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Abstract

The objective of the authors in this paper is in two folds. First, concrete examples of L;r.:”‘—Algebras are given.
This is done so that LC”‘-Algebra which is an algebraic structure is made devoid of the usual abstraction
common to pure mathematics at the higher research level, second, after describing what is meant by an extension
of an C*-Algebra, the authors shows that an extension of a C*—Algebra can be given in a commutative
diagram and a short exact sequence. Details of when a sequence is called short exact are also given in the paper.
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1. Introduction.
The objectives of the authors in this paper includes given concrete examples of LC”‘-Algebras and describing the
extension of a lC*—Algebra. For the purpose of the paper, the following working definitions are given.
1.1 Definitions
1.1.1  Linear Space.
Let F be a field, a linear space X over F is an additive abelian group in which multiplication is related to addition
in the following ways
axty)=oxtay Vx,y € X,a€EF
Bra)x=ox+Px Vo, €F xeX
and
(aPx=aPx);Vo,peEFxeEX
1lx =x,1€F xeX.
1.1.2 Normed Linear Space.
A normed linear space X is a linear space on which is defined a norm ( i. e a satisfactory notion of distance from
an arbitrary element to the origin), that is a function.
[l[l: x =R
Which assigns to each element x € X a real number |x | such that the following axioms hold:
) IX[[>0 and [|x]| = 7 x=0

()  Ix+y<lx|+]yl
Gi)  Jlox|=IXI] x |
(iv)

1.1.3. Algebra

An Algebra is a linear space A with a ring characterization;

Such that the middle associative rule:

a (xy) = (ax)y=x(ay)

is satisfied. The algebra A is real or complex according as the scalar involved is real or complex.
1.1.4 Banach Space

A Banach space is a normed linear space in which every Cauchy sequence is convergent.

1.1.5 Banach Algebra

A Banach Algebra is a Banach Space which is also an algebra with identify 1, and in which the multicative
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structure is related to the norm by

() Ixy I/l
(i) [1]=1
1.1.6. Involution
Let B be Banach-algebra. An invelution on B is a mapping
*B—B
Such that the following properties hold.
(1). (x+y)¥*=x*+y* Vx,y € B.
(i) (ax)* = a x*, x € B, a € F, where F is the field of Scalars.
(i)  (xy)*=y*x*
(iv) X¥* =x
i.e. involution on B is a conjugate linear mapping such that
xy)*=y*x*and x**=xV X,y €EB
1.1.7 C+ Algebra.
A lC"‘-Algebra A is a Banach-algebra A having an involution, *(= a conjugate linear mapping of A out itself) such
that
(1). x**=x (ii) (xy)* = y*x*
And in addition,
Ix*x|| = x|*Vx,y €B
1.1.8. R The set R is regarded as part of C and defined by
R=[z: Im(z)=0] = [z: z=z)]
1.1.9. B(H) is the set of all continuous bounded linear operators defined on the Hilbert Space, H.
1.1.10 C(X) is the Banach Space of bounded continuous scalar valued functions on a topological space X with
norm, || f|| = sap |f(x) |,x eX

Concrete examples of C+ -Algebras
In this section, we give examples of concrete LC*-Algebras by showing that the axioms of a LC"‘—Algebra are
satisfied.
2.1. R, the set of real numbers.
Since it is basic fact of analysis that R is a Banach Space and indeed, a real Banana algebra, it remains to show that
R is conjugate linear satisfying
x*¥*=xV x € R; (xy)* = y* x*
and || x*x || = || x ||* if we take the complex conjugation as the involution, it follows that
(x+y)= & +y=x+yVYXxyE€E R and that
(ox )=oax=ax V x €, a € R. Showing conjugate linear
andthat T =xand | Tx| =|T ||| x| = |x||x|:|x|2; alsoxy= & y=y &I =yx
2.2 C, the set of Complex Number
As with R, Cis fundamentally a Banach algebra. To show that it is a C*-Algebras, it remains to show that (C
is conjugate linear and that C satisfied
x¥*=xVXE C,and [| x*x || = Ix|% vxe C and (xy)* = y* x*
If we take the complex Conjugation as involution, then simple calculations show that
7, + z, = z,+ z, and that

(0z )= az. Showing conjugate linearity.
Now, z = z; so;xy = yX =y xT

2.3 B(H);

Operators on the Hilbert Space, H
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We recall that B(H) is an algebra with respect to the usual operations of (a) addition:

VT, T, € B(H), T, + T,) (x) = T;x + T,x. (b) Multiplication by Scalars :

Vo€ C, T € B(H), (o T)x = a (Tx). Multiplication or iteration or transformations :

Vv Ty, T, € B (H), (T; Ty) x = T(Tx).

B(H) becomes normed by the function ||.||: B(H) —#|B(H) |

Where V T € B(H),

[Tl =sup {II Tx[|: [ x || < 1} <sup {|[T||[[x]|: || x [| <1}.

B(H) is complete in the norm since every canchy sequence {Tm} in B(H) is convergent: given

e0,3no ENDOm,n>n0 = | TyT,| <e.

[Ty + Tof| =sup || {Ty+Ta} (x) [ I x[| =T} <sup {[IT][[x]|: || x || <1}. < sup {|IT1(x): [[x[|<1} +sup {[|IT> (x) : [[x]|
<1

That is,

Ty +Tof < |ITyfl + [T

It remains to show that B(H) is a LC”‘-Algebra ( or involution algebra) with the involution defined by

:B(H) — B(H)*

Satisfying the following properties:

Extension of - Algebras.

Adelodun [1] described an extension of a C*-Algebras A by C as a commutative diagram

Where B is a lC"‘—Algebra with identity o is an injection, ker @ = A ¢ B(H) and B(H) is the algebra of bounded
linear operators on (H).

It is the purpose of this paper to describe the extension just as short exact sequence.

Now, Im ¢ = ker @ (since A=ker 6). This suggests that

0—A —+ B —C —0

is a short exact sequence.

This suggest that an extension of A by C was has been given as a commutative diagram can also be given as
short exact sequence

0—A —B —C —0

To say that the sequence is a short exact sequence is to say that the sequence is exact at B. This amounts to say
that Im ¢ = ker @

(1). It follows that the composition mapping

(i). @ 0 o=0(.e.imoc € ker @. Every b is of the form.

(i) o (@) =b (i.e. ker @ € Im o for every a € A. Hence by using the antisymmetsic law on (i) and (ii), it follows that

im ¢ = ker @.
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Conclusion

The author gave the definitions of the technical words he used, including the definition of a L«'r.:”‘—Algebra. He gave
concrete examples of C*-Algebras so as to make the definition of C*Algebra devoid of abstraction. Then he
described two ways of representing an extension of a lC”‘—Algebra. Showing that the ways are essentially the
same. To God be the Glory for all that we “ve done.

References
1. Adelodun, J.F.(2002). Optimization in R-multiplier unpublished Ph.D. Thesis of the University of Ilorin.
Pp 1-88

Aveson, A. V. (1976). An invitation to C*—Algebra. Springer Verlag. New York; Pp 1-6
Chernoff, P.P (1990). Extensions and Triviality of Multipliers. Semigroup forum Vol. 41 pp 237-244.
Cuntz, J. (1981) K- Theory for certain C*-Algebras. Journal of operator Theory vol. 5 pp101-108.
Simmons, G.F.(1968). Introduction to Topology and modern analysis. Mc. Graw-Hill. London; 106-303.

SUF o

71



This academic article was published by The International Institute for Science,
Technology and Education (IISTE). The IISTE is a pioneer in the Open Access
Publishing service based in the U.S. and Europe. The aim of the institute is
Accelerating Global Knowledge Sharing.

More information about the publisher can be found in the IISTE’s homepage:
http://www.iiste.org

The 1ISTE is currently hosting more than 30 peer-reviewed academic journals and
collaborating with academic institutions around the world. Prospective authors of
IISTE journals can find the submission instruction on the following page:
http://www.iiste.org/Journals/

The IISTE editorial team promises to the review and publish all the qualified
submissions in a fast manner. All the journals articles are available online to the
readers all over the world without financial, legal, or technical barriers other than
those inseparable from gaining access to the internet itself. Printed version of the
journals is also available upon request of readers and authors.

IISTE Knowledge Sharing Partners

EBSCO, Index Copernicus, Ulrich's Periodicals Directory, JournalITOCS, PKP Open
Archives Harvester, Bielefeld Academic Search Engine, Elektronische
Zeitschriftenbibliothek EZB, Open J-Gate, OCLC WorldCat, Universe Digtial
Library , NewJour, Google Scholar

m EB O INDEX (\@‘ COPERNICUS
I N T E RN A TTITIT ON AL

INFORMATION SERVICES
ULRICHSWES,  JournalTOCs @

N A ;
. E'z B Elektronische
lBAS(E T— Q0@ Zeitschriftenbibliothek O

open
> )
OCLC v)

The world’s libraries. — U cDigitalLibrary —
Connected. WorldCat e

Ny

'- ¥
GEORGETOWN UNIVERSITY
LIBRARY



http://www.iiste.org/
http://www.iiste.org/Journals/

