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ABSTRACT
We prove some Common Fixed Point theorems for Random Operator in polish spaces, by using some

new type of contractive conditions taking non-self mappings.
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1. Introduction

Probabilistic functional analysis has emerged as one of the important mathematical disciplines in view
of its role in analyzing Probabilistic models in the applied sciences. The study of fixed point of random
operator forms a central topic in this area. Random fixed point theorem for contraction mappings in
Polish spaces and random fixed point theorems are of fundamental importance in probabilistic
functional analysis. There study was initiated by the Prague school of Probabilistic, in
1950, with their work of Spacek [15] and Hans [5,6]. For example survey are refer to Bharucha-Reid
[4]. TItoh [8] proved several random fixed point theorems and gave their applications to Random
differential equations in Banach spaces. Random coincidence point theorems and random fixed point
theorems are stochastic generalization of classical coincidence point theorems and classical

fixed point theorems.

Random fixed point theorems are stochastic generalization of classical fixed point theorems. Itoh [8]
extended several well known fixed point theorems, thereafter; various stochastic aspects of Schauder’s

fixed point theorem have been studied by Sehgal and Singh [14], Papageorgiou [12], Lin [13] and
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many authors. In a separable metric space, random fixed point theorems for contractive mappings were
proved by Spacek [15], Hans [5,6]. Afterwards, Beg and Shahzad [2], Badshah and Sayyad studied the
structure of common random fixed points and random coincidence points of a pair of compatible
random operators and proved the random fixed point theorems for contraction random operators in

Polish spaces.

2. Preliminaries: before starting main result we write some basic definetions.

Definition: 2.1

A metric space (¥,d) is said to be a Polish Space,if it satisfying following

conditions:-

i. X, 1is complete,
ii. Xis separable,

Before we describe our next hierarchy of set of reals of ever increasing complexity, we would like to

consider a class of metric spaces under which we can unify 2", "™, R and there products.
This will be helpful in formulating this hierarchy. { as well as future ones) Recall that a
metric  space (X,d) is complete if whenever (X,:n€ w) is a sequence of member
of X, such that for every € = 0Othere is an N, such that mn = N implies
d(x,,%;) < €, there is a single xin X such that lim,.,x, = x It is easy to see that
2%, w™ are polish space, So in fact is <« under the discrete topology, whose
metric is given by letting d{x,y) = 1 when x #y and d{xy)= 0 when x = ¥
Let (X,d) be a Polish space that is a separable complete metric space and
(,q) be Measurable space. Let 2* be a family of all subsets of X and CB(X)

denote the family of all nonempty bounded closed subsets of X. A  mapping
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T:0 — 2% is called measurable if for any open subset C of X,

THC) ={oEflw)Nn C=¢} Eq A mapping &N —X is said to be measurable
selector of a measurable mapping T:0Q —2% | if L is measurable and for any
w CN, EBw)CTw)., A mapping £0 xX—-+X is called random operator, if for any
x EX,f(,x) is measurable. A Mapping T:0N %X — CBX) is a random multivalued
operator, if for every x € X, T(-,x) is measurable. A measurable mapping & (1 — X is called

random fixed point of a random multivalued operatorT: {1 X X — CB(X)} (f: [} X X — X}if for every
w€N, Ew)E T(m, E(m)) Jw), Blw) = Ew)). Let T:0xX—>CBX) be a random
operator And {f{,} a sequence of measurable mappings , &;:01 =X The sequence

[£.] is said to  beasymptotically T-regular if d{f; (), T(w, E,(w)] — 0.

3. Main Results
Theorem 3.1

Let X be a Polish space. Let T,S: 1 X X — CB(X) be two continuous random multivalued operators. If

there exists measurable mappings «, B,v,8: (0 — (0,1) such that,

max{d®(x,5(w,) ),c2(v Tlw,y) 1]

H(S (0, %), T(e5,¥)) = aw) d(xy)

max{d2(y,Se,x) ),d>(x, T,y )}
d(x.y)

+ Blw) 3.1(a)
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Foreach x,y EX,w €N and o B v,8 € Rt with 0 = alw) + 2p{w) + y(w) + 28(w) <t 1and
1 — B{w) = 0 there exists a common random fixed point of S and T.

(hence H represents the Hausdroff metric on CB(X) induced by the metric d)

Proof : Let §; = (1 — X be an arbitrary measurable mapping and choose a measurable mapping

£, :N > X suchthat &, {e) € S(w, £,(w)) foreach « € N. then for each & € N.

max{dz I:E.;.(mJ,S(m,Eg(m)J),dZ(El(mlT(msEl(m):')]
d(Ec.5y)

H (S(m, Ly (m)), T(o), ) (m})) = alw)

max[dz(gl(m:,S(m,ED(m):),dz(Eg(m).T(m,El(CO) ))}
d(5p.51)

+ Blw)

Further there exists a measurable mapping & : 01 — X such that for all w € 0, {;{w) € T(m, £ (m))

and

d(5; (), 55 (e0)) < a(en) mﬂx{dzt.au(mzm,aé((;)’;f;z(altmlaz(mn}

max{d? (g, ()5 (w)).d? (50 (e) £z (e0)]}
+ Blw) d(5152)

A(E (00), 5 (0)) = 22 B9 4 (), (00)

1-f(e]

chm)+ flw)

Let k= —50a)

This gives
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d('-rﬂ(m); 2 (UJ)) =k d('-r,n (w), & (UJD

By Beg and Shahzad [2, lemma 2.3],, we obtain a measurable mapping &; : {1 — X such that for all

wEN LHwE S(m, s (m)) and

max]d2(5, (e 5, lw) szi , Cead B (o)
A(E; (), E3 () = o) =L %d(gg;s) AR

max{dZ(§z ()55 (0)).d2 (54 () Fz )]
+ Ble) d(E250)

d(E; (), 55 () = kd(E, (), 5 () = k2d(5y (), 5y ()

Similarly, proceeding the same way, by induction, we get a sequence of measurable mapping

£q: 1 — X suct that for n > 0 and for any w € [},

F:-21'1+ 1 (m) = S(‘f-'j: F;le(f—'))) 5 and F:-21'1+ 2 (f_-)) = T(‘-'): F;21‘1+ 1 (L-)))

This gives,
d(Z: (), Epe1 () < kd(E1 (0), 5 (0) < o= K(E(0), E ()

For any my,n € N such that m > n, also by using triangular inequality we have
kn
d(5, (), En () = = d(&(w), & (@)
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Which tends to zero as  n — oo, It follows that {%,{)} is a Cauchy sequence and there exists a
measurable mapping & : 2 — X such that &,{w) — {(w) for each € 0. It implies

that §35,41 () — E{w). Thus we have for any w € (),

d (50, 5(0, E))) = (50D, Bansa (@) + d (5w, 5(w, Eon12 ()

d (E(O)); S(m, E(O)))) = d(E(O)); Ezn+z(w}) + H (T(w, Eznﬂ(m)); S(oo, Ezn+z(0)))j|

Therefore,
d (50),5(0, () ) = d(E0). Bnsa ) +

mﬂx{dz(52n+z(mlstmiznhz(OJ)))sz(52.11+1(0J)JT(03-52.11+1(0J))]}

d(Ezn+z-5an+1)

alw)

mﬂx{d(EZHﬂ(UJJJS(OJJE:HH.(UJ)j}:d(aznﬂ.(ED)JT(OJJE:H+1(CD):')]

d(EZU-{-Z'EZH-{-i)

+ Blw)

Taking asn — o, we have
4 (), 5(0,5)) ) = (alw) + B@)) d (Ew),5(w, Ew)))

Which contradiction, hence L[{w)} — S{w,L{w)} ) forallw € Q.

Similarly, for any w € 01,

d (&), 5(0, Ew))) = d(E0) Tne1 (@)) + H(5(w,E2@)), T(0, Ezne1 ()
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Hence &(w) = T{w,&(w) ) forallw € 0.

It is easy to see that, £{w) is common fixed point for Sand T in X.
Uniqueness

Let us assume that, £*(w) is another fixed point of S and T in X, different from &{w), then we have

d(5(0), 5" (@) < d (50),5(0, E2n (©)) ) + H(S(e, 520 (6)), T(e, 520+ 1(02))

4
+d |\T(f~0, Eant1()), (OJ])
By using 3.1{a) and n — e we have,

d(¥{w), 5 (@) <0

Which contradiction,
So we have, &(w) is unique common fixed point of S and T in X.
Corollary 3.2

Let X be a Polish space. Let S, T9: (1 X X — CB(X) be two continuous random multivalued

operators. If there exists measurable mappings «, B,y¥,8 ¢ 1 » (0,1} such that,

H(S(w,x), T{w,y)) < a(w) max{d(x,S(w,x)),d(y, T(e, y))}
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+ Pl max{d(y, S{w, x)), d(x, T{w, y))} 3.2(a)

Foreach x, vy EX,w €N and o B.v.8 € R with 0 = afw) + 2p{w) < land 1—Plw) =0,
there exists a common random fixed point of S and T.

(hence Il represents the [lausdroff metric on CB(X) induced by the metricd)

Proof: From the theorem 3.1, it is immediate to see that, the corollary is true. If not then we choose a

&y 01 — X be an arbitrary measurable mapping and choose a measurable mapping &; : 1 — X such

that £; () € S{w, E(0)) for each w € 0. then for each v € 0, and by using 3.2(a) the result is

follows.

Now our next result is generalization of our previous theorem 3.1, in fact we prove the following

theorem.

Theorem 3.3: Let X be a Polish space. Let T,5: 00 x X - CR(3) be two continuous random

multivalued operators. If there exists measurable mappings o, B,v,5: 0 — {0,1} such that,

. {max{dz (x,50e0,%) 1,d2(y. T, 37 )}
t max[d2 [y.5(ew,x) a2 (2, Tl 3 )

H(S(w.x), T(w,y)) = alw) dlxy)

3.3(a)

Foreach x,y EX,w €N and a € Rt with 0 = ale) < 1, there exists a common random fixed
point of S and T.

(hence H represents the Hausdroff metric on CB(X) induced by the metricd)

Proof
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Let £, : 1 — X be an arbitrary measurable mapping and choose a measurable mapping &, : 1 = X
such that & (w] € S{w, &{w)) for each w € 0. then for each w € 0.
mﬂx{dz':E::u(0—"]s5(UJJEn(m))}adz(’f;l(ﬂ-"l'r(mafl(m):')}a}

oot 02 (55 (5w 5o ) )2 g (), T(w ks () )]
d(E0.5)

H (S(m, L (m)), T(w, £y (OJ))) =< alw) {

Further there exists a measurable mapping & : 0 — X such that for all w € Q,§;{w) € T(m, 3 (m))

and

n{mﬂx{d (5o Can).Ey (a) ld(%(m),iz(m)]}}
max{d ¥y (o) () ) d(Eg (el Exlw)]]

mi
(5. (@) 5(@) = alw) ETC

d(E; () 5y ('i'-")) = aflw) d(Eo {w), 5y (03))
By Beg and Shahzad [2, lemma 2.3], we obtain a measurable mapping &3 * [} = X such that for all

wEN Elw)E S(-:.-:., £ (m)) and by using 3.3 (a), we have

d(5,(0),5(0)) < a(w) (£ ()5 () < () d(E ), § ()

Similarly, proceeding the same way, by induction, we get a sequence of measurable mapping

£q: 1 — X suct that for n > 0 and for any w € [},

Lans1(w) € S(OJ, Ezn':@)) yand  Eppya(w) € T(UJ, Ezn+1(m))
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This gives,

d(E, (), Enpy (@) = w(e)d (B g (0), G () = o = (@) d(E (00), E1(03))

For any m,n € N such that m > n, also by using triangular inequality we have

4%, (), Em(0)) = “0 d (e, (), 5, ()

1—cilen)

Which tends to zero as n — oo, It follows that {&,{w)} is a Cauchy sequence and there exists a
measurable mapping & i [1 — X such that &;(w) — §(w)} for each w & 1. It implies

that £, 41 (@) = E{w). Thus we have for any w € (),

d (5w),5(0,5()) ) = d(5(0), Baurz (@) + d (50, S(, Faus2 ()

d (8. 5(0 EHw))) < d(E0) Eaniz ) + H(T(0,Eans1 (), $(0, Eans2lw)) ]
Therefore, by using 3.3(a) we have
d (). 5(w, 5(0))) = alw) d(Ew), S(o, Kw)))

Which contradiction, hence &(w) = S{w,&(w) ) forall w € L.

Similarly, for any w € (1,

d (56),5(w, 5))) = d(F0) Bnir (@)) + H(5(60,50 (), T(0, Ensr ()
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Hence &(w) = T{w,&(w) ) forallw € 0.

It is easy to see that, £{w) is common fixed point for Sand T in X.
Uniqueness

Let us assume that, £*(w) is another fixed point of S and T in X, different from &{w), then we have

d(5(0), 5" (@) < d (50),5(0, E2n (©)) ) + H(S(e, 520 (6)), T(e, 520+ 1(02))

4
+d |\T(f~0, Eant1()), (OJ])
By using 3.3{(a) and n — e we have,

d(¥{w), 5 (@) <0

Which contradiction,
So we have, &(w) is unique common fixed point of S and T in X.
Corollary 3.4

Let X be a Polish space. Let S, T9: (1 X X — CB(X) be two continuous random multivalued

operators. If there exists measurable mappings «, B,y¥,8 ¢ 1 » (0,1} such that,

H(S(m %), T{w y)) < afw) minj.(max{dEIf_x,S(m, x}), d2 (y, T(w, :.f))},

L mmi{dz(y, S(w, x))_ 42 (x, T(m,y))}} 3.4{a)
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Foreach x,y EX,w €N and o, € RT with 0 < a{w) <<1 there exists a common random fixed
point of S and T.

(hence H represents the Hausdroff metric on CB(X) induced by the metricd)

Proof:- From the theorem 3.3, it is immediate to see that, the corollary is true. If not then we choose a
&y 01 — X be an arbitrary measurable mapping and choose a measurable mapping &; : 1 — X such

that &, {w) € S{w, §{w)) foreach w € 0. then for each w € N, and by using 3.3(a) the result is

follows.
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