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Abstract

In this paper, we proved a common fixed point theorem y-weakly commuting maps in L-Fuzzy Metric Spaces
for integral type inequality.
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1. Introduction
In 1922, Let (X, d) be a complete metric space, c€ (0, 1) and f: X—X be a mapping such that for each x, y € X,

d (fx, f¥) <c d(x, y) Then f has a unique fixed point a € X, such that for each x € X, lim, ., f"x = a by

S. Banach [23].As a generalization of fuzzy sets introduced by L.A.Zadeh [14], K. Atanassov [13] introduced the
idea of intuitionistic fuzzy set. Fixed point and common fixed point properties for mappings defined on fuzzy
metric spaces by [5], [6], [8], [15], [16], Intuitionistic fuzzy metric spaces by [7], [21]. A. George and
P.Veeramani [2] modified the concept of fuzzy metric space introduced by I. Kramosil and J. Michalek [10] and
defined a Hausdorff topology on this fuzzy metric space by [12]. Most of the properties which provide the
existence of fixed points and common fixed points are of linear contractive type conditions. L-fuzzy metric
spaces have been studied by many authors [11], [24]. H. Adibi et al.[9] introduced the concept of compatible
mappings and proved common fixed point theorems for four mappings satisfying some conditions in L-fuzzy
metric spaces. In the sequel, we shall adopt the usual terminology, notation and conventions of L-fuzzy metric
spaces introduced by R. Saadati et al. [19] which are a generalization of fuzzy metric spaces and intuitionistic
fuzzy metric spaces [20]. R. Saadati, S.Sedghi and H. Zhou [22] by a common fixed point theorem y-weakly
commuting maps in L-Fuzzy Metric Spaces

2. Preliminaries

Definition 2.1 [1]: Let (X, d) be a complete metric space, c€ (0, 1) and f: X—X be a mapping such that for each
X,y € X,

a(fx,fy) d(x,y)
J @(t)dt =c j (t)dt
0 0

where ¢2: [0,+0) —[0,+0) is a Lebesgue integrable mapping which is summable on each compact subset of
[0,+0) , non negative, and such that for each € > o, _f; (p(t)dt, then f has a unique fixed point @ € X such
that foreachx € X lim,_. f"x = a.

B.E.Rhoades [4], extending the result of Branciari by replacing the above condition by the following

A(F.fy) max{d(ny),d(fox),d(nyy}JW}
j e(t)dt < c j o(t)dt.
0 0

Definition 2.2[11] Let L = (L, =) be a complete lattice, and U a nonempty set called a universe.

An L-fuzzy set A on U is defined as a mapping A : U — L. For each u in U, A(u) represents the degree (in L) to
which u satisfies A.

Lemma 2.1[8]. Consider the set L and the operation =1+ defined by:

106


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) JJH.i.l
Vol 5, No.7, 2015 NIS'E

L* = {(x1, X3) : (%1, X) € [0,1] and x; + X, <1}, (X1, X2)=1+ (V1, ¥2) © X1 <y; and X >y, for
every

(X1, X2), (¥1,¥2) € L". Then (L7, =) is a complete lattice.

Classically, a triangular norm T on ([0, 1],=) is defined as an increasing, commutative, associative mapping T:

[0,1]? — [0,1] satisfying T(1, x) = x, for all x € [0, 1]. These definitions can be straightforwardly extended
to any lattice L = (L, =) Define first Oz =inf L and 1; =sup L.

Definition 2.3[19]. A triangular norm (t-norm) on L is a mapping T: L? — L satisfying the following conditions:
(i) (¥ x € L)(T (x, 1) = x); (boundary condition)

(i) (V(x, y) € L)(T (x, y) = T (y, X)); (commutativity)

(i) (V(x, y, 2) EL3)(T (x, T (y, 2)) = T (T (x, y), 2)); (associativity)

(iv) (V(x, x|y, ) ELHXx =L x"_andy =L ¥ = T(x,y) =i T (X', ¥'));(monotonicity)

At-norm T on L is said to be continuous if for any x, y € X and any sequences{x,} & {13,} which converge
to x and y we have

Hm T (xp, ) =T (x,¥)

n—oo
Definition 2.4 [7].A t-norm T on L" is called t-represent able if and only if there exist a t-norm T and a t-co
norm S on [0, 1] such that, for all (X1, X3), (¥1,¥2) € L. T'(x,y) = (T (x4,¥1), S(x2,¥2)).
Definition 2.5[19]. A negation on L is any decreasing mapping N: L — L satisfying N (01) = 11, and N (1) =
0. If N (N(x)) = x, for all x € L, then N is called an involutive negation.

Definition 2.6[19]. The 3-tuple (X, M, J") is said to be an L-fuzzy metric space if X is an arbitrary (non-empty)
set, T is a continuous t-norm on L and M is an L-fuzzy set on X? x (0, o)satisfying the following conditions
for every x, y, zin X and t, s in (0, c0):

@ M(x,y, t) =1, Og;

(b) M(x,y, t) =1y forall t>0if and only if x = y;

(©) M(x, y, t) = M(y, X, 1);
(d) T(M(x, y, 1), M(y, 2,8)) =L M(X, 2, t +5);

(e) M(x, y, 3 : (0, 2)— L is continuous.

Let (X, M, T) be an L-fuzzy metric space. For t € (0, ©0), we define the open ball B(x, r, t) with center x € X
and radiusr € L \ {0, 11}, as B(x, r, t) = {y € X :M(x, y, t) =1 N(r)}. A subset A € X is called open if for
each x € A, thereexistt>0and r € L \ {0, 1.} such that B(x, r, t) € A. Let T34 denote the family of all open
subsets of X. Then J4 is called the topology induced by the L-fuzzy metric M.

Example 2.1 [21]. Let (X, d) be a metric space. Denote 7" (a, b) = (@1 b1, min (a1 + b, 1)) for all

a=(ay, az)and b =(by, by)in L" and let M and N be fuzzy sets on X2 >{0,00) be defined as follows:

Mun(x, y, 1) = (M(X, y, 1), N(x, y, 1)) = ( d(x.y)

t+md(x.y) t+d(x.y)
intuitionistic fuzzy metric space.
Example 2.2 [19]. Let X = N. Define T'(a, b) = (max (0, @; + b;-1), a; + by — ayb;) forall a = (a1, az)

and b= (by, b3) in L, and let M (x, y, t) on X? X (0,:0) be defined as follows:

), in whichm = 1.Then (X, My 3, 7) is an

Xy—X

(;,y ) ifx<y
M(x,y,t) =9 & x—y

(—, )ifyiix

vy X

forall x, y € X and t = 0. Then (X, M, T) is an L-fuzzy metric space.
Let (X, M, J') be an L-fuzzy metric space. For tE (0, o), we define the open ball B(x, r, t) with center x € X
and radiusr € L \ {07, 11}, as B(x, 1, t) = {y € X :M(x, y, t) =1, N(n)}. A subset A € X is called open if for
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each x € A, there existt >0and r € L \ {0, 1} such that B(x, r, t) € A. Let Jy; denote the family of all open
subsets of X. Then Jy is called the topology induced by the L-fuzzy metric M.

Lemma 2.2 [9]. Let (X, M, T) be an L-fuzzy metric space. Then M(X, y, t) is non decreasing with respect to t,
forall x, y in X.
Definition 2.7[19]. A sequence { Xy }nenin an L-fuzzy metric space (X, M, ) is called a Cauchy sequence, if

foreachee L\ {0.}andt > 0, there exists g € N such that forallm = n = ng (n = m= ny),
M (Xm, Xn, t) =1 N(). The sequence {X, }nen is said to be convergent to x € X in the L-fuzzy metric space
X, M, T) if M (x,,%,t) = M(x, x,,t) = 1 whenever n — =o for every t = 0. A L-fuzzy metric space is

said to be complete if and only if every Cauchy sequence is convergent.
Definition 2.8 [22] Let (X, M,T") be an L-fuzzy metric space. M is said to be continuous on X? x(0,0) if

lim M(x,, Vv, t,) = M(x,y,t)
=

whenever a sequence { (X, Y, t)} in X2 X(0,22) converges to a point (x, y, t) € X% X(0,%)i.e.,
lim M(x,,x,t) = lsimM(y,,y,t) =1, & lim M(x,y,t,) = M(x,y,t).
n—o n—+co n—+00
Lemma 2.3 [22] Let (X, M, 7') be an L-fuzzy metric space. Then M is continuous function on X? X (0,20).
Definition 2.9[22] Let A and B be maps from an L-fuzzy metric space (X, M, T) into itself. The maps
f and g are said to be weakly commuting if M (ABx, BAx,t) =; M (Ax,Bx,t) for each x in X &
t = 0.
Definition 2.10[22].Let A and B be maps from an L-fuzzy metric space (X, M, T) into itself. The maps
A and B are said to be y-weakly commuting if there exists a positive real function (0,00) - (0, 00)
suchthat M (ABx, BAx,t) =; M (Ax,Bx,Y(t)) foreachxinXandt = 0.
Example 2.3[22]. Let X = R. Let T'(a, b) = (@1 b1, min (@1 + by, 1)) forall a = (a1, @z) and b = (by, b3) in

L* and let M and N be fuzzy sets on X2 >(0,0) be defined as follows:

[ESN

lx—yl (‘9 S

Munxy,y=| (e ¢ )= 7 ,forall t = 0. Then (X, My, 7) is an intuitionistic fuzzy metric
(e t )

space. Define A(x) = 2x — 1, B(x) = x?,then

[x—yl
=yl (3 t )_1
MynEyt) =|( ¢ ) hL—7Zr—

=yl
(e )
2lx—yl?
—r (e t )—1

=T 7 2lx—yl?
(e t
2le—yl®

=| (e t/2 )71, T = My n(Ax, Bx,t/2)
(e t/2 )
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lx—y1? e t )1
<+ | (e ¢ )‘Hmz— = My, (Ax, Bx, t) . Therefore, for
(e t )

Y(t) = tf?_ , Aand B are 1 weakly commuting. But 4 and B are not weakly commuting since the

exponential function is strictly increasing.
3. Main Results

Theorem 3.1. Let (X, M, T) be a left L-fuzzy metric space and let A and B be { weakly commuting self-
mappings of X satisfying the following conditions:

(3.1.1) A(X) € B(X);

(3.1.2) either 4 or B is continuous;

(3.1.3)

M (Ax,Ay,t) C{M(Bx,By,t),M(Bx,Ax,t),M(Ax,Bv,t)}
| (=, £(D)dt
0 0

where C: L — L is a continuous function such that C(a) >, a foreach @ € L \{0;,1;}, foreveryx,y
in X.Then 4 and B have a unique common fixed point in X.

Proof. Let Xo € X be an arbitrary point in X. By (3.1.1), there exists X; € X such that Axqg = Bx,. In

general choose Xp+1 such that Ax,, = Bx, 1. Then fort >0,

C{M(Bx, Bx,,, ,t),M(Bx, Ax, ,t),M(Ax, Bx,., .t}

¢(t)dt ELf F(t)dt
0

C{M(Ax,_, Axy t),M(Ax,_, Ax, t),M(Ax, Ax, )}
)

J— M(Axy, Axp,q,t)
0

=1

£(t)dt

E(t)dt

Thus,{M(Ax,, Ax,4q1,t);1n = 0}is an increasing sequence in L and therefore, tends to a limit

J— M(Axy,_, Ax, ,t)
0

a =; 1;. we claim thata = 1;. For if @ <; 1;, when m — @ in the above inequality we get
a =; C(a) =; aacontradiction. Hence @ = 1;, i.e.
lim M(Axn,ﬂxn+1, t) = lL'

H—co

If we define (2.9) c,(t) = M(Ax,, Ax,41,t) then lim Cp (t) = 1;. Now, we prove that {Ax,}isa
Ti— 0o

Cauchy sequence in A(X). suppose that {AX,} is not a Cauchy sequence in A(X). For convenience, Let
V, = Ax,, for n =1,2,3.....Then there is an € € L \{0;,1;} such that for each integer Kk, there exists
integers m(k)and n(k) withm(k) > n(k) = k such that

(2.10) di(t) = M (Vu), Vi), t) = N(€) fork=1,2,3....
We may assume that
Example.2.3 M (}’n(k}, Vm(k)—1s t) = N(e),

by choosing m(k) to be the smallest number exceeding n(k} for which (2.10) holds. Using (2.9), we have
(3.1)

N(e) 2di(t) =T (M (Ynge) Ym ()15 tf;_'): M(Yin(i)-1, Y i) tf;ﬁ_)) =T (C.f( (%) , N(E))
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Hence, d;.(t) = N(€) foreveryt = 0 ask — 0.
We know that
d.f( (t) =M (.}Tn(k}; Ymk) t)

= TZ{M(}’n(k}; 'm(k)+1s tfg), M (yn{k}+1: "m(k)+ 1 tfg), M(}’n(k}+ 1 VYm(k)+1s tfg)}

> T2 {(ck(tfg), c (M(yn(k),ym(k)ﬂ, t/g)) (Y 3))}
=72 {(C:{(t/glf (@x(¥/)). Ck(tfa))}

Thus, as kK — 90 in the above inequality we have N(e) = C(N(E)) = N(€) which is a contradiction.
Thus, {A xn} is a Cauchy and by the completeness of X, {A xn}n converges to z in X. Also {an}n

converges to z in X. Let us suppose that the mapping A is continuous. Thenlim AAx, = Az and
TL—o0

lim ABx,, = Az. Further we have since 4 and B be {’ weakly commuting
TL—oo

M (ABx,BAx,t) =; M (Ax,Bx, Y(t))

On letting 1 — 90 in the above inequality we get lim BAx,, = Az, by lemma (2.3). We now prove that
=00

z = Az. Suppose Z # Az then M (z,4z,t) <; 1;.By (3.1.3)
C{M(Bx, ,BAx, ,t),M(Bx, ,Ax, t),M(Ax, BAx, t)}
(0>, £(D)dt
0
Letting . — 00 in the above inequality we get

J- M(Ax,,AAx,,t)
0

M(z Az ,t)

o] £(D)dt
0

a contradiction. Therefore, Z = Az. Since A(X) € B(X) we can find Z; in X such that z = Az = Bz,.

Now,

J—M (AAx,,Azq,t)
0

M(z,Az,t) C{M(z Az t),M(z Az ,t),M(z Az t)}
[ ewar= |
0 0

C{M(BAx,,Bz,,t),M(BAx, AAx,,t),M(AAx,, Bz,,t)}
£ = | £(D)dt
0
Letting @ — 00 in the above inequality we get
M(Az,Az,,t) C{M(Az Bz, ,t),M(Az Az ;t),M(Az ,Bz, ,t)} C(M(Az ,Bz, t))
| (0=, |
0

(e, | £(D)dt

0 0
Since C(1;) = 1;, this implies that Az = Azy,i.e. z = Az = Az; = Bzj.alsoforany t > 0,

M(Az, Bz,t) = M(ABz,,BAz,,t) =, M(Azl,le,lf)(t)) =1; which again implies that
Az = Bz. thus Z is a common fixed point of A and B. Now, to prove uniqueness suppose Z #* Z is
another common fixed point of A and B. Then there exists T = 0 such that M(z, z', t) <; 1; and

M (z,2,t) M (Az,AzZ,t)
f £(6)dt = f £(0)dt
0

0

£(t)dt

C{M(Ez,B2,t),M(BzAzt)M(Az,BZ,t)}
0

CiM(z,zt)} M(z,z,t)
f F()dt >, f F(t)dt
0

0
Which is contradiction. Therefore, Z = Z.i.e, Zis a unique common fixed point A and B.
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Example 2.4[22].Consider example 2.1 in which X = [0 ,1].

1, if xis rational
Define A(x) =1 and B(x) = { f

0, if x is irrational on X. It is evident that A(X) € B(X), A is

continuous
and B is discontinuous.  Define C: L* — L* by C(a) = (\fa;,a,%), then
Cla) = (Way,a;5)= (a1,a3) = a for 0<a <1i=12 and

M(Ax, Ay, t) =+ C(M(Bx,By,t)) forall x,Vin X, 4 and B be ¥ weakly commuting. Thus all the

conditions of last theorem are satisfied and 1 is a common fixed point of A and B.
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