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Abstract: In this paper we study some properties of weighted composition. In addition that
we discuss the finite rank weighted composition on Hardy space H?and discuss the
eigenvalue equation for weighted composition operator inducing by Koenig's maps on Hardy
space H? .
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1. Introduction.

Let U denote the open unite disc in the complex plan ,let H* denote the collection of all
holomorphic function on U and let H? is consisting of all holomorphic self-map on U such
that f(z) = Ym0 a,z™ whose Maclaurin coefficients are square summable (i.e)

f(2) = ¥ ola,|? < . More precisely f(z) = ¥, a,z™ if and only if
Il = £2_ola,|? < .The inner product inducing theH? norm is given by

(f,9) = Y=o @n by
Given any holomorphic self-map ¢ on U, recall that the composition operator
C,(h) = hop (h € H?)
Is called the composition operator with symbol ¢, is necessarily bounded. Let
f € H®, the operator T;: H?* — H? defined by
Tr(h(z)) = f(2)h(2), forallz€ U,h€ H?

is called the Toeplitz operator with symbol f . Since f € H*, then we call T, a holomorphic
Toeplitz operator. If T, is a holomorphic Toeplitz operator, then the operator T;C, is
bounded and has the form

TrCpg = f(gog) (g € H?).
We call it the weighted composition operator with symbols f and ¢ [1] and [3], the linear
operator

Wr o g = f(go9) (g € H?).
We distinguish between the two symbols of weighted composition operator Wy, , by calling
f the multiplication symbol and ¢ composition symbol.
For given holomorphic self-maps f and ¢ of U, W, is bounded operator even if f &

H> .To see a trivial example, consider ¢(z) =p where p € U and f € H?, then for all
g € H?, we have

I Wro gll, = lg@UIIfllz = IF12¢g. K| < If 2l gl2l|K I,
In fact, if f € H® then W, is bounded operator on H? with norm
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[ (0)]
[ Wro | = IT:Coll < flleolCol = 11 lleo /—13;2(2)'-

2. Basic concepts on weighted composition operators.

We start this section, by giving the following results which are collect some properties of
Toeplitz and composition operators.

Lemma (2.1):[4, 6] Let ¢ be a holomorphic self-map of U, then
@) CpTr = Trogp Co.
(b) Ty Ty = Tyy.
©) Triyg =Tr +vT,.
(d) Tr = Tp.
Proposition (2.2):[1] Let ¢ and y be two holomorphic self-map of U, then

1. €y =C,, forallpositive integer n.

2. C, isthe identity operator if and only if ¢ is the identity map.
3. C,=C, ifandonlyif ¢ =y.

4. The composition operator cannot be zero operator.

For each a € U ,the reproducing kernel at « ,defined by K,,(z) = —1_1az

It is easily seen for each a € U and f € H?, f(z) = X5, a,z" that

o)

(F.K) = ) ana™ = f(@)

n=0

When ¢(z) = (az + b)/cz + d) is linear-fractional self-map of U, Cowen in [2] establishes
Cy =T,C,Ty, where the Cowen auxiliary functions g, o and h are defined as follows:

1

9@2) === ,0(z)=2£5 and h(z)=cz+d .

If ¢ is linear fractional self-map U, then Wy, = (T¢C,)" = CoTr = TyCoTy.

Now the following result contains some simple properties of the weighted composition
operator on Hardy space H?.

Proposition (2.3): Let ¢ and ¥ be two holomorphic self-maps of U and f, h € H* .Then,

1. If fisnon-zero function in H*, then Wk , cannot be zero operator.
2. Wr, is the identity operator if and only if ¢ is the identity self-map of U such

that f(z) =1forallze U.
3. If fisnon-zero function in H®, thenW; , = W, ifand only if ¢ = .
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Proof :

(1) Suppose W, is zero operator for some holomorphic self-map ¢ of U and f € H* ,then
Wr9(z) =0 (g € H? z€U).Hence  f(2).Cpg(z) = 0. Then, either f(z) = 0 or
Co,9(z) = 0.But f € H”/{0} then C,g(z) =0 (z € U), which is a contradiction with
proposition (2.2). Hence W, cannot be zero operator.

(2) Assume that ¢(z) = z and f(z) = 1 forall z € U. Note that, forall g € H? and z € U
,we have

Wr9(2) = f(2)Cpg(2)
= f(@)g(p(2)
= 9g(2).
Hence W , is the identity operator .
Conversely if Wk , is the identity operator ,then for all g € H2and z € U ,we have
Wy, p9(2) = f(2)Cpg9(2)
= f(@)g9(e(2))

= g(2).

By taking g is a constant self-map of U in H*, we can see that f(z) = 1 for all z € U. Hence,
forall g € H? and z € U, we have W; ,g(2) = C,g9(2) = g(2).

Therefore , C,, is the identity operator on H?. This implies by proposition (2.2) that ¢ is the
identity self-map of U.

(3) Assume forall g € H? and z € U that W, ,g(z) = Wy, g(2). Thus,
fe i

f(z)g((p(z)) = f(z)g(l,b(z)). Hence, by taking g(z) = z we have f@e(z) =
f(@)(2).Thus, f(z)(@(z) —y(2)) = 0, as desired .

The convers is clear .

Following proposition shows that the product of finite number of weighted composition
operator is also weighted composition operator.

Proposition (2.4):[5] Let each of ¢4, ¢,, ... ¢, be holomorphic self-maps of U and
fl'er fn € ]H[OO, then

Wr01 - Whioo = Wi, = ThCo
Where Ty, = fi. (f2001). (f3090,091). ... (f200,-10¢y_z0 ....0¢p;) and
Cp = PnOPp_10 ....00;.

Corollary (2.5): Let ¢ be a holomorphic self-map of U and f € H* then
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Wro =Tr (¢ 0p )& 092)-f 09n-1)Con
The following lemma discuss the adjoint of weighted composition operator .

Lemma (2.6):[3] If the operator W ,: H? — H? is bounded, then for each a € U

W]:,(pKa = f((l)K(p(a)
Now we raise the following question:

Is the adjoint of a weighted composition operator on H? ,a weighted composition operator on
H? 2.

Abood E. H. [1] answered the same question for composition operators on Hardy space H? as
follows:

Theorem (2.7):[1] Let ¢ be a holomorphic self-map of U . Then C is a composition
operator on H? if and only if ¢(z) = yz forsomey, |y| < 1.

Now we are ready to give the main result in this section concerning our above question .

Theorem (2.8): Let ¢ be a holomorphic self-map of U and f € H*, then W*; , isa

Cc

weighted composition operator on H? with symbols h and ¥ if and only if h(z) = —

1-byz
and Y(z) = a, + 1-%2 where a, = (0) , a; = (0), by = ¢(0) and
¢ = F(0).
Proof :  Assume that for some holomorphic self-map 1 of U we have for all g € H?
W*f,qJ(g) = Wh,w(g)-
Thus, Wr ,Kg(2) = WhyKp(2) (ze U,B e ).
Then, f(B)Kyp)(2) = h(2)CyKp(2).
Hence, F(B)Kpp)(2) = h(2)Kp((2)). This implies that,
f6)_ __ @ (2.1)
1-9B)z 1-pY(2)
In particular, letting # = 0 in (2.1) we get L
RO
h(z) = T oo 2(0)2 (2.2)
Put, by = @(0) andc = f(0) ,thenwe can write has
h(z) = —— (2.3)

1_b0Z

Combining equation (2.1) and (2.2) we get

159


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org

5:'1\; 2;243522411 6(Paper) ISSN 2225-0522 (Online) illii‘il
c(1-— mz) _ —
— - (1-Fv@) (1 - boz) (2.4)

Clearly that the expression on the left of (2.4) is a polynomial of degree one in variable z.
This means that the expression on the right of (2.4) must be a polynomial of degree one in z ,

(1-Bv(@) (1~ boz) = 1 = fp(2) — boz + Bhozp(2) 2.5)
Now suppose ¥(z) = ag + a;z + a,z? + - is the Taylor expression for 1.

Hence by substituting vy in (1.5) we get,

(1-Av@) (1 ~boz)

=1-f(ag+ a1z + ayz> +++ ) —byz+ Bbyz(ay + a;z + a,z> + -+ )
= (1—Bao) + (Bboag — by — Bag)z + (Bboas — fay)z? + -

We see that Bbyaj_, — fa; = 0 for each integer j for which j > 2. On the other
word a; = bea;_, for j = 2.

In particular , a, = boa; which means that a; = (b,)?ay, and by continuing ,we get
that a; = (bg)’"a; ,for j =2 .Substituting in Taylor series ,we see that

— —2
Y(z) =ag+ayz+byayz? + by a;z3+ - =ag+ T,
— by

where a; = (0) , a; = P(0) and by, = ¢(0) .

a
1-byz
shows that equation (2.1) holds for all 8 and z in U, as desired .

Conversely , if f(z) = % and Y(z) =a, + ,then a straightforward computation
—lo

3. Finite —Rank Weighted Composition Operators.

Recall that an operator T on a Hilbert space H is called of finite —rank if the rang of T,
R(T) is finite dimensional [6 ] . An operator T is called an algebraic operator on A if there
exists a nonzero complex polynomial p such that p(T)=0 [6] and T is called an idempotent
operatoron H if T2 =T.

In this section we shall determine the self-map ¢ of U and f € H*that induce a finite —
rank weighted composition operator on Hardy space H?.

Proposition (3.1): Let ¢ be a holomorphic self-map of U and f € H™.If ¢ is a constant
map ¢(z) = b where b,z € Usuchthat f(b) =1 ,then Wk ,is algebraic operator.

Proof : Take p(z) = z%2 —z ,z € U .Let g € H?, then

'p(Wf,(p)g(z) = (Wf,coz - Wf,<p)g(z)
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= Wy, (TrCpg(2)) — TfC<p(g(Z))
= W (f(2)-9(9(2)) = f(2)-9(¢(2))
=TrCp(f(2).g(b)) — f(2).g(b)
= gb)TrCpf(2) — g(b)f (2)
=g)f()f (9(2)) — g(b)f (2)
=gb)f(@f () — g(b)f (2)
=g(b)f(2) —g(b)f (2)
=0
Hence p( Wy,)g(2) = (W, — Wy, )g(2) =0 (3.1)
This implies that W , is algebraic operator.
From equation (3.1) we have the following corollary

Corollary (3.2): Let ¢ be a holomorphic self-map of U and f € H™. If ¢ is a constant
map of U ¢(z) = b where b € Usuchthat f(b) =1, then Wk ,is an idempotent operator

on HZ.

Proposition (3.3):  Let ¢ be a holomorphic self-map of U and f € H™. If ¢ and f are
constant maps, then rank Wy, = 1

Proof: Suppose that ¢ and f are constant maps, then there exist 8,y € U such that
@(z) = B, f(z) = y.Therefore forall g € H? and z € U
Wr»9(z) = TrCyug(2)

= f(2)(9(p(2))

=v9(2).
Hence, W ,(H?) = 1. This implies that rank Wy, = 1.

Proposition (3.4):  Let ¢ be a holomorphic self-map of U and f € H*. If rank Wy, = 1,
then ¢ is a constant map.

Proof:  Suppose that rank Wy , = 1, then there exist 8 € C, h € H?,such that for all
g € H? and z € U, we have

(Wr,,)9(2) = Bh(z). Hence T;C,g(z) = Bh(z), implies that f(z)(g(¢(2)) = Bh(2).
If we take g(z) = z, we obtain

f(2)p(z) = B h(z) ,forsome B, € C (3.2)
Also if g(z) = z2, then
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f(2)p%(z) = Byh(z) , for some B, € C (3.3)

From equations (3.2) and (3.3) we have the following equation h(z)(B,¢(z) — ;) =0

Therefore, either h(z) =0 or (B1p(2) —B,) =0.1f h(z) = 0 then W, isazero
operator which is a contradiction with proposition (2.3).

Hence (Bi¢(z) — B,) = 0 ,this implies that ¢ is a constant map, as desired .

Now we are ready to give the necessary condition of the finite-rank weighed composition
operator.

Theorem (3.5):  Let ¢ be a holomorphic self-map of U and f € H®. If W, is of finite-
rank operator, then ¢ is a constant map .

Proof: Suppose that Wy ,, is of finite- rank . Put rank Wy , = n.To show that ¢ is
a constant map, the proof will be by induction on n.

If rank Wy, =1 then by proposition (3.4) ¢ is a constant map. On the other hand , if the
theorem is true for (n — 1), we shall prove it for n.

Assume that foreach g € H?,z € U

(Wr)9(@) = f(2)(g(0(2)
= a,h(2) + ayhy(2) + -+ a,hy, (2)

forsome h; e H? anda; €C , i =1,2,..,n.

If g(z) = z , then
f(@)(2) = B1h1(2) + B2hy(2) + -+ + Brhn(2) (3.4)
forsome g;€C, i=1.2,..,n.

If g(z) = z?, then

f@@?*(2) = v1hi(2) + v1ha(2) + -+ + v1hn(2) (3.5)
forsome y; €C, i=1,2,..,n.
From equations (3.4) and (3.5) we get the following equation
P(2)[B1h1(2) + -+ + Bphn(2)] = y1hi(2) + -+ + y1hn(2)

hn(2) (B (2) = V) = ha(2) (1 = B19(2)) + =+ + by 1 (D) (Yn-1 = Br-19(2))

Note that, if (8,¢(z) —y,) = 0, then ¢ is a constant map. But if

(Bre(z) — vn) # O,then for all z € U, we have

_ (V1 - ,31<P(Z)) (Vn—1 - ﬁn—l‘P(Z))

hn(z) - (ﬁngo(Z) —¥n) (ﬁn¢(z) —¥n)

hy(2) + -+

hn_1(2)
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This implies that, h,, is a linear combination of hq, h,, ..., hy,_;.

Hence, rank Wy, reduces to n — 1. But we assumed by the induction that the theorem is
true for rank Wy, = n — 1. Thus ¢ must be constant map.

Recall that an operator T on Hilbert space H is called compact if T maps each bounded
subset of H into relatively compact one [6].Before we give the next result we need the
following theorem [7].

Theorem (3.6):(Finite Rank Approximation)

Suppose that T is an operator on a Hilbert space H .Then T is compact if and only if there
is a sequence {F,} of finite-rank operator such that ||T — F,|| — 0.

Corollary (3.7):  Let ¢ be a non-constant holomorphic self-map of U and f € H*. If
W, Is @ compact operator then there exists a no sequence of finite-rank weighted

composition operator on H? that converges to W; .

Proof:  Suppose, that there exists a sequence {T,,} of finite-rank weighted composition
operator on H? that converges to Wy, , i.e. limy,_, T, = W, .We note that if

h € R(Wy,) then Wy ,g = h forsome g € H?. Hence lim,,,, T,g = h ,

then we have h € R(T,) . But {T,} is a sequence of finite-rank operators , then {R(T,)} is a
finite-dimensional subspace of H? for all n. Thus R(T,) = R(T,) foralln. Then h € R(T,)
for all n.This implies that R(W;,,,) € R(T,,) for all n.

Since R(T,) is a finite-dimensional subspace of H?, then R(W ) is a finite-dimensional
subspace of H?, thus by theorem (3.5) ¢ is constant map , which a contradiction .

4- The Eigenvalue Equation for Weighted Composition Operator Inducing by Koenig's
Maps.

If ¢ is a holomorphic self-map of U, the eigenvalue equation for the composition

operator is
Cog=2Ag or gop=121g 4.1)
this is called Schroder's equation [8].

In 1870, Ernst Schroder's pioneering work on iteration of analytic functions. In trying to
understand Newton's method in the complex plane, Schroder's arrived at the idea of using
iteration to find solutions of equations involving analytic functions.

In 1884, Gabriel Koenigs published his work on solution of Schréder's equation for the
class of holomorphic self-maps ¢ of U that are not conformal automorphisms, that fix a point
p e U and for which ¢(p) # 0 (so that ¢ is noncontact . Shapiero in [7] called these maps
Koenigs maps.

Remark (4.1): If ¢ is a Koenigs map,then by its definition , ¢ is a holomorphic self-map of
U with fixed point 0 € U for which ¢(p) # 0 and not conformal automorphism .  Gabriel
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Koenigs published basic existence-uniqueness theory for a unique solutions of Schroder's
equation (4.1) near a fixed point. Hence by (1.2.13) 0 < |p(p)| < 1.

Theorem (4.2)(Necessary and Unigueness): If ¢ is a Koenigs map ,then the eigenvalue
of C, are o(p)™ for some positive integers n, i.e. suppose g € H? is a nonconstant and

there is a complex number A such that g and A satisfy Schroder's equation, then 2 = @ (p)™
for some positive integer n .

Moreover ,these are the only eigenvalues and they all have multiplicity one , i.e. up to
multiplicity constant , g is the unique solution for gop = Ag

In what follows we shall try prove the necessary and uniqueness theorem for analytic
solution of the eigenvalue equation of weighted composition operator

Wrog =g or f(gop) =12g (4.2)
We shall introduce the main theorem in some stage .We need some preliminaries .

Recall that [6] if T be bounded linear operator on Hilbert space, then the spectrum of T,
denoted by o(T), is defined as follows:

o(T)={A eC: T -]l is not invertible}.
Moreover ,the point spectrum of T denoted by 4, (T) is the set of all eigenvalue of T.

Remark (4.3): Infact if ¢ is Koenigs map whose fixed point p is not 0, we apply the case
p = O resultto y = a,opoa,* which fixed the origin. Hence,

Wfoap,w = Tfoapcw
= TfoapCap C(p C;pl
= Co, TrCpCal = Cop Wy Cit

Thus Wroa, and Wk, are similar . But it well-know that two similar operator have same
point spectrum and spectrum . Thus by the special automorphism a,, , we translate the result
fory and foa, into results for ¢ and f, respectively .

Lemma (4.4): Suppose ¢ be a holomorphic self-map of U and f € H*/{0}. If p isa
non-constant map, then W ,is one-to-one .

Proof : Suppose that ¢ is non-constant . Let h;, h, € H? such that

Wf,(p(hl) = Wf,(p(h2)1 then TfC(p(hl) = TfC(p(hz) ThUS, forallze U

f(@Dhi(9(2) = f(2)hy(9(2)), then hy(p(2)) = hy(@(2)). Hence,

h, = h, on ¢@(U) . Thus by open mapping theorem, we have h; = h, on a non-empty open
subset of U. Therefore ,by Taylor theorem hy = h, .Thus W ,is one- to-one operator .
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Lemma (4.5): Let ¢ be a holomorphic self-map of U such that ¢ fixesp € Uand f €
H. If ¢ is neither a constant nor a conformal automorphism of U and W, (g) = Ag for

someg € H2,g # 0 and A € C, then
1. 2#0.
2. If g is non-constant function, then 2 # f(p) and g(p) = 0.

Proof : 1. Since ¢ is non-constant, then by Lemma (4.4) we obtain W , is one-to-one. If
we assume that A = 0, then for some g # 0

Wre(9) = f(2).9(9(2)) = Ag(2) = 0.
But Wk, is one-to-one, then g = 0 which is contradiction. Hence, 1 # 0.
2. Assume that A = f(p), then

Wr,(9) = f(2).9(9(2)) = 2g(2) = f(p)g(2). Hence,
(W (9@))" = FEI™9(@)"

=Tf (f 00 YJ °92).(f 0<pn—1)C¢n(9(Z))-
Since, ¢ is non-automorphism of U, then by Grand Iteration theorem [] we obtain ¢, 5 p.

Therefore for each z € U, we have

FEN"G@" = (W0 (9())"
= F@f (@) - f(Pn-1(2)g(on(2))
5 F@)"gm).

Hence, (Wf,w(g(z)))n converges to (f(p))"(g(z))" and (f(p))"g(p) in U.Therefore

since the limit is unique and f(p) # 0 ( by part (1)), then g is a constant function, which
contradicts our hypothesis .

Now to see that g(p) = 0, note that from eigenvalue equation

f(@).9(0(2)) = Ag(2),setz = ptoget f(p).g(e®) = f(P)-9®) = 29().
which since A # f(p), gives the desired result.

In following theorem proven the existence for analytic solution of the eigenvalue equation
(4.1) of weighted composition operator .

Theorem (4.6): Let ¢ Koenigs map of U that fixed p € U and f € H™. Suppose
that W; ,(g) = Ag for some g € H? such that g isnot constant function and A € C. Then

A= f(p)((/’)(p))n for somen =0,1,2, ...
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Proof Without loss of generality we give the proof for the special case when p = 0 (by
remark (4.3)). Since g isnot a constant function, then by lemma(4.5) (2) we have

g(0) = 0. Therefore, the Taylor expansion of g is

g(2) = apz™ + ap 12" + -+ where a, # 0. By solving eigenvalue equation
Wr»,(g9) = f.(g © @) = Ag we obtain for each z € U that

_f2).(g(p(2)

A 9@

o

QD(Z) " an + an+1(P(Z) + an+2(p(z)2 + e
z Ap + Anp1Z2  + AQpipz? + -

(P(Z)>n an + an+1(P(Z) + an+2(p(z)2 + -

A =1limA = limf(z).lim
z-0 720 750\ 2 Ap + Ani1Z  + Apyaz? +

2= f)(om)"

Lemma (4.7): Suppose that ¢ is a Koenigs of U that fixed p € U and f € H®. If
®(p) = 0, then f(p) is the only eigenvalue of W, .

Proof:  Assume that A # f(p), A is the eigenvalue for\ , . But from the proof of
lemma(4.5)(2) the only eigenfunction corresponding to f(p) is the constant multiple of f,
therefore the eigenfunction of A is the constant multiple of f.

Hence, by theorem(3.6) 1 = f(p)(¢(p))" for some nonnegative integer n.
But @(p) = 0, then A = 0, which is contradiction lemma(4.5)(1), hence 4 = f(p).

It is well-known [7] that the non-zero spectral points of compact operator are precisely
the non-zero eigenvalues .Also every compact operator on infinite dimensional Hilbert space
is not invertible, then zero lies in its spectrum . Therefore from theorem (4.6) and lemma (4.7)
we can provide the following description of the spectrum of a compact weighted composition
operator .

Corollary (4.8): Let ¢ be a holomorphic self-map of U and f € H*. If W , is compact
operator on H2 and p € U is the fixed point of ¢, then

c(Wyr ) =0, f@}I U {F® (o) in=12..}.

Remark (4.9):  If Wy, has an eigenfunction which is constant function, then by lemma
(4.5)(1) and theorem (4.6) A = f(p)@(p) # 0.

The next theorem discuss the uniqueness of eigenvalue equation (4.1) .

Theorem (4.10): Suppose that ¢ is a Koenigs of U that fixed p € U and f € H* and 4
is an eigenvalue for W ,, then the multiplicity of 4 is one .
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Proof : To prove the multiplicity of 4 is 1, we show that if g is an eigenfunction for

W, corresponding to A and Wy, (h) = Ah ,for some h € H?2, then h is constant multiple of
g- Without loss of generality we assume may that ¢(0) = 0 and

f(0) #0.1f 2= f(0) then by lemma (4.5) (2) we see that the only eigenfunctions for the
eigenvalue f(0) are the constant function , hence the theorem is true when 1 = £(0) .

Now, if 1 # f(0), by differentiating both sides of eigenvalue equation
f@).9(¢@)=29(z)  (z€U), weget
f(2).4(p(2)).9(2) + f(2). 9(9(2) = 24(2)
and evaluate the resultat z = 0 and 2 = f(0)¢(0), awe have
(£(0))%. §(¢(0))-4(0) + £(0). g((0)) = 24(0) .

Moreover ,

f(2).19(p(2). 9" (@) + g"(0(2). (9(@)*] + f(2). ' (¢(2))$(2) + £ (2). 9" (¢(2)) $(2)
+f"(@.9(0() = 29" (2)

and evaluate the result at z=0 and A1 = f(0)@(0) we get

£(0).9(9(0)).9"(0) + 1.¢'(0). g" (9(0)) + 2. £(0). g’ (¢(0)) 9’ (0) + £ (0). g(9(0)) =
19" (0) . (2.13)

But by lemma (4.5)(2) g(0) = 0, then we obtain from equation (2.13) that
AL’ (0) — 119" (0) = =[£(0)9" (0) + 2/ (0)¢'(0)]g'(0) .
Thus the calculation shows that for every n > 2, the quantity

A D(0) — 1]g™(0) is given by an expression that involves the derivatives
™) for1<m<n ,g®) for 1<k<n-1andfP0) for1<j<n-1.

But by remark (2.3.8 ) A # 0 and moreover 1 # f(0) , then the induction argument
shows that forn > 2, g™ (0) is determined solely by ¢, f'and g'(0) .

So given ¢ and f the coefficients g™ (0) of g in its Taylor expansion about 0 are
determined solely by g'(0) (note that g(0) = 0).

Similarly, the coefficients for every eigenfunction h in its Taylor expansion about 0
determine solely by h'(0) (note that h(0) = 0 by lemma(4.5) ), hence h is a constant
multiple of g .
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