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ABSTRACT
In This Paper we prove An Extension of Banach contraction principle through rational expression in 2-Banach
space satisfying Three continuous mappings . Some result with S. banach (1922). And discuss about fixed point
theory in 2-Banach space also established a fixed point theorem in 2-Banach space which generalized the result
of many mathematician.
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Preliminaries :
1.1 Definition:

Let X be areal linear space and ||., . || be a non negative real valued function defined on X satisfying the
following condition:

(1) llx,yll = 0 iff x and y are linearly dependent.
@) llx,yll = lly, x|l forall x, ye X.

3) llx, ayll = |alllx, yll ,a being real, for all x, ye X.
@) llx,y +zll = llx,yll + lly, |l for all x, y, z € X.
Then ||.,. | is called a 2-norm and the pair (X, ||.,.||) is called a linear 2-normed space.
So a 2-norm [|x, y|| always satisfies ||x,y + ax]|| = ||x, y|| for all x, y€ X and all scalars a.
1.2 Definition:
A sequence {x,} in a 2-normed space (X, |.,.]||) is said to be a cauchy sequence if lim,_||X; — X all =0
forallain X.
1.3 Definition:
A sequence {x,} in a 2-normed space (X, |.,.||) is said to be convergent if there is a point x in X such that

lim,, . |lx, — x,y|l = 0 forally in X . If x,, converges to x , we write x,, - x as n — oo.
1.4 Definition:

A linear 2-normed space is said to be complete if every Cauchy sequence is convergent to an element of X. A
complete 2-normed space X is called 2- Banach spaces.

1.5 Definition:
Let X be a 2-Banach space and T be a self mapping of X. T is said to continuous at x if for every sequence {x,}

in X, {x,} - xasn — oo implies {T(x,,)} = T(x) as n — oo.

81


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) JJH.i.l
Vol.6, No.5, 2016 NIS'E

Main Result

Theorem 2.1: Let E, Fand T are three continuous mappings of a 2-Banach space satisfying the following
conditions:

ET=TE, FT = TF, E(X) € T(X) and F(X) c T(X). (1.1)

ITy=Fy.all [1+|ITx-Ex,all]
1+||Tx-Ty,all

I(Ex — Fy),all < a + BITx — Ex,all + Ty — Fy,alll +

y lITx — Fy,all + ITy — Ex, all] + é[ITx — Ty, al| (12)

Forall x, y in X where a,8,y,6 =0,a + 28 + 2y + § < 1. then E,F and T have a common fixed point in X.
Proof: Let x, be an arbitrary element of X and let {Tx,,} be defined as

Txone1 = Exop , Txopis = Fxgpyq forn-1,234...... (1.3)

We can do this since E(X) c T(X) and F(X) c T(X).

From (1.2) we have

ITxzn41 — TXonsz @ |l = |EX2p — Fxonyq, all

<a ITx2n+1—Tx2n+2,all[1+ Tx2n—Txzn+1.all] + B8l
[1+ITx2n—Tx2n+1.all]
Txzn+2 @l + I Txon 41 — Txopeq, alll + 6l Txzn — Txopniq, all

ITx20, — Toons1, all + 1 Txzn41 — Txony, alll + y[[ITxz, —

ITxzn41 — Txoniz, all[1 + [ITx2y — Txzpniq, all]

[1 + ”Tx2n - Tx2n+1'a”]
+ VI Tx2p — Txop42, all + 0] + 8| Txz, — Txppqq, all

+ Bl Txzy — Txzpi,all + N TXon41 — TXop42, alll

ITX2041 — TXan42, all[1 + [Tz, — Txop44, alll

[1+ [ITxzy, — Txapn41,alll
+ YIITx2n — Txonsz, all + I Txzn41 — Txopyq, alll + 61 Txzn — Txgpq, all

+ BIITx20 — Toon1, all + 1 Tx2n41 — Txonyo, alll

ITX2n+1=TX2n+2.all[1+ITX2n—Tx2n+1.all] _ _
1+ Txon—TZpmsn,all] + Bl Tx20 — Totgny1, all + [ Txzn41 — Txonyz alll +v +

O\ Txzy — Txones, all [using triangle inequality]

< a

ITxzn41 — TXonsz @l < @l Txpnyq — TXonyo, all + BlITxzn — Txonyq, all + Bl Tx2p11 — Txonyo, all +
YIITxzn — Txopeq, all + YIITXx2n41 — Txopaz, all + Sl Txzn — Txopaq, all

ITx2041 — Txzpiza il —a =B —y) < (B +y + ) Txzn — Txzpyq, all

B+y+96)
ITx2n41 — Toonsz,a |l < O-a=F-p ITx2n — Toxon 41, all

ITx2n41 — Txopsz @ |l < h I Txz, — Txop4q, all

(B+y+8)

Where h = )

<1

Similarly we can see

ITx2n — Txons1, @l < B || Txzp—1 — Txpp, all
Proceeding in t is way ,we have

ITx2n41 — Txopiz, @ |l < A [ Txzn — Txgpneq, all

< h? |ITxzp—q — Txay, all
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< h?2™1 || Txy — Txy, al|

By routine calculation the following inequalities hold for k>n

k

I = T @ € ) [Thnsas = Tanea al
i=1

<YK R Tx, — Txy, all
hn
<15 [ITxg — Txy, al| - 0asn - oo,

Hence {Tx,} is a Cauchy sequence by the completeness of X. {Tx,,} converges to a point u in X. It follows
from (1.3) that {Ex,, }and {Fx,,.1} also converges to u. since E,F and T are continuous we have

E(Tx,,) = Eu ,F(Txy,41) = Fu (1.4)
From (1.1) t commutes with E and F therefore

E(Tx,,) = T(Exzy) , F(Tx2041) = T(Fxyp4q) forall n=0,1,2,3.............

Taking n — oo we have

Eu=Tu=Fu and (1.5
T(Tu= T(Eu)) = E(Tu) = E(Fu) = F(Eu) =T(Fu) = F(Tu) = F(Eu) = F(Fu). (1.6)
By (1.2), (1.5) and (1.6). if Eu # F(Eu) we have

|Ew — F(Eu), all <
I (Bw)~F(Ew).all [1+IITu-Ew,all
[+ [To-TGaall + BllITu — Ew, all + IT(Ew) - F(Ew), all] +y[lITu —

F(Ew),all + IT(Ew) — Ew,alll + 6lITu — T(Ew), all

< 2y + 8)||Eu — F(Eu), al|
<||[Eu — F(Ew), al| [ :2y+6) <1] .7n
Leading to a contradiction . Hence
Eu = F(Eu). Using (1.6) and (1.7) we get
Eu = F(Eu) = T(Eu) =E (Eu)
Which shows that Eu is the common fixed of E, Fand T .
Letzand w (z# w) be two points in X such that
Ez = Fz =Tz=z and Ew = Fw= Tw = w .Then by (1.2) we have

lz=w,all = ||Ez—Fw,all

|Tw—Fw,a||[1+]|Tz-Ez,a||
[1+ITz—Fw,all]
Ez,al|] + 8Tz — Tw,al|

< L+ BlITz — Ez all + ITw — Fw,all] + ¥[IITz — Fw,all + ||Tw —

<a.0+4+B.0+y[|ITz— Fw,a|l + |ITw — Ez,a||]] + 8Tz —Tw,a||
<@y +86)I||Ez— Fw,a|
<||Ez—Fw,a| [ -2y +96) <1]

Leading to a contraction. Hence z = w. This implies the uniqueness of common fixed point for E,F and T. This
completes the proof of the theorem.
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