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Abstract

We derive approximate analytical solution to the strongly nonlinear Darcy-Forscheimer model through the
homotopy perturbation method. The approximate solutions compared well with numerical results computed via
the bvp4c routine of Matlab as well as existing results in the literature.

Keywords: Semi-analytical Solution, Homotopy Perturbation, Variational Iteration, Darcy-Forscheimer Model,
bvpac

1. Introduction

It is a general knowledge that closed form solutions to differential equations are difficult to come by [14]. In
some cases, the need to investigate the effects of certain parameters of the model necessitates approximate
analytical or numerical solutions. Well-known methods in this regards include the Homotopy Perturbation
Method (HPM), the Adomian Decomposition Method (ADM) and the Variational Iteration Method (VIM) and
their several variations. He in 1998 introduced the Homotopy Perturbation Method (HPM) through his work [1]
and later popularized through his subsequent applications to different problems [2, 3, 9, 13, 10, 11, 12]. HPM is
an analytical technique for solving both nonlinear and linear problems. The method produces an infinite series
solution of the underlying problem. The popularity of the method has soared in the last decade. It has been
applied by several authors to problems in different facet of science [22, 23, 24, 25, 26]. It is worth mentioning
that the method has been established to be a special case of the Homotopy Analysis Method (HAM) [21]. On the
other hand, the VIM was also introduced by He in [4, 5]. This method has equally been applied to both linear and
nonlinear problems [15, 27, 28] and the references therein.

In this paper, we shall apply the variational iteration method and the homotopy perturbation method to
approximate the solution of the strongly nonlinear Darcy-Forscheimer model. The darcy-Forscheimer model has
been studied extensively in the literature [16, 17, 18, 19]. However, to the best knowledge of the author,
construction of analytical solution to the model has not been attempted and not previously reported in the
literature. It is worth mentioning that in [20] a heuristic idea was used to obtain a closed form solution of the
extended Brinkman-Forscheimer model. In the absence of a closed form solution of the present problem and to
validate our result, numerical solution shall be computed via the Matlab routine bvp4c as reference solution.

2. Mathematical Formulation of the Darcy-Forscheimer Model

The steady state and pressure driven unidirectional flow of fluid through a horizontal channel filled with porous
media is often modeled by the Brinkman-Forscheimer momentum equations represented by the second-order
nonlinear differential equation
* (2.1)
L T e
Meffdy*Q = K \/F

where the variables denote respectively the drag coefficient, the pressure gradient, the

permeability, the fluid density, the fluid viscosity and the effective fluid viscosity inside the porous medium [6].
The impermeable walls of the channel are assumed to be at the positions y* ==4. By introducing the
similarity variables

x* y* Gh?u*
= — u =
PEH’ Y B ) L
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the dimensionless form of the model equation is obtained as
d? 1
T;—szu—FSUQ—I—M =0

subject to the boundary conditions

(2.2)

u(+1) = 0.
In the above, the variables A .
Meff Cpr['I3 K 1 2
]\/[ = F = E— D = 77 y —
w’ Hoffft “TH2 MDa

where P, Da denote respectively the Peclet and Darcy numbers.

3. Semi-Analytical Solution Methods.

In the sequel, we shall apply the variational iteration method [4, 5] and the homotopy perturbation method to
solve the model problem of Section 2 and report on the results obtained.

3.1 Variational Iteration Method.
To illustrate the general idea behind this method, let us consider a general nonlinear problem

Lu(y) + Nu(y) = f(y)

where L, N, and f denote a linear operator, nonlinear operator and a forcing term respectively. The main
technique of the variational iteration method applied to the above problem is to
is to construct a correction function

Up il = Uy + AT A Luy () + Ny, () — f(t))dt

for the nonlinear system. In the above, / represents a Lagrange multiplier, which can be identified optimally

through variational theory, 1, denotes the nth approximate solution and denotesa 1, restricted variation in

the sense that holds true. The series d4,, = 0 solution of the problem is then obtained from the

approximate solutions 4, u,,... as

u(y) = lim u,.

n—no

3.2 Applications to the Model Problem

In an attempt to solve (2.2) by the variational iteration technique, the Lagrange multiplier / has to be
identified. By defining the correction functional associated with (2.2) as

Y 1
Un+1 = Un + / )‘(yv 6) (ufri(€) - 82u'rl<€) —Fs ﬂi(é) + M)dE (32)
0
the Lagrange multiplier can then be obtained as the solution of the following stationary conditions:
Sun(e): N —s*A(y,€) =0,

Sun(y): 1= N(e) =0,

=y (3.3)

dun(y) = Ale)

e=y
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Now solving the above stationary conditions yield

1 1
Ay, €) = —(es(s_y) — 6_5<€_y)> = isinh(s(e —y)).

2s (3.4)
Substituting (3.4) into (3.2), we obtain the iterative scheme
Unt1 = Up + 1 /y sinh(s(e — y))(u”(e) — 52U (€) — Fsu? (e) + i)clf
n+1 n 2 , n n n M - (35)

Remark: As hinted in [5] the Lagrange multiplier for nonlinear problem is difficult to identify in general. In the
immediate previous discussion, this parameter has been identified using the idea of restricted variation. It is well
known that inexact identification of the Lagrange multiplier this way results in slow convergence of the iteration
(3.5).

Typically, the first iteration of variational iteration method gives a very accurate approximation [5]. However,

for this present problem, the second iteration of (3.5) with initial solution
2_
uo(y) = up = Y5~ 3 !

that obviously satisfies the boundary conditions u(il) = Qyields an inaccurate approximation involving

almost 160 terms! The iterative procedure therefore become unmanageable coupled with a very slow
convergence.

In what follows, we shall consider another related technique called the Homotopy Perturbation method whose
computation does not involve the Lagrange multiplier and with better convergence property for this nonlinear
problem.

3.3 Homotopy Perturbation Method (HPM)
We shall illustrate the homotopy perturbation method by the following general nonlinear equation

L(u) + N(u) = f(y) =0, yeQ
(3.8)

with the boundary conditions
ou

u, %)

We construct a homotopy

v(y,p) : 2 x [0,1] = R
which satisfies

H(v,p) = (1= p)[L(v) = L(uo)l + p[L(v) + N(v) — f(y)] = 0.
and implies

H(v,p) = [L(v) = L(ug)] + plL(ug) + N(v) — f(y)] =0 (3.9)

B( =0, yeo
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where p | [0,1] is called the homotopy parameter and 4, is an initial approximation of (3.8). When p =0

and p =1, we obtain
H(v,0) = L(u) — L(ug) =0 and H(v,1) = L(v) + N(v) — f(y) = 0.

Inthe interval O < p <1 the homotopy H(p,v) deformsfrom L(u)- L(u,) to L(V)+ N(V)-f(y).

Thus, the solution of (3.9) may be expressed as

v =g+ puy + pva + PPz + ..
Eventually at p=1, the system takes the original form of the equation and the final stage of deformation gives the

desired solution. Thus taking limit

u=limv=vy+vy+vo+...
p—1

3.3.1 Application to the Model Problem

. d2 d2U0
We shall now apply HPM to (2.2). Noting that Lu =

U
S Lug = 220
dy?’ 4o dy?

we apply the convex homotopy perturbation method to the problem to obtain

d*U  d?uy d*U 1
HU,p)=01- —_— = - —SU-FsU*+ — | =0
W =a-p (55 -0 4 (G5 - - rt+ 1)

which implies that

dQU d2U0 d2U0 2 1
—_ = — —FsU?+ — ) =0.
<dy2 iy > +p(dy2 s“U sU* + M) 0 (3.10)

Now assume the solution {J of (3.10) can be written in the form

U=U,+pU; + D2U2 + P3U3 + ...
then on substituting this series solution into (3.10), collecting terms in like powers of p and comparing
coefficients we obtain the linear equations

0. d2 Uo d2u0

dy? dy?
d?U d?u 1
1 1 0 2 2
Do — — F's — =
D dy? + a2 57Uy sUy + i 0
d?U.
p2: T;_SQUl_QFSUOUlzo
Y
d?U.
P WQB — 82Uy — 2FsUyUs — FsU2 = 0
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For simplicity, we chose the solution component U, and the initial guess of the exact solution 1, to be the

1—y? . - -
same. In turn, 4, is chosen as up(y) = Uy = ?y which clearly satisfies the boundary conditions

Ui(£1)=0,i=0,1,2,...
With these initial guesses and while respecting the stated boundary conditions, the linear equations above are
solved analytically using Maple software, and in turn plugged into the series solution

u(y) = Yim, Uiy)

For n =2 and different choices of the parameters [F,s and M we obtained

1. F=ls=1M=1

25849 , 1543 , 1127 1

. 1, 1272551
874307 T 6s610 Y T 262440 Y T 20160

8
Yt osas0 Y T 3036600

u(y) =

2. F=12s=1M=1

u(y) = —0.2876985283 1> — 0.02701775149 3* — 0.003386385475 ° + 0.00002067754731
+ 0.0000004855105447 ' 4 0.3180815022.

3. F=1ls=1M=2

) = 521 5 1Ly 83 o 1o 1 346043
YW= T 90u0Y T 2a30Y T 70a40? T iR120Y T 201600 Y T 2041200

4. F=ls=2,M=1

150544703305324317553 30897821179374060857 4

= —0.1247933884 y? — —
wy) Y 3750000000000000000000 7 2812500000000000000000 7
8371793493728936353 333917689158527423
8 y'0 4+ 0.1748261043.

7500000000000000000000 vy - 18750000000000000000000

4. Results and Discussion
Let us now compare the obtained semi-analytical results with numerical results. The results are shown in Table

4.1 below for the approximation of the solution #(0)

F M s u(0) by HPM u(0) by bvpdc Percentage error
1 1 1 0.32326 0.32383 0.17%
1.2 1 1 0.31808 0.31915 0.3%
1 2 1 0.16952 0.16841 0.6%
1 1 2 0.17482 0.17445 0.2%
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Table 4.1 Comparison of approximations to 1, with those obtained through bvp4c for different values of

parameters F',sand M .

It is clear from the above table that the approximate analytical solutions are in good agreement with those
obtained through the Matlab routine bvp4c. Furthermore, the obtained results and the solution profiles shown
below are in good agreement with results obtained through the Adomian Decomposition Method [7] and the
Finite Difference Method [8] in the literature. A fairly accurate approximation has also been returned for the case
F=1.2s5=1 M =1 where the Adomian Decomposition Method has been reported not to converge for this
choice of the parameters, see [7].
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