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Abstract 

The aim  of this work is to estimate the degree of best approximation for unbounded function 

𝑓 ∈ 𝐿𝑝,𝛼[𝐼], 𝛼 > 0, 0 < 𝑝 < 1 and 𝑛 a positive integer, by using discrete prove, where the 

polynomial 𝑃 ∈ ∏𝑛−1 such that ∏𝑛−1 be the set of all polynomials of degree (𝑛 − 1).  

Keywords: weight function, modulus of smoothness , Hardy inequality 

1. Introduction and Definitions 

For 𝑝 ∈ (0,1) the space 𝐿𝑝,𝛼 , 𝛼 > 0 , is defined to be the class of all unbounded functions 𝑓. In this paper 

we denote by ‖. ‖𝐿𝑝,𝛼(0,1), the quasi norm on the interval (0,1) .   

A further minor difference is that ‖. ‖p,α does not satisfy the triangle inequality. See[2] The  space 𝐿𝑝,𝛼  , 𝛼 >

0 , (0 < 𝑝 < 1) equipped with the distance[1] 

𝑑(𝑓, 𝑔) = ∫ |𝑓(𝑥) − 𝑔(𝑥)|𝑝𝑑𝑥
𝑏

𝑎
. 

Definition 1. [1] 

An integrable function  w is called a weight function on the interval  [𝑎, 𝑏], if 𝑤(𝑥) ≥ 0  for all 𝑥 ∈ [𝑎, 𝑏]. 

For example 𝑤(𝑥) = 𝑒𝛼𝑥 , 𝛼 > 0. 

Consider 𝐿𝑝,𝛼(0,1) , 0 < 𝑝 < 1  the space of all unbounded functions f on X such that |𝑓(𝑥)| ≤ 𝑀𝑒𝛼𝑥, where 

M is positive real number ,  which are defined  the following quasi norm 

            ‖𝑓‖𝑝,𝛼
𝑝

= (∫ |
𝑓(𝑥)

𝑒𝛼𝑥 |
𝑝

𝑋
𝑑𝑥)

1

𝑝
 < ∞                                               (1) 

The modulus of smoothness of order 𝑛 of the function 𝑓 ∈ 𝐿𝑝(𝑋) is given by[4] 
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         𝜔𝑛(𝑓; 𝛿)𝑝 = 𝑠𝑢𝑝⏟
|ℎ|<𝛿

{‖∆ℎ
𝑛𝑓(. )‖𝑝} , 𝛿 > 0                                            (2) 

Where   

           ∆ℎ
𝑛𝑓(𝑥) = ∑ (−1)𝑛−𝑖 (

𝑛
𝑖

) 𝑓(𝑥 + 𝑖ℎ)𝑛
𝑖=0                                           (3) 

We may written the modulus of smoothness of order 𝑛 of the function 𝑓 ∈ 𝐿𝑝,𝛼(𝑋) by: 

          𝜔𝑛(𝑓; 𝛿)𝑝,𝛼 = 𝑠𝑢𝑝⏟
|ℎ|<𝛿

{‖∆ℎ
𝑛𝑓(. )‖𝑝,𝛼} , 𝛿 > 0                                        (4) 

The degree of best approximation of unbounded function 𝑓 ∈ 𝐿𝑝,𝛼is defined by :[5] 

              𝐸(𝑓)𝑝,𝛼 = 𝑖𝑛𝑓⏟
𝑃∈𝑃𝑛−1

‖𝑓 − 𝑃‖𝑝,𝛼  , 𝛼 > 0 , (0 < 𝑝 < 1)    .                       (5) 

The inequalities  of Hardy for 𝑓(𝑥) ≥ 0, 𝑥 ∈ (0, ∞), 𝛼 > 0 and  (0 < 𝑝 < 1), is given as [3]  

 

            (∫ (𝑡−𝛼 ∫ 𝑓(𝑢)
𝑑𝑢

𝑢

𝑡

0
)

𝑝 𝑑𝑡

𝑡

∞

0
)

1

𝑝
≤

1

𝛼
(∫ (𝑡−𝛼𝑓(𝑡))𝑝 𝑑𝑡

𝑡

∞

0
)

1

𝑝
                             (6) 

             (∫ (𝑡+𝛼 ∫ 𝑓(𝑢)
𝑑𝑢

𝑢

∞

𝑡
)

𝑝 𝑑𝑡

𝑡

∞

0
)

1

𝑝
≤

1

𝛼
(∫ (𝑡+𝛼𝑓(𝑡))𝑝 𝑑𝑡

𝑡

∞

0
)

1

𝑝
                           (7) 

The following results are required to prove our main theorem. 

Lemma 2. [3]    

For bounded function  𝑓 ∈ 𝐿𝑝[0,1], 0 < 𝑝 < 1, 𝑘 ≥ 1 and 0 ≤ 𝛿 ≤ 1 (𝑘 + 1).⁄  then  

             𝜔𝑘(𝑓; 𝛿)𝑝
𝑝

≤ 𝐶𝛿𝑘 {∫ 𝑡−𝑘𝑝𝜔𝑘+1(𝑓; 𝑡)𝑝
𝑝 𝑑𝑡

𝑡
+ ‖𝑓‖𝑝

𝑝1 (𝑘+1)⁄

𝛿
}                      (8) 

Lemma 3. 

For unbounded functions 𝑓 ∈ 𝐿𝑝,𝛼[0,1], 𝛼 > 0, (0 < 𝑝 < 1), 𝑘 ≥ 1, and 0 ≤ 𝛿 ≤ 1 (𝑘 + 1).⁄  then  

             𝜔𝑘(𝑓; 𝛿)𝑝,𝛼
𝑝

≤ 𝐶𝛿𝑘 {∫ 𝑡−𝑘𝑝𝜔𝑘+1(𝑓; 𝑡)𝑝,𝛼
𝑝 𝑑𝑡

𝑡
+ ‖𝑓‖𝑝,𝛼

𝑝1 (𝑘+1)⁄

𝛿
}                  (9) 

PROOF: 

              𝜔𝑘(𝑓; 𝛿)𝑝,𝛼
𝑝

= 𝑠𝑢𝑝⏟
|ℎ|<𝛿

{‖∆ℎ
𝑘𝑓(. )‖

𝑝,𝛼

𝑝
}   𝛿 > 0, 𝛼 > 0  

                             = 𝑠𝑢𝑝⏟
|ℎ|<𝛿

{(∫ |∆ℎ
𝑘 𝑓(.)

𝑒𝛼𝑥|
𝑝

𝑑𝑥
1

0
)

1

𝑝
} 

                             = 𝜔𝑘(𝑓𝑒−𝛼𝑥; 𝛿)𝑝
𝑝

                                        (10) 

     then in view of lemma (2.) we get 

             𝜔𝑘(𝑓𝑒−𝛼𝑥; 𝛿)𝑝
𝑝

≤ 𝐶𝛿𝑘 {∫ 𝑡−𝑘𝑝𝜔𝑘+1(𝑓𝑒−𝛼𝑥; 𝑡)𝑝
𝑝 𝑑𝑡

𝑡
+ ‖𝑓𝑒−𝛼𝑥‖𝑝

𝑝1 (𝑘+1)⁄

𝛿
}           (11) 

  Since  

            𝜔𝑘+1(𝑓𝑒−𝛼𝑥; 𝑡)𝑝
𝑝

=𝑠𝑢𝑝⏟
|ℎ|<𝑡

{(∫ |∆ℎ
𝑘+1 𝑓(.)

𝑒𝛼𝑥|
𝑝

𝑑𝑥
1

0
)

1

𝑝
} 

                              = 𝑠𝑢𝑝⏟
|ℎ|<𝑡

{‖∆ℎ
𝑘𝑓(. )‖

𝑝,𝛼

𝑝
}  

                              = 𝜔𝑘+1(𝑓; 𝑡)𝑝,𝛼
𝑝

                                         (12) 
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Moreover, 

               ‖𝑓𝑒−𝛼𝑥‖𝑝
𝑝

= {(∫ |∆ℎ
𝑘 𝑓(.)

𝑒𝛼𝑥|
𝑝

𝑑𝑥
1

0
)

1

𝑝
}    

                           = ‖𝑓‖𝑝,𝛼
𝑝

                                                 (13) 

Therefore, equation  (10), (12) and (13) implies 

𝜔𝑘(𝑓; 𝛿)𝑝,𝛼
𝑝

≤ 𝐶𝛿𝑘 {∫ 𝑡−𝑘𝑝𝜔𝑘+1(𝑓; 𝑡)𝑝,𝛼
𝑝 𝑑𝑡

𝑡
+ ‖𝑓‖𝑝,𝛼

𝑝1 (𝑘+1)⁄

𝛿
}            ▄ 

    

Corollary 4.  For unbounded function 𝑓 ∈ 𝐿𝑝,𝛼[0,1], 𝛼 > 0, (0 < 𝑝 < 1),1 ≤  𝑘 < 𝑛  and 0 ≤ 𝛿 ≤ 1 . 

Then   

       𝜔𝑘(𝑓; 𝛿)𝑝,𝛼
𝑝

≤ 𝐶𝛿𝑘𝑝 {∫ 𝑡−𝑘𝑝𝜔𝑛(𝑓; 𝑡)𝑝,𝛼
𝑝 𝑑𝑡

𝑡
+ ‖𝑓‖𝑝,𝛼

𝑝1

𝛿
}                               (14) 

PROOF: we prove the inequality (14) by induction  for 𝑚, the inequality (14) is true for k=1, suppose that this 

induction is true for k=m. Then we take k=m+1, by lemma (3.) and the Hardy inequality (7)  we obtain  

𝜔𝑘(𝑓; 𝛿)𝑝,𝛼
𝑝

≤ 𝐶𝛿𝑘𝑝 {∫ (𝑡𝑛𝑝−𝑘𝑝−1 ∫ 𝑣−𝑛𝑝−1

1

𝑡

𝜔𝑘+1(𝑓; 𝑣)𝑝,𝛼
𝑝

𝑑𝑣) 𝑑𝑡 + ∫ 𝑡𝑛𝑝−𝑘𝑝‖𝑓‖𝑝,𝛼
𝑝

𝑑𝑡 + ‖𝑓‖𝑝,𝛼
𝑝

1

𝛿

1

𝛿

} 

          ≤ 𝐶𝛿𝑘𝑝 {∫ 𝑡−𝑘𝑝1

𝛿
𝜔𝑛+1(𝑓; 𝑡)𝑝,𝛼

𝑝 𝑑𝑡

𝑡
+ ‖𝑓‖𝑝,𝛼

𝑝
}.                 ▄ 

 

Lemma 5.[1]   Let 𝑓 ∈ 𝐿𝑝[𝑎, 𝑏], 𝛼 > 0, (0 < 𝑝 < ∞). Then there exist a constant 𝑐 such that  

            ‖𝑓 − 𝑐‖𝑝
𝑝

≤
1

𝑏−𝑎
∫ ∫ |𝑓(𝑥) − 𝑓(𝑦)|𝑝𝑑𝑥𝑑𝑦

𝑏

𝑎

𝑏

𝑎
  

                      =
2

𝑏−𝑎
∫ ∫ |𝑓(𝑥 + 𝑡) − 𝑓(𝑥)|𝑝𝑑𝑥𝑑𝑡

𝑏−𝑡

𝑎
 ≤ 2𝜔1(𝑓; 𝑏 − 𝑎)𝑝

𝑝𝑏−𝑎

0
 .        (15)  

Lemma 6.  For unbounded function 𝑓 ∈ 𝐿𝑝,𝛼[𝑎, 𝑏], 𝛼 > 0, (0 < 𝑝 < 1). Then there exist  

 a constant 𝑀 such that 

   ‖𝑓 − 𝑀‖𝑝,𝛼
𝑝

≤
1

𝑏−𝑎
∫ ∫ |

𝑓(𝑥)

𝑒𝛼𝑥 −
𝑓(𝑦)

𝑒𝛼𝑦 |
𝑝

𝑑𝑥𝑑𝑦
𝑏

𝑎

𝑏

𝑎
  

                 =
2

𝑏−𝑎
∫ ∫ |(𝑓(𝑥 + 𝑡) − 𝑓(𝑥))𝑒−𝛼𝑥|𝑝𝑑𝑥𝑑𝑡

𝑏−𝑡

𝑎
 ≤ 2𝜔1(𝑓; 𝑏 − 𝑎)𝑝,𝛼

𝑝𝑏−𝑎

0
,       (16) 

 Where the constant 𝑐 = (𝑏 − 𝑎)−1 ∫ 𝑓(𝑡)𝑑𝑡
𝑏

𝑎
 

PROOF: Suppose the function 

                   𝜑(𝑦) = ∫ |
𝑓(𝑥)

𝑒𝛼𝑥 −
𝑓(𝑦)

𝑒𝛼𝑦 |
𝑝

𝑑𝑥 ,   𝑥, 𝑦 ∈
𝑏

𝑎
[𝑎, 𝑏].  

We can find  𝑦1 ∈ [𝑎, 𝑏] such that 

                  𝜑(𝑦1) ≤
1

𝑏−𝑎
∫ |

𝑓(𝑥)

𝑒𝛼𝑥 −
𝑓(𝑦)

𝑒𝛼𝑦 |
𝑝

𝑑𝑦 
𝑏

𝑎
  

setting 𝑀 = 𝑓(𝑦1) to get  

  ∫ |
𝑓(𝑥)

𝑒𝛼𝑥 − 𝑀|
𝑝

𝑑𝑥 ≤
1

𝑏−𝑎
∫ ∫ |

𝑓(𝑥)

𝑒𝛼𝑥 −
𝑓(𝑦)

𝑒𝛼𝑦 |
𝑝

𝑑𝑥𝑑𝑦 
𝑏

𝑎

𝑏

𝑎

𝑏

𝑎
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(17) 

By ( lemma 5.) we have 

 ∫ ∫ |
𝑓(𝑥)

𝑒𝛼𝑥 −
𝑓(𝑦)

𝑒𝛼𝑦 |
𝑝

𝑑𝑥𝑑𝑦 
𝑏

𝑎

𝑏

𝑎
= ∫ ∫ |

𝑓(𝑥)

𝑒𝛼𝑥 −
𝑓(𝑦)

𝑒𝛼𝑦 |
𝑝

𝑑𝑥𝑑𝑦 
𝑏

𝑎
 

𝑏−𝑎

0
                           (18) 

Therefore from (17) and (18) we obtain (16).                                           ▄ 

 

Lemma 7.  For 𝑓 ∈ 𝐿𝑝,𝛼[𝑎, 𝑏], 𝛼 > 0, (0 < 𝑝 < 1) . Then for every n ∈ N, n ≥ 1  there exists a 

step-function 𝜗𝑚 such that   

       ‖𝑓 − 𝜗𝑚‖𝑝,𝛼
𝑝

≤ 2𝑛 ∫ ∫ |(𝑓(𝑥 + 𝑡) − 𝑓(𝑥))𝑒−𝛼𝑥|𝑝𝑑𝑥𝑑𝑡 ≤ 2𝜔1 (𝑓;
1

𝑛
)

𝑝,𝛼

𝑝1−𝑡

0

1 𝑛⁄

0
             (19) 

PROOF: suppose 𝐹 = 𝑓𝑒−𝛼𝑥  

 from lemma (6.) there exists a constants 𝑀𝑖 , 𝑖 = 1,2,3, … 𝑛, such that 

∫ |𝐹(𝑥) − 𝑀|𝑃𝑥𝑖

𝑥𝑖−1
≤ 2𝑛 ∫ ∫ |𝐹(𝑥 − 𝑡) − 𝐹(𝑥)|𝑃𝑑𝑥𝑑𝑡

𝑥𝑖

𝑥𝑖−1

1 𝑛⁄

0
  , 𝑖 = 1,2,3, … 𝑛.   

 We set the step function  𝜗𝑚(𝑥) = 𝑀𝑖 where 𝑥 ∈ (𝑥𝑖−1, 𝑥𝑖), 𝑖 = 1,2, … 𝑛, that is implies(19).       

Main result  

Theorem(8.)  

For unbounded functions 𝑓 ∈ 𝐿𝑝,𝛼[𝐼] 𝛼 > 0 . 0 < 𝑝 < 1 , 𝑛 ≥ 1  and  𝐼 = [0,1] . There exists              

a polynomial 𝑃 ∈ ∏𝑛−1, where ∏𝑛−1the space of all polynomials of degree less than or equal zero, such that  

      ‖𝑓 − 𝑃‖𝑝,𝛼
𝑝

≤ 𝑐𝜔𝑛 (𝑓;
|𝐼|

𝑛
)

𝑝,𝛼

𝑝

.                                                      (20) 

Where 𝑐 = 𝑐(𝑘, 𝑃) be a constant. 

PROOF: To prove this theorem by contradiction, suppose that (20) does not hold. Then there exists a sequence of 

functions    {𝑓𝑢}𝑢=1
∞ , 𝑓𝑢 ∈ 𝐿𝑝,𝛼[0,1] such that  

        𝑖𝑛𝑓⏟
𝑃∈𝑃𝑛−1

 ‖𝑓𝑢 − 𝑃‖
𝑝,𝛼(0,1)
𝑝

> 𝑢𝜔𝑛 (𝑓𝑢;
1

𝑛
)

𝑝.𝛼
, 𝑢 = 1,2, …                             (21) 

Since the set of all polynomials 𝑃 ∈ ∏𝑛−1 such that  ‖𝑃‖
𝑝,𝛼(0,1)
𝑝

< 1 which is a compact set in space 𝐿𝑝,𝛼 , 

then for each 𝑢 there exists a polynomial 𝑃𝑢 ∈ 𝑃𝑛−1 such that     

        ‖𝑓𝑢 − 𝑃𝑢‖
𝑝,𝛼(0,1)
𝑝

= 𝑖𝑛𝑓⏟
𝑃∈𝑃𝑛−1

 ‖𝑓𝑢 − 𝑃‖
𝑝,𝛼(0,1)
𝑝

                                      (22) 

Therefore, 

        ‖𝑓𝑢 − 𝑃𝑢‖𝑝,𝛼
𝑝

> 𝑢𝜔𝑛 (𝑓𝑢;
1

𝑛
)

𝑝.𝛼
, 𝑢 = 1,2, …                                      (23) 

Assume that  

             𝑔𝑢 = 𝛾𝑢(𝑓𝑢 − 𝑃𝑢),         𝛾𝑢 = ‖𝑓𝑢 − 𝑃𝑢‖𝑝,𝛼
−1                                     (24)   

By using (23) we obtain 

         ‖𝑔𝑢‖𝑝,𝛼
𝑝

= 𝑖𝑛𝑓⏟
𝑃∈∏𝑛−1

 ‖𝑓𝑢 − 𝑃‖𝑝,𝛼
𝑝

= 1                                          (25) 

and 

            𝜔𝑛 (𝑔u;
1

𝑛
)

p,α

p
<

1

𝑢
 , 𝑢 = 1,2, …                                              (26) 

Since 𝐿𝑝,𝛼[0,1] 𝛼 > 0 , 0 < 𝑝 < 1, is a complete metric space, then there exists a sequence {𝑔𝑢}𝑢=1
∞  in 

𝐿𝑝,𝛼(0,1), (i,e) there exists a function  𝑔 ∈ 𝐿𝑝,𝛼   and a subsequence {𝑔𝑢𝑖
}

1

∞
 such that ‖𝑔𝑢𝑖

− 𝑔‖
𝑝,𝛼

𝑝
→ 0 as 
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𝑖 → ∞      

Corollary (4.) with 𝑛 = 1 , 𝑢 = 𝑛 and (25), (26) yield  

          𝜔1(𝑔𝑢; 𝛿)𝑝,𝛼
𝑝

≤ 𝑐𝛿𝑝 {∫ 𝑡−𝑝 1

𝑢

𝑑𝑡

𝑡

1

𝛿
+ 1} ≤ 𝑐1 (

1

𝑢
+ 𝛿𝑝)                              (27) 

For 0 ≤ 𝛿 ≤ 1 and 𝑢 = 1,2, … ; and for each  𝜀 > 0  there exist  𝑢0 > 0 and 𝛿0 > 0 such that 

         𝜔1(𝑔𝑢; 𝛿)𝑝,𝛼
𝑝

< 𝜀    for  0 ≤ 𝛿 ≤ 𝛿0  and   𝑢 > 𝑢0                          (28)   

Fix a value of 𝑣 >
1

𝛿0
 , from lemma (7) and (28) we obtain, for each  𝑢 > 𝑢0 there exist a step function 𝜗𝑢,𝑣 

such that 

            ‖𝑔𝑢 − 𝜗𝑢,𝑣‖
𝑝,𝛼

𝑝
≤ 2𝜔1 (𝑔𝑢;

1

𝑣
)

𝑝,𝛼

𝑝
< 2𝜀                                     (29) 

On the other side equation (25) and (29)  gives  

            ‖𝜗𝑢,𝑣‖
𝑝,𝛼

𝑝
≤ ‖𝑔𝑢‖𝑝,𝛼

𝑝
+ ‖𝑔𝑢 − 𝜗𝑢,𝑣‖

𝑝,𝛼

𝑝
< 1 + 2𝜀                             (30) 

For the constant function  𝜗𝑢,𝑣(𝑥), 𝑥 ∈ (
𝑖−1

𝑣
,

𝑖

𝑣
) , 𝑖 = 1, … , 𝑣. The following inequality holds. 

           ‖𝜗𝑢,𝑣‖
𝐿∞[0,1]

≤ (𝑣 ∫ |𝜗𝑢,𝑣(𝑥)|
𝑝

𝑑𝑥
1

0
)

1 𝑝⁄

< ((1 + 2𝜀)𝑣)
1 𝑝⁄

= 𝑀                    (31) 

Consider the set Ф that consists  of all step functions 𝜗 of the type 

        𝜗(𝑥) = 𝑟𝜀1 𝑝⁄ , 𝑥 ∈ (
𝑖−1

𝑣
,

𝑖

𝑣
) , 𝑖 = 1, … 𝑣,   𝑟 = 0 + 1 + ⋯,   ‖𝜗‖𝐿∞[0,1] ≤ 𝑀.         (32) 

Then it is clear that  

𝑖𝑛𝑓⏟
𝜗∈ Ф

 ‖𝜗𝑢,𝑣 − 𝜗‖
𝑝,𝛼

𝑝
≤ ∫ |𝜀1 𝑝⁄ |

𝑝
𝑑𝑥

1

0
= 𝜀,  

And  Ф is finite for the sequence {𝜗𝑢,𝑣}
𝑢=𝑢0+1

∞
. By this and (30) we have that Ф is finite for the sequence 

{𝑔u}𝑢=𝑢0+1
∞ . Hence for appropriate {𝑔𝑢}𝑖=1

∞  we obtain 

                  ‖𝑔𝑢𝑖
− 𝑔‖ → 0 as 𝑖 → ∞ for some 𝑔 ∈ 𝐿𝑝,𝛼.                         (33) 

Hence    

𝑖𝑛𝑓⏟
𝑃∈∏𝑛−1

 ‖𝑔 − 𝑃‖𝑝,𝛼
𝑝

= 𝑖𝑛𝑓⏟
𝑃∈∏𝑛−1

 ‖𝑔 − 𝑔ui
+ 𝑔ui

− 𝑃‖
𝑝,𝛼

𝑝
  

                                      ≥ 𝑖𝑛𝑓⏟
𝑃∈∏𝑛−1

 ‖𝑔𝑢𝑖
− 𝑃‖

𝑝,𝛼

𝑝
− ‖𝑔 − 𝑔𝑢𝑖

‖
𝑝,𝛼

𝑝
   

From (25) and (33) we have 

                     𝑖𝑛𝑓⏟
𝑃∈∏𝑛−1

 ‖𝑔 − 𝑃‖𝑝,𝛼
𝑝

≥  1 − ‖𝑔 − 𝑔𝑢𝑖
‖

𝑝,𝛼

𝑝
→ 1   as   𝑖 → ∞,    

 then  

                      𝑖𝑛𝑓⏟
𝑃∈∏𝑛−1

 ‖𝑔 − 𝑃‖𝑝,𝛼
𝑝

=  1                                         (34) 

On the other hand, from (26) we obtain 

               𝜔𝑛 (𝑔𝑢;
1

𝑛
)

𝑝,𝛼

𝑝
≤ 𝜔𝑛 (𝑔𝑢𝑖

;
1

𝑛
)

𝑝,𝛼

𝑝
+ 2𝑛𝑝‖𝑔 − 𝑔𝑢𝑖

‖
𝑝,𝛼

𝑝 → 0   as     𝑖 → ∞. 

Hence  𝜔𝑛 (𝑔u;
1

𝑛
)

p,α

p
= 0. Whence  𝑔 = 𝑃 for the same 𝑃 ∈ ∏𝑛−1, which contradictions equation  (34). 
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This contradict our assumption that means our assumption in equation (21) is false (i.e  equation (20) is true).  
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