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Abstract
The aim  of this work is to estimate the degree of best approximation for unbounded function
f€Lpelll,a>0, 0<p<1and n apositive integer, by using discrete prove, where the

polynomial P € [],-; suchthat [],—; be the set of all polynomials of degree (n — 1).
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1. Introduction and Definitions

For p € (0,1) the space Lye,a >0, is defined to be the class of all unbounded functions f. In this paper
we denote by ||. IILW(O,D, the quasi norm on the interval (0,1) .

A further minor difference is that ||. ||, does not satisfy the triangle inequality. See[2] The space L
0,(0 <p < 1) equipped with the distance[1]

d(f,g9) = J;1f (x) — g(x)|Pdx.

Definition 1. [1]

a >

p.a’

An integrable function w is called a weight function on the interval [a, b], if w(x) =0 forall x € [a, b].
For example w(x) =e* , a > 0.

Consider L,4(0,1),0 <p <1 the space of all unbounded functions f on X such that |f(x)| < Me®*, where

M is positive real number, which are defined the following quasi norm

1

» 1
() dx)p < o0 Q)

eax

1B = (f;

The modulus of smoothness of order n of the function f € L, (X) is given by[4]
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wn(f;8)p = sup {IARfFOllp}, 6 >0 2
|h|<5
Where
_i(Nh .
M) = Bio(-1" () Fx + ih) 3)
We may written the modulus of smoothness of order n of the function f € L, ,(X) by:
wn(f; 8)pa = Sup{IIA fOllpa},8>0 (4)
|h|<5
The degree of best approximation of unbounded function f € L,, ,is defined by :[5]
E(flpa= f If =Pllpa, a>0,(00<p<1) . ®)
PEP,_,

The inequalities of Hardy for f(x) = 0,x € (0,), @ >0 and (0 <p < 1), isgivenas [3]

(1 (S Fa0 ) 2 <2 (52 e r oy &) ®)
(7 (e [ Fan ) &y g(ff(ﬁ“f(t))p%); (7)
The following results are required to prove our main theorem.

Lemma 2. [3]
For bounded function f € L,[0,1],0<p<1,k>1 and 0 <6 <1/(k+1). then
(k+1) d
o (f; 8 < €8 [}V e (085 + IFIB) ®

Lemma 3.
For unbounded functions f € L, ,[0,1], « >0, (0<p <1), k=1, and 0 <5 < 1/(k+1). then

pdt

wr(f; )0 < 8% [0 ko L (508 Z 4 (I ©)
6 t
PROOF:
o(f; Oy = SUp{[IAFOIL } 5> 0,a>0

|h|<s
dx)l}

- sup (1 |22
= W (fe%; 5 (10)

|h|<s
then in view of lemma (2.) we get

— 1/(k+1)  _ _ dt —
w(fem;8)) < Cox{ [/ 19wy (Fe D L + I feo|Ib) 1D

b dx)%}

= sup {[lakrOI7 )

|h|<t
= wi+1(f; t)g,a (12)

Since

- — 1 O
wier1 (fe™@% p=sup {(fo |A’fz+1 vax
|h|<t
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Moreover,

—ax||P _ 1Ak fO
llfe|; —{(f0 |k 22

b dx)%}

= Ifllpa (13)
Therefore, equation (10), (12) and (13) implies
(k+1)  _ d
0 (f; 00 < C8* {4V P 0 a (05 T+ 111D e} -

Corollary 4. For unbounded function f € L,,[0,1], « >0, (0<p<1)1< k<n and 0<4<1.
Then

(3 O < CEP{[J w0 (f3 05 T+ I1f 5} (14)

PROOF: we prove the inequality (14) by induction for m, the inequality (14) is true for k=1, suppose that this
induction is true for k=m. Then we take k=m+1, by lemma (3.) and the Hardy inequality (7) we obtain
1 1 1

0 (f; 6)L o < COFP f grp—ip-1 f 2P oy (s )y | de + f k| It + |1
) I}

t

- d
< €O { [ 7 s (F; D o+ If I ) =

Lemma5.[1] Let f € Ly[a,b], @ >0, (0 <p < o). Then there exist a constant ¢ such that

If = clly < == [ [21f () — f ) IPdxdy

= Z [T G+ ) = f(0IPdxdt < 20, (f; b — )} (15)

Lemma 6. For unbounded function f € L, ,[a,b], a >0, (0 < p < 1). Then there exist
a constant M such that

”f M”pa—b af f egj_%pdﬂiy
= Z [T e+ ) = FO)eF Pdxdt < 2, (f; b — @)} (16)

Where the constant ¢ = (b —a)™?! fabf(t)dt
PROOF: Suppose the function
b
o) = [,
We can find y; € [a, b] such that
1
o) <=7
setting M = f(y,) to get

fx) 1 b
PED M| dx< g0

f@ _foP

eax ey

dx, x,y €[a,b].

[ fmlP

eax ey

f@ _ foP

eax ey

dxdy
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17)
By ( lemma 5.) we have
b b|fGx)  fO|P _ (b-a (b |f@) _ f|P
Jo Jo o —ear| dxdy = Jo " Jg |Gax — g xdly (1)
Therefore from (17) and (18) we obtain (16). =

Lemma 7. For f€Ly,la,b], a>0, (0<p<1). Then for every n€ N,n>1 there exists a
step-function 9, such that

|v—@m%sZmﬁm£ﬂ0@+o—fanfwmumsmﬁvﬁﬁa (19)

PROOF: suppose F = fe %%

from lemma (6.) there exists a constants M;,i = 1,2,3, ...n, such that

x; P 1/n ;x; P .
fxi_llF(x) - M|" <2n|; fxi_llF(x —t) = F)|Pdxdt ,i=123,..n.

We set the step function 9,,(x) = M; where x € (x;_1,x;),i = 1,2, ...n, that is implies(19).

Main result
Theorem(8.)

For unbounded functions f € L,,[I[la>0.0<p<1, n=1 and I=[0,1] . There exists
a polynomial P € [],,—1, where [],_1the space of all polynomials of degree less than or equal zero, such that

_pPp 1P
If = Pllpa < con (£:5) - (20)

Where ¢ = c(k,P) be a constant.
PROOF: To prove this theorem by contradiction, suppose that (20) does not hold. Then there exists a sequence of
functions {fulii=1, fu € Lp[0,1] such that

. 1

inf llfy = PID ooy > uen (fuin)  u=12.. (21)

N~ p.a

PEP,_4

Since the set of all polynomials P € [],,—; such that ||P||§’a(0,1) < 1 which is a compact set in space Ly, ,
then for each u there exists a polynomial P, € P,,_; such that

”fu - Pu”;a(o,l) = l;nvz ”fu - P”;a(o,l) (22)
PEP,_,
Therefore,
If = PR, > Uw (f-l) u=12,.. (23)
u ullp,a n\Juw p.a’ 14y
Assume that
Ju = yu(fu - Pu)' Yu = “fu - Pu”E,}x (24)
By using (23) we obtain
lgullbe = inf Nfu—=Plp,=1 (25)
S
P€[In-1
and
1\P 1
Wy, (gu,;)p'a <Tu=12.. (26)

Since L, ,[0,1]@>0,0<p <1, is a complete metric space, then there exists a sequence {g,};=, in

L, (0,1), (i.e) there exists a function g € L, , and a subsequence {gui}io such that ||gul_ — g||:a -0 as
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Corollary (4.) with n = 1,u = n and (25), (26) yield

W1 (Gu; O 4 < €8P {f; gpldy 1} <c (i + 510) @

ut

For 0<6d<1and u=12,..;andforeach &> 0 thereexist uy, >0 and &, > 0 such that
w1 (gus 5)5,,1 <e¢ for 0<6<6, and u>ug (28)

Fix a value of v > Si , from lemma (7) and (28) we obtain, for each u > u, there exist a step function 9, ,,
0
such that
p 1\P
Iwu—meﬂSdemena<2£ (29)
On the other side equation (25) and (29) gives

||19u,v||:a < “gullg,a + ”gu - 19u,v”Z'o{ <1+2¢ (30)

For the constant function 9, (x), x € (% é)l =1, ..., v. The following inequality holds.

1 p, \V/P 1/p
18unll,_or < (v 5 180G dx) ™ < (1 +26)0) " = M (31)
Consider the set @ that consists  of all step functions I of the type
90) =re/?, x e (5, 5) i= 1w, T =041+, 19l 00 < M. (32)

Then it is clear that

inf (900 =l < et dx =
VE D

And O is finite for the sequence {ﬁu,v}:_u e By this and (30) we have that @ is finite for the sequence
el

{gu}i=u,+1- Hence for appropriate {g, }j=; we obtain
9w, — 9] = 0 as i » o forsome g € Ly, (33)
Hence
. , p
inf llg=Plya= inf llg-gu+9u—Pl,
P€[ln-1 P€[[n-1
> p 14 p
> inf g~ Pl ~ o~ gull’,
P€[ln-1
From (25) and (33) we have
. p .
nf Ng=Plhpa=1-llg—gull,,»1 a i-w,
P€[ln-1
then
inf llg—Plpe=1 (34)
N
PE€[[n-1
On the other hand, from (26) we obtain

p P
Wn (gu;%)p’a < wy (gui;%)p,a +2||g - g“i”Z,a -0 as i — 00,

P
Hence w, (gu;%)pa = (0. Whence g = P for the same P € [],_1, which contradictions equation (34).
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This contradict our assumption that means our assumption in equation (21) is false (i.e equation (20) is true).
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