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A Common Unigue Random Fixed Point Theorems in S — Metric
Spaces

Anupama Gupta

Abstract: In this paper, we present some new definitions of S - metric spaces and prove
some random fixed point theorem for two random functions in complete S - metric
spaces. We get some improved versions of several fixed point theorems in S - metric

spaces.
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Introduction:

In 1922, the Polish mathematician, Banach, proved a theorem which ensures, under
appropriate conditions, the existence and uniqueness of a fixed point. His result is called
Banach’s fixed point theorem or the Banach contraction principle. This theorem
provides a technique for solving a variety of applied problems in mathematical science
and engineering. Many authors have extended, generalized and improved Banach’s fixed
point theorem in different ways. In [8] Jungck introduced more generalized commuting
mappings, called compatible mappings, which are more general than commuting and
weakly commuting mappings. This concept has been useful for obtaining more
comprehensive fixed point theorems. One such generalization is generalized metric
space or D — metric space initiated by Dhage in 1992. He proved some results on fixed
points for a self - map satisfying a contraction for complete and bounded D - metric
spaces. Rhoades generalized Dhage’s contractive condition by increasing the number of
factors and proved the existence of unique fixed point of a self - map in D - metric space.
Recently, motivated by the concept of compatibility for metric space. Singh and Sharma
introduced the concept of D-compatibility of maps in D - metric space and proved
some fixed point theorems using a contractive condition. Naidu observed that almost all
fixed point theorems in D - metric spaces are not valid or of doubtful validity. Also,
Sedghi and Shobe introduced D*- metric space, by modifying the tetrahedral inequality
in D - metric space and proved some basic result in it. In this paper, we introduce D*-

metric which is a probable modification of the definition of D - metric introduced by
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Dhage and prove some basic propertied in D*- metric space. We also prove a common
fixed point theorem for six mappings under the condition of weakly compatible

mappings in D*- metric spaces.

In what follows (X, D*) will denote a D*- metric space, N the set of all natural numbers,

and R the set of all positive real numbers.
The definition of D*- metric as follows:

Definition 1: Let X be a nonempty set. A generalized metric (or D*- metric) on X is a

function D*: X3— [0, oo)that satisfies the following conditions for each X,y,Z,a€X
(1) D* (x,y,2z) =0,

(2)D* (x,y,z) =0ifand only ifx =y =z,

(3)D* (x,y,z) =D* (p{x, y,z}), (symmetry) where p is a permutation function,

(4)D* (x,y,z) <D* (x,y,a) +D*(a,z72).

The pair (X, D*) is called a generalized metric (or D*- metric) space.

In this paper we introduce new concept of a generalized metric space which is more
generalized than D*- metric space, that is S - metric space and prove some basic

properties and some fixed point theorems in s — metric spaces.

Definition 2. Let X be a nonempty set. A generalized metric (or S - metric) on X is a

function S: X3— [0, co)that satisfies the following conditions for each x,y,Zz,a€X,
(DSxyz =0,

(2) S(xyz) =0ifandonlyifx =y =1z,

3) Sy 2= Sayz tSa@xx) -

The pair (X, S) is called a generalized metric (or S - metric) space.

Immediate examples of such a function are

(a) If X = R™then we define
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Sxyz=lly +x-2z|[ + |ly - z||.
S (xyz) = d(x,¥) + d (x, z) here, d is the ordinary metric on X.
(c) If X = R™ then we define
Sxy,z) = lIx-zll + lly -zl
(d) if X = R then we define
Sxyz) = 1a¥*%-a**| + |y -z|,
Foreveryx,y,z€X,a > 0anda # 1. Here, d is an ordinary metric on X.

Remark 2. Let (X, S) be a S - metric space. If we define f: X? — [0, o) as foen=

S xyy) forallx,y € X then fis an ordinary metric on X.
Proof. Clearly f(,,) =0 forallx,y €Xand f(, ) =0iffx=y.
fey) =Sxyy) = Styxx) = f(yx) from Remark 1.
From Definition 2 we have
ey =Sy
<Seyy) TSex0
= fey) tHe:

Thus fis a metric on X.

Let (X, S) be a S - metric space. For r > 0 define
Bs(x,7) ={y €X: S(xy,y) <T}
Definition3. Let (X, S) be a S- metric space and A c X.

(1) If for every x € A there exists r > 0 such that Bg(x,7) < A, then subset A is called

open subset of X.
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(2) Subset A of X is said to be S - bounded if there exists r > 0 such that S(X,y‘y) <

rforallx,y€A.

(3) A sequence {x,} in X converges to x if and only if
S(xn,x’x) = S( Xxpx,) > 0@sn - .
That is for each € > 0 there exists ny € N such that
Vn=ng— Sexx,x,) <€

(4) Sequence {x,} in X is called a Cauchy sequence if for each € > 0, there exists ny € N

such that S(xn’xm,xm) < € for each n, m = n,. The S - metric space (X, S) is said to be

complete if every Cauchy sequence is convergent.

Let T be the set of all A c X with x € A if and only if there exists r > 0 such that Bs(x,7r) C

A. Then 7 is a topology on X (induced by the S - metric Space).

Lemmal. Let (X, S) be a S - metric space. If r > 0, then ball B;(x,r) with centre x€X

and radius r is open ball.

Proof: Let z € By(x, ), Hence S(y ;) <T.1fset Sy, ,) =6 andr’=r- 4§ then we prove
that B;(z,r") < By(x, 7). Lety € Bs(z,r"), by triangular inequality we have

Sxyy)=Oyx0S SxxxtS@yy) <71 +o=rT.

Hence B;(z,1r") < Bs(x, 7). That is ball B;(x, ) is open ball.

Lemma 2. Let (X, S) be a S - metric space. If there exists sequences {x,} and {y,} such

that x,, - xand y,, =y, then

S@nynyn) = Sxyy)
Proof: Since sequence {(x,,, Y, ¥»)} in X3 converges to a point (x,y,y) € X3 i. e.
lim, e x, =X, limy, 0y =,

For each € > 0 there exists n; € N such that for every
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nzny = Sy x,) <€/ 2
and n, € N such that for every
nzn; = Sy, y.) <€/ 2.
If ny = max {n,, n,}, then for every n = n, by triangular inequality we have
SCnynyn) < Synyn) T S xn)
< S@amam) TSwxn TS (xxnxn)
<€/2+€/2+Syxx)=Syxx) tE
Hence we have S(y 5, 5 - S(yxx) < €.
On the other hand
Syxx) = S0txx) TS Genyy)
<Stenxx) FS@nyy) TSnanan)
<€/2+€/24 S, ynym)

= S(xann'Yn)-l_ €.

That is,
S(y,X,X) ) S(xn'Yn»Yn) < €.

Therefore we have [S(y, 5. 5 3= Sxyy)| < €ie.

limn—)oo S(xn,yn,yn) = S(X'YJY)

Lemma 3: Let (X, S) be a S - metric space. If sequence {x,} in X converges to %, then x is

unique.
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Proof. Let x,, = y and and y # x. Since {x,} converges to x and y, for each € > 0 there

exist n, € N such that for everyn 2 n, :>S(xn xx) <€ /2andn; €N such that for every

nzn, =Sy, yy) <€/2.

If ny = max {ny, n,}, then for every n = n, by triangular inequality we have
Sxyy) S5, xx) TSxpyy) <€/2+€/2=E¢

Hence S (xy,y) = 0 is a contradiction. So, x = y.

Lemma 4. Let (X, S) be a S- metric space. If sequence {x,}in X converges to X, then

sequence {x,} is a Cauchy sequence.

Proof. Since x,, — x for each € > 0 there exists n; € N such that

for everyn ny = Sy x ) <€/ 2
and n, € N such that for everym 2n, = Sy, )y <€/ 2.
If ny = max {n4, n,}, then for every n = n, by triangular inequality we have

S(xn'xm'xm) SS(X'xn'xn) + S(X'xm:xm) < E/ 2+ E/ 2=e.
Hence sequence {x,} is a Cauchy sequence.
Main Results:

Definition4: Let F: R X X — X be a function, where X is a nonempty set. Then function g:

R — X is said to be a random fixed point of the function F if Fregry =g forall t

in R.
We shall prove the following theorem.

Theorem 1: Let (X, S) be a complete S - metric space and let F, G: R X X = X be two

functions satisfying the following condition:
S(Ftx) Gty Geyy) < k1 SCX Fexy Fiex)) + k2(S( Geeyyy Geeyy)
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+ k3S(xyy)-

Foreveryx,y € X,tE Rwhere k; 20fori=1,2,3and 0 < k; + k, + k3 < 1. Then F and

G have a unique common fixed point.

Proof: We define a sequence of functions {g,} as g,: R = X is arbitrary function for t € R,

andn=20,1,23,...

an+1(t) = F(t,g2n(t)’ an+2(t) = G(t,g2n+1(t)’

If gon(t) = Gons1(t)= Gons2(t) for t € R, for some n then we set that g,,(t) is a random
fixed point of F and G. Therefore, we suppose that no two consecutive terms of sequence

{g, } are equal. Now by using (i) in all t € R we have

S(g2n+1(t),g2n+2 (t).92n+2(t) =S(F(t,g2n(t)'6(t,92n+1(t)'G(t,92n+1(t))

S K1S(gm(®) F (e gymyFtgam®)

+ kz S(g2n+1(t):G(t,g2n+1(t)'G(t,gzn+1(f)

+ K3 S(gon(t)g2me1(®)gane1(®

Therefore,

ky+ks
S@ant1(®)G2n+2(0.2n42(6) S 1, O (02n(0)G2ns1(0)G2ns1(0)

k1+k3 2n+1
STTh, S000.0:(0.9:0)

Similarly we have
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ki+ks <o
S@en®.82me1 O 92001 (7)™ S(go®).91®.910)

Thus for every n € N we get,

kqi+ks
Sn(0)0ne1®.9n1® SCT)"™ S(g0(0).91(0).9:(2)

Now we show that {g,,(t)} is a Cauchy sequence.
Sn®9m®.9m®F SGnt109m©9m©® TS Gne1(0.9n(0.9n(0)
=S (Gna2(OGm(O.gm(®)
+ S(Gns2(0.9n+1 (0,941
t S nr®gn®gn@®F -
< S(Gn-1()gm(©).gm(®)
* S(Gne2(09n41(O.Gne1 ()
* S(Gna1(0.gn(0.9n ()
= S(gm-1(0.9m(®).gm(®)
F o TS (G (O, gnr2(0.9n2(0)
F S0n(0.9n41(O.gne1 (D))

Ifq= %tben

-1
SGn®gm®©.gm®) S A Sgo(®).911),9:(D)
-2
+q"M° S(go0).91().91®)

t o+ 4 S (g0(0),9:(0.91 ()
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qn_ qm

1—q S(Go).g1(®).9:) > 0-

Thus {g,(t)} is a Cauchy and by the completeness of X, {g,(t)} converges to g(t) in X.
Now we prove that Fiy g(1)) = g(1).

Replace x = g(t) and y = g,,41(t) in inequality (i) we have

<
Ser tg®)C(tgan®)C(tgzn(®)) = k1 Sgao.r te®)Ftem))

+ ks S(gzn(t):G(t,gz—n(t))'G(t.gzn(f)))

t K3 S(g(t).g2n(6).g2n ()"

On making n = oo in the above inequality we get
SCFrgwme®e®) S K1Sem FegwFego) T k2SEememen)
+ksSememem)
= k1S(g(0)F (e g Fes))
Therefore S(g(t)’p(t,g(t))"p(t'g(t)),) = 0 thatis Fygr)) = 8(1).
Replace x = g(t) and y = g(t) in inequality (i) we have
S(F g0 Geem)Ggwy) S K1 Se),F (tg®)F (t.g(t)))

+ k S(g(t).G(t,g(t)).G(t,g(t)))

th3 Sg.em.e)

= K2 S(g(t),6reg)Geegmy)

Therefore S(F(t,g(t)'G(t,g(t))nG(t,g(t))) = 0 that is Ftgt) =Grgry = 8(1). Thus g(t) is a

common random fixed point of F and G.
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Now to prove uniqueness let if possible h(t) # g(t) be another common random fixed

point of F and G. Then by inequality (i) we have
Sgnmnw) = SFegw) Genmy Genw))

<
<k S(g(t),F tg®)Ftgmw))

+kyS (h(©),Gtnhw) Gth(t))
+k3S(gt)h(t)h(t))

= k3S(g(t)h(t)h(1)

Therefore S(gco)n)n)) = 0 thatis g(t) = h(t) . Thus g(t) is a unique common random

fixed point of F and G.

Corollary 2: Let (X, S) be a complete S - metric space and let F: R X X — X be function

satisfying the following condition:
S, FenFuy) < K Swr e Fun)t K2SwFuyFey
+ksSyy),

Foreveryx,y € X, t € Rwhere k; 20fori=1,2,3and 0 < k; + k, + k3 <1.ThenF

have a unique common fixed point.
Proof: By Theorem 1, it is enough set F(t,y) = G(t,y).

Corollary 3: Let (X, S) be a complete S — metric space and let F: R X X = X be function

satisfying the following condition:

S (Ftx), Fey)Fty)) <kS§ xyy),
for every x,y € X, t € R where 0 < k<1. Then F have a unique common fixed point.

Proof: By Corollary 2, it is enough set k; = k, = 0.
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