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Abstract 

In this work, we introduce another class of normal operator which is (K-N) quasi-normal operator and given 

some properties of this concept as well as discussion the relation between this operator with another types of 

normal operators. 
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1- Introduction and Terminologies 

Let H be complex Hilbert space, and )(HB  the space of all bounded linear operator from H in to H, the quasi-

normal operator was introduced at first by A. Brown [2] in 1953 and given some properties of this operator, but 

this concept was generalized by researchers such as D. Senthhilkumar and others introduced new types of quasi-

normal operator is said to be K-quasi-normal operator with relationships between these types of operators. But in 

2011 O. Ahmed [5], given another class of quasi-normal operator, which is n-power quasi-normal operator. 

In this search, we introduce another generalize of quasi-normal operator which (K-N)quasi-normal operator and 

modification the result appear in [1] and [3] about this concept. As well as, given some basic properties of this 

operator with relation between (K-N) quasi-normal operator and another classes of quasi normal operators.    

  

2- Basic Concepts 

Here, we recall fundamental concepts of this work and in first we give the definition of normal operator. 

 

Definitions (2.2),[4]: 

(1) An operator HHT :  is said to be normal operator if and only if TTTT **  . 

(2) An operator HHT :  is said to be quasi normal operator if T  and TT *
 are commute. 

 

Next, we recall the generalized of normal operator by the following definition.  

 

Definition (2.4), [4]: 

An operator HHT :  is said to be n-power quasi  normal operator if and only if 
nn TTTTTT **  . 

  

Also, we give the definition of (K-N) quasi-normal operator, this definition is generalized to definition appear in 

[4]. 
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Definition (2.5): 

Let T  be a bounded operator from a complex Hilbert space H  to it self, then T  is said to be (K-N) quasi 

normal operator if  satisfy the condition 
KK TTTNTTT )()( **  , where K is positive integer and N is 

bounded operator from a complex Hilbert space H  to it self. 

 

Next, can be introduce the relation between (K-N) quasi normal operator and other classes by the following 

remark. 

Remarks (2.6): 

1- Its clearly that if K=1, we get T  is (N) quasi normal operator, and if N=I, we get T  is n-power- quasi 

normal, and we get T  is quasi normal if N=I and K=1. 

2- Every (N) quasi normal is (K-N) quasi normal 

  

To illustrate this remarks, we will introduce the following digram. 

 

 

 

 

 

 

 

 

 

 

   

3- Properties of (K-N) quasi normal operator 

The following theorem give some properties of (K-N) quasi-normal operator. 

 

Theorem (3.1): 

Let )(HBT   is an operator if C  is commutes with U  and V , and 
KK TNCTC 22   then T  is (K-N) 

quasi normal. 

Where,
*2 TTB  , TTC *2  , 

2
Re

*TT
TU


  and 

i

TT
TV

2
Im

*
  

Proof: 

 Since UCCU  , VBBV   so, 
22 UCUC  , 

22 VBVB   thus 
22 CUUC KK  , 

22 BVVB KK   then 

2*2*22 )()( CTCTTCTC KKKK   

2*2*22 )()( CTCTTCTC KKKK   

This gives 
KK TCCT 22   
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KK TTTTTT )()( **  , and by using the condition 
KK TNBTB 22   so we get: 

KK TTTNTTT )()( **   then, T  is (K-N) quasi normal. 

 

more properties give by the following theorem. 

 

Theorem(3.2): 

If )(HBT  is an operator such that 
22 1

CU
N

UC KK  , 
22 1

CV
N

VC KK   then T  is (K-N) quasi 

normal. 

Proof: 

Since 
22 1

CU
N

UC KK  , 
22 1

CV
N

VC KK   then we have 

22 )(
1

)( CiVU
N

iVUC KK   and we have 
22 1

CT
N

TC KK   therefore;  

)(
1

)( ** TTT
N

TTT KK   so, 
KK TTTNTTT )()( **   then, T  is (K-N) quasi normal. 

 

The operation on (K-N) quasi normal have been given by the following theorem. 

 

Theorem(3.3): 

Let 1T , 2T  be two (K-N) quasi normal from H to H, such that 01

*

22

*

1

*

12

*

21  TTTTTTTT KK
 then 

21 TT   is (K-N) quasi normal. 

Proof: 
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)()( 2
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121 TTTTTT KK   
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211
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11 TTTTTTTTTTTT KKKK   

2

*

221

*

11 TTTTTT KK   

   KK TTTNTTTN 2

*

221

*

11 )()(   

Hence 21 TT   is (K-N) quasi normal. 

 

From above theorem, we can get the corollary its proof easy can be omitted it. 
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Corollary (3.4): 

 Let 1T , 2T  be two (K-N) quasi normal, such that 01

*

22

*

1

*

12

*

21  TTTTTTTT KK
 then 21 TT   is (K-

N) quasi normal. 

Theorem(3.5): 

Let 1T  be (K-N) quasi normal operator and 2T  (K-power) quasi normal operator. Then there product 21TT  is 

(K-N) quasi normal operator if the following conditions are satisfied 

(i) 1221 TTTT   

(ii)  1

*

2

*

21 TTTT   

Proof: 

 ))()(()()()( 21

*

1

*

22121

*

2121 TTTTTTTTTTTT KKK   

))()(( 21

*

2

*

121 TTTTTT KK  

21

*

2

*

121 ))(( TTTTTT KK  

2

*

212

*

11 ))(( TTTTTT KK  

2

*

212

*

11 )( TTTTTT KK  

))(( 2

*

221

*

11 TTTTTT KK  

  KK TTTTTTN 22

*

211

*

1 )()(  

 KK TTTTTTN 22

*

211

*

1 )(  

)( 221

*

21

*

1

KK TTTTTTN  

]))(([ 221

*

21

*

1

KK TTTTTTN  

)])()([( 2121

*

2

*

1

KKTTTTTTN  

]))(()[( 2121

*

12

KTTTTTTN  

]))(()[( 2121

*

21

KTTTTTTN  

Hence, the product 21TT  is (K-N) quasi normal operator. 

 

4- Reference : 

[1]  A. A. S. Jibril, " On n-Power Normal operators ", The journal for science and engineering, Vol.33, pp. 

247-251, 2008.  

[2]  A. Brown, " On a class of operators", Proc. Amer. Math. Soc, 723-728, 1953. 

[3] D. Senthhilkumar and others, " k- QUASI-NORMAL OPERATORS", International journal of math. And 

comp., Vol. 15, issue No. 2, 2012. 

[4] E. A. Kuffi and H. A. Satar, " A new linear normal operators and it's relations", Jornal of college of 

education, AL-Mustansiriya university, Baghdad, Iraq,2014.       

[5] O. Ahmed, " On the class of n-Power quasi-normal operators on Hilbert space", Bulletin of math. 

Analysis and App., ISSN 1821-1292, Vol. 3, PP. 213-228, 2011. 

http://www.iiste.org/


The IISTE is a pioneer in the Open-Access hosting service and academic event management.  

The aim of the firm is Accelerating Global Knowledge Sharing. 

 

More information about the firm can be found on the homepage:  

http://www.iiste.org 

 

CALL FOR JOURNAL PAPERS 

There are more than 30 peer-reviewed academic journals hosted under the hosting platform.   

Prospective authors of journals can find the submission instruction on the following 

page: http://www.iiste.org/journals/  All the journals articles are available online to the 

readers all over the world without financial, legal, or technical barriers other than those 

inseparable from gaining access to the internet itself.  Paper version of the journals is also 

available upon request of readers and authors.  

 

MORE RESOURCES 

Book publication information: http://www.iiste.org/book/ 

Academic conference: http://www.iiste.org/conference/upcoming-conferences-call-for-paper/  

 

IISTE Knowledge Sharing Partners 

EBSCO, Index Copernicus, Ulrich's Periodicals Directory, JournalTOCS, PKP Open 

Archives Harvester, Bielefeld Academic Search Engine, Elektronische Zeitschriftenbibliothek 

EZB, Open J-Gate, OCLC WorldCat, Universe Digtial Library , NewJour, Google Scholar 

 

 

http://www.iiste.org/
http://www.iiste.org/journals/
http://www.iiste.org/book/
http://www.iiste.org/conference/upcoming-conferences-call-for-paper/

