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Abstract

In this paper we present the definitions of left centralizer, Jordan left centralizer on 'M-module and
prove that any left centralizer of T - ring M into 2-torsion free prime right TM-module X then T is a
left centralizer.
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1. Introduction

Let M and I' be two additive abelian groups. M is called a I'-ring if there exists a mapping
M x T x M - M (. sending (a,a,b) into aab ) satisfy then following conditions:

i)(a+b)ac = aac + bac
a(a+p)b = aab + apb
aa(b+c) = aab + aac

i) (aab)Bc = aa(bpc)

for all a,b,ceM and «, Berl'.[1]

M is called prime I'-ring if al'MTI'b = (0) implies a=0 or b=0 for all a,beM ; M is called
semiprime I'-ring if al'MTI'a = (0) implies a=0 for allaeM and M is called  2-torsion free if
2a =0 implies a=0 for all acM . The commutater [a,b]« its mean aab-baa for all a,beM,
aerl.[3]

Let M be a I'-ring and X be an additive abelian group. X is a right 'M-module if there
exists a mapping Xx I' X M — X (sending (X,a,m) into xam ) satisfy the following
conditions:

(X1 + X2)am = X m + Xoam
i) Xa(my+my) = Xxam; + Xam,
V) (X1ax2) Pm = xya (X2 pm)

for all Xx,x1,x.€X, m,m;,m,eM and a, Bel’
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X is prime if xCTMI'm =(0) implies x=0 or m=0 for all xeX and meM, and X is called 2-
torsion free if 2x=0 implies x=0 for all xeX.

B.Zalar in [4 ] defined left centralizer and Jordan left centralizer on aring R, as folldws.
An additive maping T:R—R is left centralizer if T(ab) = T(a)b holed for all a,beR and T is
Jordan left centralizer on R if T(a?) = T(a)a holed for all a€R also proved that any left Jordan
centralizer on a 2-torsion free semiprime ring is a left centralizer . M.Hoque and A.Paul [2 ]
defined a centralizer and Jordan left centralizer on I'-ring, as follows. An additive mapping
T:M—-M is a left centralizer if T(aab) = T(a)ab for all a,beM,aerl’ and T is Jordan left
centralizer on I'-ring M if T(aaa) = T(a)aa holed for all aeM , a€T, also proved some
properties of its.

In this paper we present the definitions of left centralizer, Jordan left centralizer and Jordan
triple left centralizer of I'-ring M into 'M-module X also we prove that every left centralizer
of T - ring M into 2-torsion free prime right TM-module X then T is a left centralizer.

2. Jordan Left Centralizer

In this section we present the definitions of centralizer, Jordan left centralizer and Jordan
left centralizer of I'-ring into 'M-module also we study some properties of them.

Definition 2.1: Let M be a I'- ring and X be a right TM-module. Let T: M—X be left
centralizer if

T(aab) = T(a)ab , for all a,peM and aeT.

T is called Jordan left centralizer if

T(aaa) = T(a)aa, for all aeM and aeT.

T is called Jordan triple left centralizer if
T(aabpa) = T(a)abpa , for all a,peM and «a, perT.

Lemma 1: Let T be a Jordan left centralizer of I'- ring M into right 'M-module X then for all
a,b,ceM and «a, perT’.

i)T(aab+ baa )= T(a)ab + T(b)aa

ii) T (aabact+ cabaa)= T(a)abac+ T(c)abaa

iii) T(aabpc+ cabpa)= T(a)abpc+ T(c)abpa

Proof: i) T((a+b)a(a+b))= T(a+b)a(a+b)

= (T(@)+T(b))a(atb)
=T(a)aa+ T(a)ab + T(b)aa +T(b)ab ..(1)
On the other hand
T((atb)a(a+b))= T( aca + aab + baa + bab)
=T(a)aa + T(b)ab + T(aab + baa) ...(2)

Comparing (1) and (2) we get
T(aab + baa)=T(a)ab + T(b)aa
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i) In Definition 2.1 replace a+c for a and g for a we get
T((atc)aba(a+c))) = T(a+c)aba(a+c)
= (T(a) +T(c))aba(a+c)
=T(@)abaa + T(a)abac +T(c)abaa +T(c)abac ...(D)
On the other hand
T((a+c)aba(at+c))) = T(aabaa + aabac +cabaa +cabac)
= T(aabaa + cabac) + T(aabac +cabaa)
=T(@)abaa + T(c)abac + T(aabac +cabaa) ...(2)

Comparing (1) and (2) we get
T(aabac +cabaa) = T(a)abac +T(c)abaa

iii) In Definition 2.1 replace a+c for a and by the same way as in (ii) we get the require result.

Definition 2.2: Let T be a Jordan left centralizer of T'- ring M into right TM-module X then
we define
w(a,b) = T(aab) — T(@)ab for all a,beM and aer.

In the following lemma we present the properties of w.(a,b).

Lemma 2: Let T be a Jordan left centralizer of I'- ring M into right 'M-module X then for all
a,b,ceM and «a, perl.
we(a,b) = - we(b,a)
i) w(a+c ,b) = wa(a,b) + wa(c,b)
iii) w(a,b+c) = we(a,b) + we(a,c)
IV) woig (a,0) = weo(a,b) + wy(a,b)
Proof: i)
T(aab + baa)=T(a)ab + T(b)aa
T(aab) - T(@)ab = - T( baa) — T(b)aa
w(a,b) = - wq(b,a)
ii) w(a+c ,b) = T((a+c)ab) — T(a+c)ab
T(aab + cab) - T(a)ab - T(c)ab
T(aab) - T(@)ab + T(cab) - T(c)ab
= w(a,b) + wu(c,b)
iii) and iv) as the same way as in (ii) we get the require result.

Remark 2.3: Note that T is left centralizer of I'- ring M into right 'M-module X if and only
if w(a,b) =0.

Lemma 3: Let T: M—X be a Jordan left centralizer of I'- ring M into right TM-module X
then for all a,b,ceM and «a, BerT.
w(a,b) pm B [a,b]« =0
Proof : Let w=aabm Bbaa + baapmaapb
T(w) = T(aa(bm Bb)aa + ba(apmaa)pb)

=T(a)a(bm pb)aa + T(b)a(apmaa)pb ...(D)
On the other hand
T(w) = T((aab)mp(baa)) + (baa) pma(apb))

= T(aab)mg(baa)) + T(baa)pma(apb) ...(2)

Comparing (1) and (2) we get
0= (T(aab)- T(a)ab) pmpbaa +( T(baa) - T(b))aapmaapb
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=w(a,b) pmpbaa + w.(b,a) aapmaapb
=w(a,b) pmp [a,b]a

3) The Main Results
In this section we introduce the main results.

Theorem 4: Let T: M—X be a Jordan left centralizer of T - ring M into prime right FM-
module X then for all a,b,c,deM and «, BeT.

¥(a,b) pmp [a,b]. =0
Proof: In Lemma 3 replace a+c for a we get
¥(a+c,b) pmp [a+c,bla =0
wq(a,b) PMP [a,b]a + wa(a,b) BMP [c,bla + wa(C,b) PMP [a,blat wa(c,b) PMP [c,b].=0
By Lemma 3 we get
w(a,b) BmB [c,b]a + ¥a(c,b) pmP [a,b].=0
Since
w(a,b) BmP [c,ble PMP wa(a,b) pmP [c,b] =0
- w(a,b) Bmp [c,b]e PMP wa(c,b) PmMP [a,b]«=0
Hence by primness we get
w(a,b) BMB [c,b]« =0 (D)
Replace b+d for b in Lemma 3 we get
w(a,b+d) pmp [a,b+d].=0
wq(a,b) PMP [a,b]e + wa(a,b) PMP [a,d]« + wa(a,d) pmp [a,b]a + wa(a,d) pmp [a,d]« =0
By Lemma 3 we get
w(a,b) BB [a,d]a + wa(a,d) BmP [a,b]« =0
Since
w(a,b) pmp [a,d]« PMP we(a,b) pmp [a,d]. =0
~w(a,b) BMB [2,d]« PMP wa(a,d) PMP [2,b] =0
Hence by primness we get

w(a,b) Bmp [a,d]=0 .2)
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w(a,b) pmp [atc,b+d].=0

wa(a,0) BMP [a,b]a+ ¥a(@,b) BMP [2,d]a+ ¥a(a,b) BMP [c,bla+ ¥a(a,b) mp [c,d]o=0
By Lemma 3 and (1) ,(2 )we get

w(a,b) pmp [c,d]«=0

Theorem 5: : Let T: M—X be a Jordan left centralizer of T - ring M into 2-torsion free prime
right TM-module X then T is a left centralizer.

Proof: Since X is prime right 'M-module and by Theorem 4 we get
Either wq(a,b) =0 or [c,d].=0 ,for all a,b,c,deM and aeT.

If [c,d]«#0 then wq(a,b) =0 ,for all a,b,c,deM and ael’, by Remark 2.3 we get the require
result .

If [c,d]«=0 ,forall c,deM and a<r , then M is commutative I'-ring and by Lemma 2.1 we get
T(2aab) =2 T(a)ab
Since X is 2-torsion free right TM-module then T is a left centralizer.

Theorem 6: Let T be a Jordan left centralizer of T - ring M which satisfy aabBa=apbaa
into 2-torsion free right TM-module X then T is a left centralizer.

Proof: Replace b by apb+bpa in Definition 2.1we get
T(aa(apb+bpa) + (apb+bpa)aa)= T(a)a(apb+bpa) + T(apb+bpa)aa
=T(a)aaPb + T(a)bpa + T(a)pbaa +T(b)Baca ...(1)
On the other hand
T(aa(apb+bpa) + (apb+bpa)aa)= T(acxapb +aabpa + apbaa + bPaca)

= T(a)aapb +T(b)Baca +T(aabpa + afbaa) ...(2)
Comparing (1) and (2) since aabpa=apbaa we get

2T (aabpa) = 2T(a)abpa
Since X is 2-torsion free we get

T(aabpa) = T(a)abpa
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