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Abstract
In this paper we introduce the class L*(«, 3,7, A, B,p) of meromorphic p-valent functions
with fixed second coefficients estimates. Convex linear combinations, some distortion theo-
rems and radii of starlikeness and convexity for are presented in this paper for f(z) in the
class L*(«, 8,7, A, B, p).
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1 Introduction

Let 3, denotes the class of functions of the form:

o0

1 _
f) =+ >ty (peN), (1.1)
n=1

which are analytic and p-valent in the punctured disk E = {2z : 0 < |z| < 1}. Further denote
T(«, 8,7, A, B, P) the subclass of Zp consisting of function f in the unit disk E of the form

&)= % = Y tpenaz? T (pEN), (1.2)
n=1

Further let Z;(a) be the class of )  consisting of function f which satisfies the inequality

Re(W) > p, (0<p<p),

and let Z?(a) be the class of >~ consisting of function f which satisfies the inequality

Re(—p—i{féi?) > p, (0<p<p).

Clearly we have

Y@ &z €Xi@),  (0<a<ppeN).

This condition is obviously analogous to the well-known Alexander equivalent (see for de-
tails [2]). Many important properties and characteristics of various interesting subclasses of
the class ) of meromorphic p-valent functions, including the classes Zg(a) and 3 (@)
defined above, were studied by Owa [3], Saibah [12], Aouf ([5],[6]), Uralgeddi [4], muad [13],
Srivastava ([11], [9]), Morga ([7], [8]), Kulkarni [10], [14], Aabed [18], Gahmin [15], Kamali
[16], and Markinde [17]. The function f € T'(1) that are starlike of order « and convex of
order o(0 < o < 1) have been investigated by Silverman [1].
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Now, we define the same class of function, L(a, 3,7, A, B,p), that have been presented
by same author [14] for the meromorphic functions with positive coefficients, and we will
extend this definition for the meromorphic p-valent functions with fixed second coefficient.
as follows:

Definition 1.1. A function f given by (1.2) is said to be a member of the class L(a, 8,7, A, B,p)
if it satisfies

L) 4 P f()p
(B~ Ay — AP 1J7(z) — 2 f(2)[(B — Ayva —ap]| = (1-3)

Where 0 < 3<1,0<a<p,-1<A<B<I1, 54, <y<1, forallze E [14].

let us write L*(«v, 8,7, A4, B, p)=L*(a, 8,7, A, B,p)NT(p) where T(P) is the class of function
of the form (1.2) that are analytic and p-valent in the punctured disk E.

2  Preliminary Results

For the class L*(a, 3,7, A, B,p), Osama and Darus [14] showed

Theorem 2.1 A function f defined by (1.1) is in the class L*(«, 8,7, A, B, p) if

WE

(2p+n—1)+B8(B—A)y(p+n—1—a)—LA(n—1)aptn—1 < B(B—A)y(p+a)—26Ap. (2.4)

3
Il
-

By using definition (1.2) we will show the theorem below is satisfied.

Theorem 2.2 A function f defined by (1.2) is in the class T'(p) if and only if

]2

(2ptn—1)+B(B—A)y(prn—1-a)FA(n—1)ayn1 < H(B-A)y(p+a)—204p (2.5)

3
Il
-

Where 0 < 3<1,0<a<p,-1<A<B<1, 54, <y<1, foral z€E.
Then f € T(p) is satisfied.

Proof. Let us suppose that

o0

> @p4+n—1)+BB-Anp+n—1-a)—BAN—1ayim1 < B(B— A)y(p+a)—284p

n=1

for f € T(p). It suffices to show that

#Hf(2) + 2P f(2)p
(B = A)y = Alzp+1f!(2) — 22 f(2)[(B — A)yor — Ap]

< B. (€ E).

Now:

P (2) + 2P f(2)p
(B = A)y = Alzp#1f'(2) — 22 f(2)[(B — A)yor — Ap]
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D1 (2040 — Dapip122PT0
—(B-A)y(p+a)+24p+>., (B=Ay(p+n—1—a)— An— Dapp,_122Ptn-1|

22021(210 +n— 1)|ap+n71|
(B—A)y(p+a)—2Ap — 220:1 (B-—A)y(p+n—1—a)— An—1)|aptn—1]

IN

< B,

From (2.5), the last expression satisfies,

NE

(2p+n—-1)+8(B - A)y(p+n—1—0a) — AN — 1)apin—1 < B(B—A)y(p+a)—25Ap.

n=1

which is equivalent to our condition of the theorem, so that f € T'(p).

Conversely, assume that f € T'(p), then

(2.6)

PHf(2) + 2P f(2)p
(B — A)y — Alzp+1f"(2) — 27 f(2)[(B — A)ya — Ap]

—(B=Ap+a)+24p+ 37 (B=A)y(p+n—1-a) - An—Daprp_122n1)
Zn:1(2p +n— 1)|ap+n—1|

_| Do (20 1 = D) a 2

= B-Anhta)—2Ap- sy (B Anp+n—1-a)— A —Dlapena] =
that is
Z(Zp—i—n—l)—i—ﬁ(B —A)y(p+n—1—a)—BANn — Daptn—1 < B(B—A)y(p+a)—26Ap.
n=1

The result are sharp.

In view of Theorem 2.2, we can see that the function f defined by (1.2) in the class T'(p, ¢)
satisfy

o < BB = An(p +a) - 264p}
P 2p+ (B A)(p-a)

Let T'(p, ¢) denote the class of function f in the form

flz) =277 — c{ﬁg(pB_i_ﬂf(l)B (P:lr)a() - 2ﬂAP} Z Apyn_1 27T, (2.8)

with 0 <e¢ < 1.
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3 Coefficient Inequalities

In this section, we provide a sufficient condition for a function, analytic in E to be in T'(p, c).

Theorem 3.1 A function f defined by (2.7)is in the class L*(«, 8,7, A, B, p, ¢)if and only if

Z 2p+n—1)+B(B - A)y(p+n—1-a) = BA(n — 1)apsn—1 < (1-c){B(B—A)y(p+a)—-28Ap}.

(3.9)
Proof.Assume that f € L*(«a, 3,7, A, B, p, ¢),by putting

o < BB = An(p+a) — 264p}
YT BB -Anp-a)

0<c<1 (3.10)

n (2.5), we have the result as follows

2p+ B(B = A(p + @), Z{2p+n—1)+ﬁ(3 Ay(p+n—1-a) = BAn —1)}apin

n=2
< B(B— A)y(p+a) —28Ap
and so
Z(2p+n71)+ﬂ(3 —A)ylp+n—1—a)— AN — Daptn-1 < (1—c){B(B—A)v(p+a)—25Ap}.

Conversely, let us suppose that

o0

> @pn—1)+8(B = Ay(p+n—1—a) — BA(n — Dayin1 < (1=c){B(B—A)y(p+a)—284p}.

n=1

it suffices to show that

PHf(2) + 2P f(2)p
(B = A)y — Alzp+1f(2) — 27 f(2)[(B — A)ya — Ap]

<. zel

Now:

(3.11)

P (2) + 2P f(2)p
(B — A)y — Alzp+1f(2) — 27 f(2)[(B — A)ya — Ap]

—(B=Ay(p+a)+24p+>2  (B=A)y(p+n—1—a)— An—1)apyn_122tn-1]

< 27010:1(217""”_ Dlaptn—1
T (B-Anpta)-24p-307 (B Anp+tn—1-a)— A - Dlapra-1]

B ‘ % (2 40— Va1 222t

< B,

From (1.3), the last expression satisfies,

> -4 apencs < A1)t -a)p-al)- e
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That is

Y p+i-1DA+aB)apa < (1=c)Bp(1—a)+ (A —a)(p— )]
7j=3

which is equivalent to our condition of the theorem, so that f € T'(p, ¢).

The result is sharp for functions f of the form

[, (2) = p_ABB - An(pta)—204p , (L —o){B(B — A)y(p+ o) — 28Ap} Lpti—1
ptn-l 2p+ B(B — A)y(p — a) 2p+n— 1)+6(B—A)v(p+n—(31 1—2)04) — BA(n —1) '

where j > 3
Corollary 3.1. Let the function f defined by (2.7) be in the class T(«, B, A, p, ¢),then

. (1= BB~ Anp + ) ~ 204p)
pn—1 S 2p+n—1)+p8(B - A) (p+n—1—a)—BAN-1)"

(n>2) (3.13)

4 Distortion Theorem

A distortion property for functions in the class L*(«, 8,7, 4, B, p,c), is given as follows:

Theorem 4.1. If the function f defined by (2.7) is in the class L*(«, 3,7, A, B,p,c), then
for 0 < |z| =r <1, we have

—p_ ABB - Anp+a)—-264p}; , (1= c{B(B - A)yyp+a)—264p} 41

T BB -A-a) | @D IBB-Anptl-a) b4 = ‘f(z)’
vy BB = An(pta) —264p} , (1= BB = A)y(p+a) —264p}
- 2p+ B(B - A)y(p — @) 2p+1)+B(B-A)y(p+1—a)-— ﬁA

The bounds are attained by the function f given by,

ABB = Ay(p+a) —264p} , (L= c){B(B - A)y(p+a) - 204p}

fa(z) = 27P— 20+ B(B — A)v(p — ) Z_(2p+1)+6(B—A) (p+1-a)— 514 ’

(z =ir,r).

Proof. Since f € L*(«, 8,7, A, B, p, c), Theorem 3.1 yields the inequality

Z“ (1 —c){B(B - A)y(p+ a) — 26Ap}
Pl S oy 1)+ BB — A(ptn—1—a)— fA(n—1)

n=2

(4.14)

Thus, for 0 < |z| = r < 1, and making use of (4.12) we have

—p cAB(B—-A)y(p+ « —2ﬁA pn—1
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_ cdB(B—A +a) —2BA
< e BB AN ) A St (2=,

%+ B(B — Ay(p— o) 2
ABB —Any(p+a) —264p} , (A= c{BB ~A)y(p+a) —264p; s

= W+ BB-An(p-a) | @)+ BB Ayt l-a)- A
And
—p ABB-Ap+a —26A b
> ‘Z|_p _ C{ﬁ(B A) (p+a) 26Ap}| |p Zap+n 1|Z|p+n 1 (|Z| — T‘),

20+ B(B — A (p—a) 2

—p_ BB —Anp+a)-264p} ,  (1—c{B(B - A)y(p+a) —204p} 10
2p+B(B - A)y(p—«a) 2p+1)+B8(B-A(p+1-a)-pA

\%

Thus we complete the proof.
Theorem 4.2. If the function f defined by (2.7) is in the class L*(«, 8,7, A, B,p,c), then
for 0 < |z| =r < 1, we have

cp{f(B — Ay(p+ ) =264p} 1 P+ 1)(L =B~ Ayy(p + @) — 264p}

—p—1 /
T v BB - A —a) o073 AT a A " <)
< Pl cp{B(B — Apy(p+ @) =264p} , 1 (p+ 1)1 = BB~ Ayy(p +a) —264p} ,
- 2p+ (B —Ayy(p— ) Cp+1D)+B8(B-An(p+1-a)-pA
The bounds are attained by the function f given by,
_ o ABB-A(p+a)—-284p} , (11— c){B(B - A)(p+ o) —264p} .
) = B - M) @D+ AB- A i-a-gAe o ET
Proof. Since f € L*(«, 8,7, A, B, p,c), Theorem 3.1 yields the inequality
- (L —o){B(B — A)y(p+ o) — 28Ap}
;(p+ n=Dlapsn-1| € G E = Ay T 1 a) — A (4.15)
Thus, for 0 < |z| = r < 1, and making use of (3.4.2) we have
PN o1 P{B(B = Ay(p+ @) — 26Ap} - n
') = |—pzP = w1 BB - A * ! nZQ(ern— Dapn_12P+m
—p—1, P{B(B—A)y(p+a)—28Ap} n— _
< P T - ) +Z P+ = Dayra-ilefr ! (12] =),
< vty PBB-Anpta)-264p} (p+ 1)(1 — BB ~ AN(p + o) — 284p) =1
- 2p+B(B—=A)(p—a) (2p+1)+B(B=A)yy(p+1-a)-pA
And
Pl = |-t - BB ANCL ) 204} oy S gy, e

2p+B(B—-A)(p—a)

n=2
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> gt - LB SN0 L) B s S b= e (2] =)
> gl cpiB(B — A)y(p+ ) —264p} oy (p+ DA =~ BB~ Apy(p+a) — 264p} 410y

2p+B(B - A)v(p—«a) 2p+1)+B8(B-Ay(p+1-a)—-pA

Thus we complete the proof.

5 Radii of Starlikeness and Convexity

The radii of starlikeness and convexity for the class L*(«, 3,7, 4, B, p),is given by the fol-
lowing theorem:

Theorem 5.1 If the function f defined by (2.7) is in the class L*(«, (3,7, A, B,c,p,p),
then f is starlike of order p(0 < p < p), in the disk |z| < ri(«a,5,7,4,B,¢,p,p), where
ri(a, 8,7, 4, B, ¢, p, p),is the largest value for which

(po — pP){B(B — A)y(p + ) — 25A‘p0}r2p0
2po + B(B — A)y(Py — ) 0
(1~ 9)(po +jo — 1 = P){B(B — A)y(po — @) — 264po} 2py+jo-1

C
po + 1+

4 i - <1-—np.
(20 +jo— D)+ BB — An(p+a)— fAGo—1) g
The result is sharp for functionsf,4+,_1(z) given by (3.10).
Proof.It suffices to show that
2f'(2)
-1 < 1- P)s
TON R
for |z| < r1, we have
zf'(z)
| o (5.16)
_ B—A)y(p+a)—284 00 . i
I Cp{g;w(,;l(f,);’&ﬂﬁ) 2= S5t — Vapyy a2
- _ c B—A)v(pta)—284A o —
27P — p{g;Jrﬁ(gz(zh&Ff) ptop _ Zj:Q Aptj—12PTI 1
(5.17)

— c(p—1 B—A a)—2BA 0 . i
(b D + S S eyt + Y a(p 4 = 2apar”

- - cp{B(B—A)y(p+a)—28Ap} o j—
TP S T BB Ay T Djmg GpyjarP I

<1-p

Hence (5.14) holds true if

(p— p){B(B — A)y(p + o) — 28Ap}
2p+B(B - A)y(p—«a)

(o)
23 (g — 1= p)agej P < (1 p).
j=2

(p+1)+C
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And it follows that from (3.8), we may take

(1 =c){B(B — A)y(p + ) — 28Ap}

= Apaj_ j > 2
W T G - DB(B - An(p+j - 1—a) = GAG—1) " /=
where Aptj—1 = 0, and
ZApﬂ‘—l <1
j=2
For each fixed r, we choose the positive integer (po + jo — 1) = (po +jo — 1)(r) for each
(p+j—1-p)

2p+j—-1)+BB-A)yp+j—1-a)—FAG-1)

is maximal. Then it follows that

oo

Z(Po-#jo-1—P)apo+jof17°2p°+j°_1 <
=2

(1—c)(po+jo—1—p{B(B— A)y(po — ) — 2ﬂAp0}r2po+j071
(2p0 +jo— 1)+ BB —Ay(p+a) — BAGo—1) °

Hence f is starlike of order p in |z] < r1(a, 8,7, A, B,p, j, p), provided that

c(po = pB(B — A)y(po + @) — 264po} o,

+1) +
(o) 200+ B(B — A(po — )
n (1—d@m+jo—1—pHﬂ&?—Ahﬁm—a)—m%mdf%ﬁmfl<1_p
(2p0 +jo— 1)+ B(B—Ay(p+a) — BAGo—1) ° -
We fined the value ro = ro(a, 8,7, A, B,p, j,p), and the corresponding integer
(po + jo — 1) (7o) so that
— B-A — 2BA
(po+1) + c(po — P){B( )1(po + @) = 284po} o,

2po + B(B — A)y(po — )
(1—=c)(po+jo—1—p){B(B—A)y(po — ) — 26Ap0}r2p0+j0—1 <1_
2po+Jo— 1) + BB — A)y(p+a) — BAGo —1) 0 =

Then this value 7o is the radius of starlikeness of order p for function f belonging to the
class L*(o, 3,7A, B,p, c).

Theorem 5.2 If the function f defined by (2.7) is in the class L*(«, B,vA, B,p,c), then
f is convezity of order p(0 < p < p), in the disk |z| < ra(a, B,7A, B,p,c,p), where
ro(a, B,vA, B, p, ¢, p),is the largest value for which

c(po — PGB — A)y(po + @) = 28Apo} o,
2po + B(B — A)v(po — @)
(1—c¢)(po+jo—1)(po+jo—1—p{B(B —A)y(po—a)— 25AP0}T2p0+j0—1 <1_
(2po +jo — 1) + B(B — A)y(po + jo — 1 — @) — BA(jo — 1) 0 =

(po+1) +

_|_
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The result is sharp for functionsfp;;_1(z) given by (3.10).

Proof.It suffices to show that

21"(2)
<(1-
f/(z) — ( p)?
for |z| < rg, we have
z //(Z)
(5.18)
f'(z)
—p— cp(p— B—A a)—28A — oo . . i—
WP - e e - e = D+~ 2)apes a2t
- oy c B—A a)—2BA _ . -
“per-i - PG Ty S (4 ) ayeg 127
(5.19)
(p? + p)rrt 4 D= BE AR L) 208 et L % S (p+ 5 — D)+ 5 — DapyarPti 2 <1
<1-p

= o p{B(B—A)y (p+a)—28Ap} o ) i
pr—p=1 — °p{€;+ﬁ(gz(£)v"&if) Php—1 _ Z;iz(p—l—j —1)apqj_qrrti—2

Hence (5.15) holds true if

c(p — p{B(B — A)y(p+ o) — 28Ap}
2p+B(B - A)v(p— «)

PPy (p+i—1) (pHi—1=p)aps;1r* T < (1=p).
=

p+1+

And it follows that from (3.8), we may take

(1 —o){B(B = A)y(P + o) — 264p}

4= )\ Ai o 2
Aptj—1 2p+i—-D)+BB-AyP+j—1—a)—BAG—1) PP j >
where Aptj—1 >0, and
Z)\pﬂ'ﬂ <1
=2
For each fixed r, we choose the positive integer (po + jo — 1) = (po + jo — 1)(7) for each

(p+j-Dp+i—p—1)
2p+ji-1)+B8B-A)y(P+j—-1—a)—-BA(H—1)

is maximal. Then it follows that

> (po +Jo — 1) (po + jo — 1 = p)agy4jo—1ro !

i—2

(1 —¢)(po + jo — 1)(po + jo — 1 — p){B(B — A)y(po — @) — 26Ap0}r2p0+j0—1
(Po+Jdo— 1)+ B(B— A)y(po + jo — 1 — +a) — Ao — 1) °

<

IN

Hence f is convex of order p in |z| < r2(a, 8,7, 4, B, ¢, p, J, p), provided that

151



Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) [N ]

Vol.6, No.3, 2016 I[STE

c(po — p){B(B — A)y(po + @) — 28Apo} 120

2po + B(B — A)v(po — @)
< (1 —=c)(po+jo—1)(po+jo—1—p{B(B—A)y(po—a)— QﬂApo}rzpo+jo—1 <1-,
(Po +jo — 1)+ B(B — A)y(po + jo — 1 — +a) — BA(jo — 1) 0 - '

po + 1+

We fined the value ro = rola, 8,7, A, B,¢e,p, 4, p), and the corresponding integer
(po + jo — 1)(r0) so that

c(po — PHBA(B — A)y(po + @) — 26Apo} o,
2po + B(B — A)v(po — @)
(1 —¢)(po + jo — 1)(po + jo — 1 — p){B(B — A)y(po — ) — QﬁApo}r2po+j0—1
(2po +jo — 1) + B(B — A)y(po + jo — 1 — @) — BA(jo — 1) 0

(po+1) +

+ <1l-—p.

Then this value rq is the radius of convexity of order p for function f belonging to the class
L*(a, 3,7, A, B,p, c).

6 Convex linear Combination
Our next result involves a linear combination of function of the type (2.7).
Theorem 6.1 Let

cAB(B — A)y(p+ o) — 28Ap} ,

folz) =277 - W+ +8B-Anp—a)

(6.20)

and

v BB = Ao +a) ~284p) ,

Jrtn1(2) 20+ +6(B — A)y(p — )
- (1 —e{B(B — Ay (P + o) — 28Ap} pn—1
2p+n—-1)+3(B A) (P+n—-1-—a)—0An-1)
) (n > 2).

then f € L*(«, 8,7A, B, p,c) if and only if it can be expressed in the form

=3 At fprni(2), (6.21)

n=1

where Aptn—1 >0 and Z Aptn—1 <1

Proof.<= From (6.16),(6.17) and (6.18), we have
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flz) = Z/\p+n—1fp+n—1(z)a
o clB(B = Ao+ o)~ 204p} ,
2p+B(B—A)y(p— )

—Z (1= (B — A)y(P + ) — 26.4p)
Cp+n—-—1)+BB-A)y(P+n—-1—a)—An—-1)

+n—1
)\p+n,12p .

since

i (1 = NHBB = Ay (P + a) — 26Ap} .
< (2p+n-1)+B(B-Ay(P+n—-1-a)-FAn-1)

2p+n—-1)+0(B—-A)y(P+n—-1—a)—FAn—-1)
(1= c){B(B = A)y(P + a) — 26A4p}

it follows from Theorem 3.1 that the function f € L*(«, 8,74, B, p, ¢).

)\p+n71 = Z )\ernfl <=1,

n=2

< Conversely, let us suppose that f € L*(a, 8,vA, B, p,c). Since

(1— BB — Ay(P + ) — 264p)
Tt S D) T (B - A (P01 —a) fAm 1)  (Z)

Setting

. _ @pAn-1)+BB-A)y(P+n—1—a)—-BAn—1)
P (1— {B(B — Ay (P + o) — 204p} ot
It follows that

(n>2)

2) =Y Mprjorfprio1(2)
j=2
this complete the proof of theorem.

Theorem 6.2 The class L*(«, 8,7, A, B,p, ¢) is closed under convex linear combinations.
Proof. Suppose that the functions f; and fy defined by,

fz(z) =z P _ C{ﬁz(pB+ ﬂf(l)B( A) () — QBAP} prJrn 1 zp-l—n 1 i = 1,2;2 cE

(6.22)

are in the class L*(«a, 8,74, B, p,c).

Setting V(z) = pfi(2) + (1 = p) fa(2) O<p<),
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we want to show that f € L*(«a, 8,74, B, p,c). We find from (6.19) that

o ABB—ANn(p+a) —264p} , i

— . 1— . ptj—1
V(Z) 2p + 6(3 _ A)'Y(p _ a) </’[’a'11+] 1,1 +( /.L)ap_t,_] 172>Z ?

Jj=3

In view of theorem 3.1, we have

oo

Y I@p+n—1)+B(B—An(p+n—1-a) <N|ap+j1,1 +(1- u)ap+j1,2> . (6.23)

n=2

= u Z[(Zp +n—-1)+8(B—-A)yp+n—1—a)llaptn-1,]

n=2
=) S I@p+n— 1)+ BB — Ay +n—1 - )byl

IN

u{(l =B -A(p—a) - 25Ap} +(1- u){(l —)B(B - A)y(p—a) - 26Ap},
= (1-¢)B(B—-A)(p—a)—284p.
which show that f € L*(«, 58,7, A, B, p, c).
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