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Abstract

Let M be a 2—torsion free prime ['-ring and let d: M—M be a Jordan left derivation . In this article, we show that under a

suitable condition every nonzero Jordan left derivation on M induces the commutativity of M and accordingly d is a left

derivation of M.
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1. Introduction

N. Nobusawa [7] introduced the notion of a I'-ring as a generalization of classical ring . Barnes [2] generalized the

concept of Nobusawa’s I'-ring. Now a days, a ['-ring due to Barnes is known as a I'-ring and the I'-ring due to Nobusawa

is known as 'N-ring. A number of important properties of ['-rings were introduced by them as well as by Kyuno [5], Luh

[6] and others. We begin with the following definition :
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Let M and I" be additive Abelian groups. If there is a mapping M= T » 4 = M sending (X,0,y) — xay such that

(@QE+ty)oz=xoaz+yaz, x(otP)z=xoz -+ xPz, xo(y+z)=xoy + Xoz

(b) (xay) Pz=xa. (yB2)

for all X, y,zeM and a, B € I, then M is called a '-ring.

For example, let R be a ring with 1 and let M=M,,,(R) and T'= M, ,(R) then M is a I'-ring with respect to the matrix

addition and matrix multiplication.

Note that every ring is a ['-ring if we take I'=M.

The notions of a prime I'ring and a completely prime I'-ring were initiated by Luh [6] and some analogous results

corresponding to the prime rings were obtained by him and Kyuno [5], whereas the concept of a strongly completely prime

I'-ring was used and developed by Sapanie and Nakajima in [8].

A T-ringMiscalled a prime I'-ring if for all a,beM , al’lMI'b=0 implies a=0 or b=0.

And, M is called a completely prime if al’lb=0 (witha,be M) implies a=0 or b=0.

It is noted that every completely prime I'-ring is a prime I'-ring.

A T-ringMis 2-torsion free if 2a=0 implies a=0 for all a€M. And, a I'-ring M is said to be commutative if

ayb=Dbya holds forall a,peM and y€eT.

The notions of derivation and Jordan derivation of a I'-ring have been introduced by Sapanie and Nakajima [8].

Afterwards, Jun and Kim [4] obtained some significant results due to Jordan left derivation of a classical ring. Y.Ceven [3]

worked on left derivations of completely prime I'-rings and obtained some extensive results of left derivation and

Jordan left derivation of a I'-ring. M. Soyturk [9] investigated the commutativity of prime I'—rings with the left and
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right derivations. He obtained some results on the commutativity of prime I'-rings of characteristic not equal to 2 and 3.

Some commutativity results of prime I'-rings with left derivations were obtained by Asci and Ceran [1].

In this paper, we obtain the commutativity results of 2—torsion free prime I'-rings with left Jordan derivations and

consequently we prove that every Jordan left derivation is a left derivation.

Let M be a I'-ring. An additive mapping d:M—M is called a derivation if

d(acb) =d(a)ab + acd(b), foralla,b eManda € T.

An additive mapping d:M—M is called a left derivation if

d(aab) = acd(b) + bad(a), foreverya,b eManda € T

An additive mapping d:M—M is called a Jordan derivation if

d(aca)=d(a) xa+acad(a), for everyacMand o € T'.

An additive mapping d:M—M is called a Jordan left derivation if d(aca)=2acd(a), for every acM and a.eT.

Y. Ceven [3] proved that every Jordan left derivation on a I'-ring M is a left derivation if M is 2—torsion free completely

prime I'-ring.

Now we define [a,b],= aab—boa . [a,b], is called the commutator of a and b with respect to a. We use the condition

aabfc=apbac for all a,b,ceM and o,BEl" and will represented it by (). An example of a left derivation and a Jordan left

derivation are given in [3].

2. Main Results

The following Lemma is due to Y.Ceven [3, Lemma 2.1]

2.1 Lemma Let M be a two torsion free ' ring satisfying the condition (*) and d be a Jordan left derivation on M. Then

forall a b€ M and foralic €T
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(i) d(aab + baa) =2aad(b) +2bad(a).

(ii) d(aabBa) = apaad(b)+3aabpfd(a) — baapd(a)

(iii) d(aabBct+cobpa)= afcad(b)+cPaad(b)+3aabfd(c)+3cabpd(a)-bacpd(a)-baafd(c).

2.2 Lemma LetM be a2—-torsion free ['-ring satisfying the condition (x) and let d be a Jordan left derivation on M.

Then

(1) [a,be p aa d(a) = aafa,b], B d(a)

(ii) [a,b], B(d(aab) —aa d(b) — ba d(a))=0

(iii) [a,bJ B d([a,b],)=0

(iv) d(acaPb)= apaad(b)+(apb+bBa)ad(a)+aad([a,bls )

Proof (i) By Lemma 2.1(iii)

d(aobBct+cabpa) = afcad(b)+cpaad(b)+ 3aabfd(c) +3cabfd(a) — baapd(c) — bacfd(a).

Replacing aob for c,weget d((aab)p (aab) + (acb)abfa) = ap(acb)ad(b)+ (aab)Baad(b)+ 3aabfd(aab)

+3(aob)abfd(a) — boafd(aab) — ba(aab)Bd(a).

This gives

2(aab)P d(aab) +d(aa(bab)pa)

= aPaobod(b)+ aabPaad(b)+ 3aabBd(aab) +3(aab)abfd(a) — baafd(acb) — ba(acb)Bd(a).

By using Lemma 2.1(ii)

—aabp d(aab) + baapd(aab) +afaad(bab)+ 3aababBd(a) — babaafd(a)

= aPaobod(b)+ aabPaad(b)+3aababpd(a)— baaabpd(a)

99



Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) ey
Vol2,No.9,2012 s’

Thus (aob—-boa)pd(aab)= aPaabad(b)-aabfaad(b)-baboafd(a)t+boaabfd(a)

=acaabfd(b)-aabaapd(b)-babaapd(a)+baaabfd(a)=ac(aab—baa)Bd(b)+ba(acb—baoa)pd(a)....(A)

Replacing a+b for b  (aob—baa)B(2aad(a)+d(aab))=aa(aab—baa)pd(a+b)+(atb)a(aab—baa)pd(a)

Thus  ac(aob—baa)pd(b)+ba(aob—boa)pd(a)=2aa(aab—baa)pd(a)+ac(acb—boa)pd(b)+ba(acb—

baa)Bd(a)-2(acb—baa)pacd(a) , By using (A)

(aab— boa)Baad(a) = ao(aob— baa)Bd(a), since M is 2—torsion free

Hence [a,b],Paad(a) = aa[a,b],Bd(a).

(ii) Replacing atb forain Lemma 2.2 (i)

((atb)ab— ba (atb))p (at+b)ad(atb) = (a+b)a((atb)ab— ba (atb))Bd(a+b)

(aob— boa)B(aad(a)+bad(a)+aad(b)+bad(b))=aa(aob—baa)p(d(a)+d(b))+ba(aab— baa)p(d(a)+d(b))

(aab— boa)p aad(a) +(aab— boa)p bad(a)+ (aob— baa)p aad(b) +(aab— boa)p bad(b)= ac(acb— baa)Bd(a) + ac(acb—

baa)Bd(b) + ba(aab— baa)pd(a) + ba(aab— baa)Bd(b)

Now using Lemma 2.2(i), we have

aa(aab— boa)p d(a) +(aab— boa)p bad(a)+ (aob— baa)p aad(b) —ba(baa— aab)p d(b)= aa(aab— baa)pd(a) + ac(acb—

baa)Bd(b) + ba(aab— baa)pd(a) — ba(baa— aab)Bd(b)

Thus (aab— boa)p(bad(a)+aad(b)) = (aob— baa)p d(aab), By wusing (A)

Therefore (aab—boa)p (d(aab)— aad(b)-bad(a)) =0

This gives [a,b], B(d(aab) —aa d(b) — ba d(a))=0.

(iii) Using Lemma 2.1(i) in 2.2(ii) ,we get
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(aab— boa)p (—d(baa)+2 aad(b)+2bad(a)- aad(b)-bad(a)) = 0

(aab— boa)p (d(baa)- aad(b)-bad(a)) =0................ (B)

Taking 2.2(ii)~(B) (aab— baa)pd(aab)-d(baa) = 0. Therefore [a,b], f d([a,b],) = 0.

(iv) From Lemma 2.1(i) , we have d(aab+baa) = 2aad(b)+2bad(a)

Replacing bpa for b, we get  d(aobfatbfaca) = 2aad(bpa)+2bfaad(a)............... ©

Again replacing afjb for b in Lemma 2.1(i) d(acapb + aboa) = 2aad(afib)+2afb ad(a)......(D)

Taking (D) - (C) and using (*) , we get

d(acapb + affboa— aabfa — bPaaa) = 2aad(apb—bpa)+2(afb — bpa)ad(a).

Thus d(acapb — bpaca) = 2aad(afb—bpa)+2(afib — bBa)ad(a).......... (E)

Now replacing aPa for a in Lemma 2.1(i) and using (*)

d(apaab + boaPa)=2aPaad(b)+2bad(apa)=2afaad(b)+4baafd(a)=2apaad(b)+4bPaad(a)...(F)

Taking (E)+(F)  d(2acafb)=2apaad(b)+2aad(apb — bpa)+2(apb+bPa)ad(a)

Since M is 2—torsion free, we have  d(acafb)= aPaad(b)+(apb+bpa)ad(a)+aad([a,bls) .

2.3Theorem  Let M be a 2—torsion free prime I'-ring satisfying the assumption (). If there exists a nonzero Jordan left

derivation d: M—M, then M is commutative.

Proof: Let us assume that M is non commutative. Lemma 2.2(i) can be written as

(xa(xay — yox) — (xay — yox)ox)p d(x) =0 ¥ XxyCM andv¥afCrl.

This gives (xoxay—2xoyox+yoxox)p d(x)=0 % x,yEM and¥va e

Replacing [a,b], for x, we have

[a,b], a[a,b], ayP d([a,b], )- 2[a,b], aya [a,b], B d([a,b],)+ ya [a,b], a[a,b], B d([a,b],)=0.
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But by Lemma 2.2(iii), we get [a,b], a[a,b], ayp d([a, b],)=0

For the primeness of M, we have [a,b] afa,b] =0 or d([a,b],)=0

Suppose that [a,b] o [a,b] =0, forall ael ............. (1)

Using Lemma 2.1 (i), 2.1( ii), 2.2(iii) and (1) we see that

W=d([a,b], PxP[a,b], aya[a,b], +[a,bl, ayo[a,bl, PB[a,bly Px)

=2[a,b] PxPd(fa,bl, aya[a,b]y)+2[a bl, aya[a,bl, Bd(a b], Bx)

=2[a,bl, PxP[a,b], ofa,b], ad(y)+6[a,bl, PBxB[a bl ayad(a, bl )

—2[a, b}, PBxPyafa, b]y ad(ably)+2[a,bl, ayafla,bl, Bda bl Bx)

= 6[a, b], BxP [a, b]y ayad([a, bly) —2[a, b], xB ya([a, b], ad([a, b],)+2[a, b], aya[a, bl Bd([a, b, Bx)

=6[a,b], PxP[a,bly, ayad([a,b],)+2[a,b], ayala,bl, Pd(a bly PX)en... 2)

On the other hand W =d([a, b], B (xB[a, b],ay) a[a, b], )

=[a,b]y afa,b], Bd(xB[a, b],ay)+3[a, b], PxP [a,b], ayad([a,bly)-xP[a, bl, ayp [a,b]yad([a, b]y)

=3[a,b] BxP[a,b], ayad([a,bly ). 3)

Therefore, subtracting (3) from (2), and using (*), we get

3[a, b], Pxala,b], Pyad([a,b], )+ [a, bl, ayp2[a,b], ad(a bl, Bx)=0........... 4)

Also we have  V =d([a, b], axf [a, b], +xa[a, b], B[a, b], )=d([a,b], axp [a,b],)

= [a, b]y B [a, b], o d(x) + 3[a, b], axp d([a, b],) — xa [a, b, P d([a, bly) = 3[a, b], oxP d([a, bly).....(5)
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On the other hand

V=d([a,b], axp[a,b], +xafa,b]l, B[a bl )=2[a, b]yod(xp[a,bly)+2xB [, bl, ad(a,bly)

=2[a,b] o d(xP [a,b])eecrenn. (©6)

Comparing (5) and (6) we obtain 3 [a, b] oxPd([a, bly)=2[a,b], o dXxB[a,bly) .ccoeerrrerrrnnen. 7N

Now [a,b], o d(xf[a,b], +[a bl, Px)=[a bl, a(2xpd([a,b], )+2[a,b], Bd(x)

=2[a,bl, axpd(a,b], )+2[abl, aabl, Pdx)=2[abl, axpd(fa,bly ) ... (8)

Thus  3[a, b], o (d(xp [a,b], )+d([a,b], PBx))=6[a,b]l, axpd([a,b], )=2.3[a,bl, axpd([a b])

=2.2[a,b] ad(xp[a,b])=4[a,b], adxpa,bl) by using (7)

Therefore we have 3[a, b], o (d(xp [a, b], )+ 3[a,b], ad([a,b], Px)=4][a,b], aod(xp[a,b]).

This gives 3[a,b] ad([a,b]l, Bx)=[a,b]ly adxP[a,bly) . 9)

By (9) we have  [a, b], ad((xp[a,bly)+[a,b], Bx)=3[a,b], ad([a,b]l, Bx)+[a,b], o (d([a bl, Bx)

= 4[a,b] o d([a, by BX) wervrrrerernns (10)

We also obtain that [a, b], ad(( xB [a, b],) + [a, b], Bx)=[a, b], a2x B d( [a, b],) + [a, b], 0.2[a, b],Bd(x)

=2T1a,b] oxBd([a, bly)..eevereeennnn.. (11)

From (10) and (11), we obtain 4[a, b], a d([a,b], Bx)-2[a,b], axpd(a,b], )=0
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Since M is 2— torsion free, we have 2[a, b], o d([a, b], Bx)=[abl,axp d([a, bly )............. (12)

From (4) and (12) 3[a, b], Pxa[a,b], ayp d([a, b]l,)+[a, bl, oayp[a, b]l, axpd(a,b], )=0..... (13)

Replacing  yafa, b], By forx in(12),2[a, b], ad([a, b, Byafa, bl By)=[a, bly ayB[a, bl ayBd([a, bly)

2[a,b]y a2[a,b], Pyad([a,b], By)=[a,b]y ayp[a b, ayB d([a, by

4[a,b]y ofa,b], Pyad(fa, bl, By)=[a,bly ayB[a, bl, ayp d(fa,b]y)

Therefore [a,b] ayP[a,b] oayB d([a,bl,)= 0. (14)

Now replacing y by x+y, [a,b], a(x+y)p[a,bl, ax+y)Bd(a, b],)=0

[a,b], axp[a,bl, axpd([a, bly)+[a,b], oxp[a,b], oyp d([a,bly)

+[a,bly ayp[a,bl, oxfd([a,bly)+[a,b], ayp[a,bl, aypd(a,bl,) =0.

This gives  [a,b], oxp[a,b], ayp d([a, b],)+[a, b]l,ayp [a,b], axp d(a,b],) =0.

Therefore, [a,b], oxp[a, b], oaypd([a,b],)+[a, b], ayp[a,b], axpd(a,bl,)=0...... (15)

Subtracting (15) from (13) ,we obtain 2[a, b], oxp[a,b], ayp d([a,b],)=0.

Since M is 2—torsion free, we have [a,b], oaxp[a,b], oyp d([a,b],)=0, forevery yeEM.

Since M is prime and non commutative, we have d([a,b],)=0, w abcEM and¥yecl.

This implies that d(ayb — bya) = 0. Therefore d(ayb)=d(bya), ¥ abEM and¥yeETl...... (16)

d((boa)patap(boa))=d((baa)Ba)t+d(af(boa))=d((boa)pa)+d((baa)pa)=2d((baa)Ba) by using (16)
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Thus 2d((boa)pa)= d((baa)pa + ap(baa))= d((baa)Ba)+d(ap(baa))

This implies  d(baaPa)= acapd(b)+3apbad(a)- bpaad(a)...(17), by using Lemma 2.1(ii).

On the other hand d(aa(bpa)+(bPa)aa )=2(aad(bpa) + bfaad(a)) ............... (18)

and d(ao(apb)+(apb)aa)=2(aad(apb)+(apb)ad(a)) ............... (19)

Taking(19) —(18), d(acaBb-bPaaa)=2ac d([a,b]g)+2[a,b]sa d(a),Va,bEM,0,BET...... (20)

Now putting aPafor a in Lemma 2.1(i), we have

d(apaob+baapa)=2(apac d(b)+ ba d(apa))= 2(aPaa d(b)+ ba 2af d(a)).

Using (x) above equation reduces to d(acapb+bPaca)=2(acapd(b)+2bfaa d(a))...(21)

Subtracting (20) from (21) and using (), we get

d(2boapa)=2aPaod(b)+4boapd(a)-2aa d([a,b]s)—2[a,b]s o d(a))

d(boapa)=apaad(b)+2boapd(a)- aa d([a,b]s)— afbad(a)+ bPaad(a), M is 2—torsion free

= apaad(b)+3baaBd(a)- aa d([a,b]g)— apbad(a) , by using (*)

= aaapd(b)+3bPaad(a)- apbad(a)............. (22)

From (22)and(17), aca Bd(b)+3apbad(a)- bPaa d(a)= acapd(b)+3bPaad(a)- afbad(a).

This gives —3(bpa — apb)a d(a) — (bPa — apb)a d(a) =0
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Then we have —-3[b,a]g 0. d(a) —[b,a]y ad(a)=0.

Since M is 2—torsion free, so  [b,alJgad(a)=0................... (23)

Now putting byx for b in (23),we get [byx,algad(a)=0

([b,alg yx +aly,Blax+by [x,alg)a d(a) =0

Since a[y,Bl.x = a(yap—Pay)x = ayapx —aPayx =0, by using (*).

Thus ([b,als yx +by [x,a])o d(a) =0

[b,als yx ad(a)tby [x,alpod(a) =0

[b.alg yxad(a)=0, ¥ abeEM and¥vafy=T

Since M is prime , thus d(a)=0. Hence we conclude that if d#0, then M is commutative.

2.3Theorem  If M is a 2—torsion free prime I'-ring satisfying the assumption (*) then every Jordan left derivation on M

is a left derivation on M.

Proof:  Since M is commutative. Thus aab=boa, forall a,p€ M and o€l .

By Lemma 2.1(i), we have 2d(aob)=2aa d(b)+2ba d(a)= 2(aad(b)+ ba d(a))

Since M is 2—torsion free, we get d(aab) = aad(b)+ ba d(a).

This completes the proof.
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