,zt),N(z,Tzt),N(Tz, Tzt)}],

i.e, N(z,Tz,t) <r[N(z,Tzt)]

which contradicts (3) . So M(z,Tz,t) = land N(z,Tz,t) = 0 implying z is also fixed point of T.

Using (2.1) and (2.2) the uniqueness of the fixed point can be shown easily. Thus z is the unique common
fixed point of 4,S and T and this completes the proof.

Taking T = S in the above theorem we get the following corollary unifying vasuki’s theorem which in turn also
generalizes the result of pant [12].

Corollary 3.2. Let (X, M, N,,0) be an intuitionistic fuzzy metric space and S be a continuous self mapping of
X. Let A be another self mapping of X satisfying the pair {4, S} is R-weakly commuting with A(X) € S(X) and

M(Ax, Ay, t) = r [min{ M(Sx,Sy,t), M(Sx, Ax,t), M(Sx, Ay, t), M(Sy, Ay, t) }]

N(Ax, Ay, t) < r'[max{N(Sx,Sy,t), N(Sx,Ax,t), N(Sx,Ay,t),N(Sy, Ay, t) }]

For all x,y € X, where r: [0,1] - [0,1]and r" [0,1] - [0,1] is a continuous function such that r(t) > t and
r'(t) < t.

Foreach0 <t < 1andr(t) = 1 and r'® = 0 for t = 1. The sequences {x,,} and { ¥,} in X are such that

Xp = X, Yn = ¥,t > 0implies M (x,, y,,, t) = M(x,y,t)and N(x,, ¥, t) = N(x,y,t) .Then 4, S have a unique
common fixed point in X.
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