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Abstract  

In this study , we define the concepts of a generalized higher bi-derivation , Jordan 

generalized higher bi-derivation and Jordan triple generalized higher bi-derivation on Г-rings 

and show that a Jordan  generalized higher bi-derivation on 2-torsion free prime Г-ring is a 

generalized higher bi-derivation . 

1.Introduction 

Let  M  and Г  be two additive  abelian  groups . If there exists a mapping  (𝑎, ∝, 𝑏) → 𝑎 ∝ 𝑏  
of    𝑀 × Г × 𝑀 → 𝑀  satisfying the following for all  a, b, c ∈ 𝑀  and ∝, 𝛽 ∈  Г ∶  

(𝑖)   (𝑎 + 𝑏) ∝ 𝑐 = 𝑎 ∝ 𝑐 + 𝑏 ∝ 𝑐 , 𝑎 (∝ +𝛽)𝑏 = 𝑎 ∝ 𝑏 + 𝑎𝛽𝑏 , 𝑎 ∝ (𝑏 + 𝑐) = 𝑎 ∝ 𝑏 + 𝑎 ∝
𝑐  and  

(𝑖𝑖)   (𝑎 ∝ 𝑏)𝛽𝑐 = 𝑎 ∝ (𝑏𝛽𝑐) . 

Then  M  is called  a  Г − 𝑟𝑖𝑛𝑔  

The notion of a Г − 𝑟𝑖𝑛𝑔 was introduced by Nobusawa [9] and generalized by Barnes [2] as 

defined above . Many properties of   Г − 𝑟𝑖𝑛𝑔   were obtained by Barnes [2] , kyuno [6] , Luh 

[7] and others . 

 let  M  be a  Г − 𝑟𝑖𝑛𝑔  . then  M  is called    2-torsion free if  2a= 0  implies  a= 0  for all 

𝑎 ∈ 𝑀 . Besides , M  is called a prime  Г − 𝑟𝑖𝑛𝑔 if , for all  𝑎, 𝑏 ∈ 𝑀, 𝑎 Г 𝑀 Г 𝑏 = (0)  

implies either  a= 0  or b= 0 . and, M  is called semiprime if  𝑎 Г 𝑀 Г 𝑎 = (0)  with  𝑎 ∈ 𝑀  

implies  a= 0 . Note that every prime  Г − 𝑟𝑖𝑛𝑔   is obviously semiprime. M  is said to be a 

commutative  Γ − 𝑟𝑖𝑛𝑔  if    𝑎 ∝ 𝑏 = 𝑏 ∝ 𝑎   holds for all   𝑎, 𝑏 ∈ 𝑀     and  ∝∈ Γ  . Let   M  

be a   Γ − 𝑟𝑖𝑛𝑔  . then , for   𝑎, 𝑏 ∈ 𝑀    and   ∝∈ Γ  , we define   [𝑎, 𝑏]∝ = 𝑎 ∝ 𝑏 − 𝑏 ∝ 𝑎  ,  

known as the commutator  of    𝑎    𝑎𝑛𝑑    𝑏    with  respect  to   ∝ .  

The notion of derivation and Jordan derivation on a  Γ-ring  were defined by M. Sapanci and 

A. Nakajima in [11], as follow 

 An additive mapping   𝑑: 𝑀 → 𝑀  is called a derivation of  M  if  

 𝑑(𝑎 ∝ 𝑏) = 𝑑(𝑎) ∝ 𝑏 + 𝑎 ∝ 𝑑(𝑏)    for all  𝑎, 𝑏 ∈ 𝑀 , ∝∈ Γ  . And , if   𝑑(𝑎 ∝ 𝑎) = 𝑑(𝑎) ∝
𝑎 + 𝑎 ∝ 𝑑(𝑎)   for all    𝑎 ∈ 𝑀  and   ∝∈ Γ    , then  d  is called a Jordan derivation  of  M . 

The concept  of  Jordan generalized derivation of a Γ-ring has been developed by Y.Ceven 

and M.A.Ozturk in [3] ,as follow 

An additive map  𝐹: 𝑀 → 𝑀  is said to be a generalized derivation of  M  if there exists a 

derivation  𝑑: 𝑀 → 𝑀  such that  𝐹(𝑎 ∝ 𝑏) = 𝐹(𝑎) ∝ 𝑏 + 𝑎 ∝ 𝑑(𝑏)   is satisfied for all  

𝑎, 𝑏 ∈ 𝑀  and  ∝∈ Γ  . And , F  is said to be a Jordan generalized derivation of  M  if there 
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exists a Jordan derivation  𝑑: 𝑀 → 𝑀  such that  𝐹(𝑎 ∝ 𝑎) = 𝐹(𝑎) ∝ 𝑎 + 𝑎 ∝ 𝑑(𝑎)   holds 

for all  𝑎 ∈ 𝑀   and  ∝∈ Γ  . 

A mapping   𝐷: 𝑀 × 𝑀 → 𝑀   is  said to be symmetric if    𝐷(𝑎, 𝑏) = 𝐷(𝑏, 𝑎)   , for all  

𝑎, 𝑏 ∈ 𝑀 

An bi-additive mapping   𝑑: 𝑀 × 𝑀 → 𝑀   is called a symmetric bi-derivation on  M×M  into  

M  if   𝑑(𝑎 ∝ 𝑏 , 𝑐) = 𝑑(𝑎, 𝑐) ∝ 𝑏 + 𝑎 ∝ 𝑑(𝑏, 𝑐)   for all  𝑎, 𝑏, 𝑐 ∈ 𝑀   ,   ∝∈ Γ  . 

And , if   𝑑(𝑎 ∝ 𝑎 , 𝑐) = 𝑑(𝑎, 𝑐) ∝ 𝑎 + 𝑎 ∝ 𝑑(𝑎, 𝑐)  for all  𝑎 ∈ 𝑀   and  ∝∈ Γ  , then  d  is 

called a Jordan bi-derivation  on  M×M   into  M . 

The notion of symmetric bi-derivation was introduced by G.Maksa [8] and [5] 

An bi-additive map   𝐹: 𝑀 × 𝑀 → 𝑀   is said to be a generalized symmetric bi-derivation on   

M×M  into  M  if  there exists  symmetric bi-derivation   𝑑: 𝑀 × 𝑀 → 𝑀  such that  𝐹(𝑎 ∝
𝑏 , 𝑐) = 𝐹(𝑎, 𝑐) ∝ 𝑏 + 𝑎 ∝ 𝑑(𝑏, 𝑐)   is satisfied for all   𝑎, 𝑏, 𝑐 ∈ 𝑀  and  ∝∈ Γ  .  And , F  is 

said to be a  Jordan generalized  bi-derivation on  M×M   into   M   if there exists a Jordan  bi-

derivation   𝑑: 𝑀 × 𝑀 → 𝑀   such that      𝐹(𝑎 ∝ 𝑎 , 𝑐) = 𝐹(𝑎, 𝑐) ∝ 𝑎 + 𝑎 ∝ 𝑑(𝑎, 𝑐)    holds 

for all    𝑎, 𝑐 ∈ 𝑀  and   ∝∈ Γ  . 
The notion of generalized symmetric bi-derivations was introduced by Nurcan  [1]  . 

In this paper we show that for our notions of generalized higher bi-derivation and Jordan 

generalized higher bi-derivation and Jordan triple generalized higher bi-derivation on a  Γ-

ring  . In  [10] the authors defined higher bi-derivations and Jordan higher bi-derivations as 

follows.  

 Let  M  be  a  Γ-ring  and  𝐷 = (𝑑𝑖)𝑖∈𝑁  be a family of biadditive mappings on   M×M  into  

M  , such that   𝑑𝑜(𝑎, 𝑏) = 𝑎    for all  𝑎, 𝑏 ∈ 𝑀   , then  D  is called a higher bi-derivation on   

M×M   into  M  if for every  𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑀  ,  ∝∈ Γ  and  𝑛 ∈ 𝑁  

𝑑𝑛(𝑎 ∝ 𝑏 , 𝑐 ∝ 𝑑) =  ∑ 𝑑𝑖(𝑎, 𝑐)
𝑖+𝑗=𝑛

∝ 𝑑𝑗(𝑏, 𝑑) 

D  is said to be a Jordan higher bi-derivation if 

𝑑𝑛(𝑎 ∝ 𝑎 , 𝑐 ∝ 𝑐) =  ∑ 𝑑𝑖(𝑎, 𝑐)
𝑖+𝑗=𝑛

∝ 𝑑𝑗(𝑎, 𝑐) 

   

D  is called a Jordan triple higher bi-derivation  

𝑑𝑛(𝑎 ∝ 𝑏𝛽𝑎 , 𝑐 ∝ 𝑑𝛽𝑐) = ∑ 𝑑𝑖(𝑎, 𝑐) ∝ 𝑑𝑗(𝑏, 𝑑)𝛽𝑑𝑘(𝑎, 𝑐)
𝑖+𝑗+𝑘=𝑛

 

Note that  𝑑𝑛(𝑎 + 𝑏 , 𝑐 + 𝑑) = 𝑑𝑛(𝑎, 𝑐) + 𝑑𝑛(𝑏 , 𝑑)     for all  𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑀  and  𝑛 ∈ 𝑁  .  

we denote  

Ψ𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ = 𝑑𝑛(𝑎 ∝ 𝑏 , 𝑐 ∝ 𝑑) − ∑ 𝑑𝑖(𝑎, 𝑐) ∝ 𝑑𝑗(𝑏, 𝑑)
𝑖+𝑗=𝑛

   

for all   𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑀  , ∝∈ Γ   and  𝑛 ∈ 𝑁  

Now , we present the properties of  Ψ𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 

 𝛹𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ = − 𝛹𝑛(𝑏, 𝑎, 𝑑, 𝑐)∝  

A mapping   𝐹: 𝑀 → 𝑀   defined by  𝐹(𝑎) = 𝐷(𝑎, 𝑎)  ,  where  𝐷: 𝑀 × 𝑀 → 𝑀   is a 

symmetric mapping is called the trace of  D  it is obvious that in the case    𝐷: 𝑀 × 𝑀 → 𝑀   

is a symmetric mapping which is also biadditive ( i.e.  additive in both arguments ) .  the trace  

F  of  D  satisfies the relation   𝐹(𝑎 + 𝑏) = 𝐹(𝑎) + 𝐹(𝑏)   ,  for all  𝑎, 𝑏 ∈ 𝑀  . 

In our work we need  the following lemma.    
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lemma 1.1. [4]  let   M  be a 2-torsion free semi prime  Γ-ring  and suppose that   𝑎, 𝑏 ∈ 𝑀   if     

𝑎Γ𝑚Γb + 𝑏Γ𝑚Γ𝑎 = (0)    for all  𝑚 ∈ 𝑀   , then  𝑎𝛤𝑚𝛤𝑏 = 𝑏𝛤𝑚𝛤𝑎 = (0)    

2. Generalized higher bi-derivation on  Γ-ring : 

In this section we present the concepts of generalized higher  

bi-derivation , Jordan generalized higher bi-derivation and Jordan triple  generalized higher 

bi-derivation on Γ-rings and we study the properties of them . 

Definition 2.1. let  M  be a  Γ-ring   and  𝐹 = (𝑓𝑖)𝑖∈𝑁  be a family of biadditive mappings on  

M×M   into   M   such that   𝑓0(𝑎, 𝑏) = 𝑎   for all   𝑎, 𝑏 ∈ 𝑀   then  F  is called  a generalized 

higher bi-derivation on   M×M  into   M  if there exists a higher bi-derivation   𝐷 = (𝑑𝑖)𝑖∈𝑁   

on  M×M  into  M  such that for all  𝑛 ∈ 𝑁  we have .  

fn(a∝b,c∝d) =∑ 𝑓𝑛𝑖+𝑗=𝑛 (𝑎, 𝑐)𝛼𝑑𝑗(𝑏, 𝑑)  for every a , b , c , d ∈ M and  α ∈Г  
  F is said to be a Jordan generalized higher bi-derivation on M×M into M if there exists a 

Jordan higher bi-derivation D= (𝑑𝑖)𝑖∈𝑁on M×M into M such that for all nϵN we have :      

  𝑓𝑛(𝑎 ∝ 𝑎, 𝑐 ∝ 𝑐) =    ∑ 𝑓𝑖(𝑎, 𝑐)𝛼𝑑𝑗(𝑎, 𝑐)

𝑖+𝑗=𝑛

 

for every a,cϵM and ∝ϵΓ                 

F is said to be a Jordan triple generalized higher bi-derivation on M×M into M if there exists a 

Jordan triple generalized higher bi-derivation D= (𝑑𝑖)𝑖∈𝑁 onM×M into M such that for all  

nϵN we have :  

𝑓𝑛(𝑎 ∝ 𝑏𝛽𝑎, 𝑐 ∝ 𝑑𝛽𝑐) = ∑ 𝑓𝑛(𝑎, 𝑐) ∝ 𝑑𝑗(𝑏, 𝑑)𝛽

𝑖+𝑗+𝑘=𝑛

𝑑𝑘(𝑎, 𝑐) 

For every 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑀 𝑎𝑛𝑑 ∝, 𝛽 ∈  𝛤. 

Note that  𝑓𝑛  (a+b,c+d)= fn(a,c)+fn(b,d) for all a,b,c,dϵM and nϵN  

Example 2.2  

Let M= {(
𝑥 𝑦
0 0

): x,y ϵR }, R  is real number .  

M be a Г-ring of 2×2 matrices and Г= { (
𝑟 0
0 0

) : rϵR } we use the usual addition and 

multiplication on matrices of M×Г×M , we define fi : M×Г×M→M , iϵN by  

fi   ((
𝑎 𝑏
0 0

), (
𝑐 𝑑
0 0

)) = (𝑘𝑎 (1 + 𝑖)𝑏
0 0

)  for all    (
𝑎 𝑏
0 0

), (
𝑐 𝑑
0 0

)ϵ M  

K = 
( 𝑖2 −𝑖𝑛+1)+ |𝑖2 −𝑖𝑛+1|

2
 = {

1 If   i ∈  { 0, n }
0 If   i ∉  { 0, n }  

       𝑛𝜖 𝑁 , 0 ≤ 𝑖 ≤ 𝑛  

Then f is generalized higher  bi-derivation on Г – ring because there exists a higher bi- 

derivation on Г-ring  

𝑑𝑖: M×Г×M→M , i ϵN defined by  

 𝑑𝑖 ((
𝑎 𝑏
0 0

), (
𝑐 𝑑
0 0

)) = (𝑚𝑎 (𝑚 + 𝑖)𝑏
0 0

) 
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 for all (
𝑎 𝑏
0 0

) ,(
𝑐 𝑑
0 0

) ϵM 

{
1  𝑖𝑓   𝑖  =  0
0  𝑖𝑓    𝑖 ≠    0

     =Such that m = 
(1−𝑖)+|1−𝑖|

2
        

Lemma 2.3. let M be a Г-ring and   F=(fi )IϵN be a Jordan  generalized higher bi- derivation on 

M×M into M associated with Jordan higher bi- derivation D=(di )iϵN of M×M into M . Then 

for all a,b,c,d,s,t ϵ M , ∝ , βϵГ and n ϵ N , the following statements hold :  

( i ) f n ( a∝ b +b∝a , c∝d + d∝ c ) = ∑ 𝑓𝑖  (𝑎, 𝑐) ∝ 𝑑𝑗 (𝑏, 𝑑) +  fi(𝑏, 𝑑) ∝ 𝑑𝑗(𝑎, 𝑐)  

( ii ) fn  ( a∝bβa + aβb∝a , c∝dβc ) = 

∑ fi (a, c) ∝ dj (b, d)βdk(a, c) + fi (a, c)βdj (b, d) ∝ dk (a, c)

𝑖+𝑗+𝑘=𝑛

 

Especially , if M is 2-torsion free ,then 

(iii) f𝑛( a ∝ b ∝ c , c ∝ d ∝ c) = ∑ 𝑓𝑖 (𝑎, 𝑐) ∝ 𝑑𝑗 (𝑏, 𝑑) ∝  𝑑𝑗 (𝑎, 𝑐)

𝑖+𝑗+𝑘=𝑛

 

(iv) fn  ( a∝b∝c + c∝b∝a , s∝ 𝑑 ∝ 𝑡 + 𝑡 ∝ 𝑑 ∝ 𝑠 ) = 

∑ 𝑓𝑖 (𝑎, 𝑠) ∝ 𝑑𝑗 (𝑏, 𝑑) ∝ 𝑑𝑘 (𝑐, 𝑡) + 𝑓𝑖 (𝑐, 𝑡) ∝ 𝑑𝑗 (𝑏, 𝑑) ∝ 𝑑𝑘 (a, s) 

𝑖+𝑗+𝑘=𝑛

 

Proof. (i) is obtained by computing 𝑓𝑛 ((𝑎 + 𝑏) ∝ (𝑎 + 𝑏), (𝑐 + 𝑑) ∝ (𝑐 + 𝑑)) and (ii) is also 

obtained by replacing aβb+bβa for b and cβd+dβc for d in (i) , in (ii) . If we replace a+c for a 

and s+t for c in (iii) , we can get (iv).  

Definition 2.4. let M be a Г-ring and  F=(fi )IϵN be a Jordan generalized higher bi- derivation 

on M×M into M associated with Jordan higher bi- derivation D=(di )iϵN of M×M into M . Then 

for all a,b,c,d,s,t ϵ M , ∝ , βϵГ and n ϵ N , we define 

 

 ∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ =  fn (a ∝ b, c ∝ d)  − ∑ 𝑓𝑖(𝑎, 𝑐) ∝ 𝑑𝑗(𝑏, 𝑑)

𝑖+𝑗=𝑛

 

 

Lemma 2.5. let M be a Г-ring and  F=(fi )IϵN be a Jordan generalized higher bi- derivation on 

M×M into M associated with Jordan higher bi- derivation D=(di )iϵN of M×M into M . Then 

for all a,b,c,d,s,t ϵ M , ∝ , βϵГ and n ϵ N.  

(𝑖) ∅𝑛 ( 𝑎, 𝑏, 𝑐, 𝑑 )∝ = - ∅𝑛  ( 𝑏, 𝑎, 𝑑, 𝑐 )∝  

(𝑖𝑖) ∅𝑛  ( 𝑎 + 𝑠, 𝑏, 𝑐, 𝑑)∝  =  ∅𝑛  ( 𝑏, 𝑎, 𝑑, 𝑐 )∝ + ∅𝑛 ( 𝑠, 𝑏, 𝑐, 𝑑 )∝  

(𝑖𝑖𝑖) ∅𝑛  ( 𝑎, 𝑏 + 𝑠, 𝑐, 𝑑)∝ =  ∅𝑛 ( 𝑎, 𝑏, 𝑐, 𝑑 )∝ +  ∅𝑛 ( 𝑎, 𝑠, 𝑐, 𝑑 )∝  

(𝑖𝑣) ∅𝑛 ( 𝑎, 𝑏, 𝑐 + 𝑠, 𝑑 )∝ =  ∅𝑛 ( 𝑎, 𝑏, 𝑐, 𝑑 )∝ +  ∅𝑛 ( 𝑎, 𝑏, 𝑠, 𝑑 )∝ 

(𝑣) ∅𝑛 ( 𝑎, 𝑏, 𝑐, 𝑑 + 𝑠 )∝ =  ∅𝑛 ( 𝑎, 𝑏, 𝑐, 𝑑 )∝  +  ∅𝑛 ( 𝑎, 𝑏, 𝑐, 𝑠 )∝ 

Proof . These results follow easily by Lemma 2.3 (𝑖) and the definition of  ∅𝑛 ( 𝑎, 𝑏, 𝑐, 𝑑 )∝  
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Note that F is a generalized higher bi-derivation iff  ∅𝑛 ( 𝑎, 𝑏, 𝑐, 𝑑 )∝ = 0  for all  a,b,c,d ∈ 𝑀 , 

∝ ∈  Г  and  n ∈ 𝑁 . 

 

3. The Main Results 

In this section we present , the main results of this paper .  

Lemma 3.1. let M be a 2-torsion free and f=(fi )IϵN be a Jordan generalized higher bi- 

derivation on M×M into M associated with Jordan higher bi- derivation D=(di )iϵN of M×M 

into M . then for all a,b,c,d,s,t ϵ M , ∝ , βϵГ and n ϵ N , if ∅𝑡 (𝑎, 𝑏, 𝑐, 𝑑)∝ =0 for every t<n and 

𝛹𝑡  (𝑎, 𝑏, 𝑐, 𝑑)∝ = 0  for every t<n then:  

∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝𝛽𝑚𝛽[𝑎, 𝑏]∝ + [𝑎, 𝑏]∝𝛽𝑚𝛽 𝛹𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ =0  

Proof . let SϵM , since fn is bi additive mapping then by Lemma 2.3. ( iv ) we obtain :  

𝑓𝑛(𝑎 ∝ 𝑏𝛽𝑚𝛽𝑏 ∝ 𝑎 + 𝑏 ∝ 𝑎𝛽𝑚𝛽𝑎 ∝ 𝑏 , 𝑐 ∝ 𝑑𝛽𝑠𝛽𝑑 ∝ 𝑐 + 𝑑 ∝ 𝑐𝛽𝑠𝛽𝑐 ∝ 𝑑)  

=𝑓𝑛 ((𝑎 ∝ 𝑏)𝛽𝑚𝛽(𝑏 ∝ 𝑎) + (𝑏 ∝ 𝑎)𝛽𝑚𝛽(𝑎 ∝ 𝑏) , (𝑐 ∝ 𝑑)𝛽𝑠𝛽(𝑑 ∝ 𝑐) + (𝑑 ∝ 𝑐)𝛽𝑠𝛽(𝑐 ∝

𝑑))  

 

 = ∑ 𝑓𝑖(𝑎 ∝ 𝑏, 𝑐 ∝ 𝑑)𝛽𝑑𝑗(𝑚, 𝑠)𝛽𝑑𝑘(𝑏 ∝ 𝑎, 𝑑 ∝ 𝑐)

𝑖+𝑗+𝑘=𝑛

+ 𝑓𝑖(𝑏 ∝ 𝑎, 𝑑 ∝ 𝑐)𝛽𝑑𝑗(𝑚, 𝑠)𝛽𝑑𝑘(𝑎 ∝ 𝑏, 𝑐 ∝ 𝑑) 

  

=  𝑓𝑛(𝑎 ∝ 𝑏, 𝑐 ∝ 𝑏)𝛽𝑚𝛽𝑏 ∝ 𝑎 + 𝑎 ∝ 𝑏𝛽𝑚𝛽𝑑𝑛 (𝑏 ∝ 𝑎, 𝑐 ∝ 𝑑) +  𝑓𝑛 (𝑏 ∝ 𝑎, 𝑑 ∝ 𝑐)𝛽𝑚𝛽𝑎
∝ 𝑏

+ ∑ 𝑓𝑖(𝑎 ∝ 𝑏, 𝑐 ∝ 𝑑)𝛽𝑑𝑗(𝑚, 𝑠)𝛽𝑑𝑘(𝑏 ∝ 𝑎, 𝑑 ∝ 𝑐)

0<𝑖,𝑘<𝑛

𝑖+𝑗+𝑘

+ 𝑓𝑖(𝑏 ∝ 𝑎, 𝑑 ∝ 𝑐)𝛽𝑑𝑗(𝑚, 𝑠)𝛽𝑑𝑘(𝑎 ∝ 𝑏, 𝑐 ∝ 𝑑) 

= 𝑓𝑛(𝑎 ∝ 𝑏, 𝑐 ∝ 𝑏)𝛽𝑚𝛽 𝑏 ∝ 𝑎 + 𝑎 ∝ 𝑏 𝛽𝑚𝛽 𝑑𝑛(𝑏 ∝ 𝑎, 𝑑 ∝ 𝑐) + 𝑓𝑛(𝑏 ∝ 𝑎, 𝑑 ∝ 𝑐) 𝛽𝑚𝛽 𝑎
∝ 𝑏 + 𝑏
∝ 𝑎 𝛽𝑚𝛽 𝑑𝑛(𝑎 ∝ 𝑏, 𝑐 ∝ 𝑑)

+ ∑ 𝑓𝑞(𝑎, 𝑐) ∝ 𝑑𝑡(𝑏, 𝑑)𝛽𝑑𝑗(𝑚, 𝑠)𝛽𝑑ℎ(𝑏, 𝑑) ∝ 𝑑𝑔(𝑎, 𝑐) + 𝑓𝑞(𝑏, 𝑑)

𝑞+𝑡,ℎ+𝑔<𝑛

𝑞+𝑡+𝑗+ℎ+𝑔=𝑛

∝ 𝑑𝑡(𝑎, 𝑐)𝛽𝑑𝑗(𝑚, 𝑠)𝛽𝑑ℎ(𝑎, 𝑐) ∝ 𝑑𝑔(𝑏, 𝑑)        … (1) 

 

On the other hand : by lemma  2.3.   (𝑖𝑖𝑖) 

𝑓𝑛(𝑎 ∝ 𝑏 𝛽𝑚𝛽 𝑏 ∝ 𝑎 + 𝑏 ∝ 𝑎 𝛽𝑚𝛽 𝑎 ∝ 𝑏 , 𝑐 ∝ 𝑑 𝛽𝑠𝛽 𝑑 ∝ 𝑐 + 𝑑 ∝ 𝑐 𝛽𝑠𝛽 𝑐 ∝ 𝑑) 

= 𝑓𝑛(𝑎 ∝ (𝑏𝛽𝑚𝛽𝑏) ∝ 𝑎 + 𝑏 ∝ (𝑎𝛽𝑚𝛽𝑎) ∝ 𝑏, 𝑐 ∝ (𝑑𝛽𝑠𝛽𝑑) ∝ 𝑐 + 𝑑 ∝ (𝑐𝛽𝑠𝛽𝑐) ∝ 𝑑)   

= 𝑓𝑛(𝑎 ∝ (𝑏 𝛽𝑚𝛽 𝑏) ∝ 𝑎, 𝑐 ∝ (𝑑 𝛽𝑠𝛽 𝑑) ∝ 𝑐) + 𝑓𝑛(𝑏 ∝ (𝑎𝛽𝑚𝛽𝑎) ∝ 𝑏, 𝑑 ∝ (𝑐𝛽𝑠𝛽𝑐) ∝ 𝑑)    
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= ∑ 𝑓𝑞(𝑎, 𝑐) ∝ 𝑑𝑘(

𝑞+𝑘+𝑔=𝑛

𝑏 𝛽𝑚𝛽 𝑏, 𝑑 𝛽𝑠𝛽 𝑑 )  ∝ 𝑑𝑔(𝑎, 𝑐) + 𝑓𝑞(𝑏, 𝑑) ∝ 𝑑𝑘(𝑎𝛽𝑚𝛽𝑎, 𝑐𝛽𝑠𝛽𝑐)

∝ 𝑑𝑔 (𝑏, 𝑑) 

=  ∑ 𝑓𝑞(𝑎, 𝑐) ∝ 𝑑𝑡(𝑏, 𝑑)𝛽𝑑𝑗(𝑚, 𝑠)𝛽𝑑𝑛(𝑏, 𝑑) ∝ 𝑑𝑔(𝑎, 𝑐) + 𝑓𝑞(𝑏, 𝑑)

𝑞+𝑡+𝑗+ℎ+𝑔=𝑛

∝ 𝑑𝑡(𝑎, 𝑐)𝛽𝑑𝑗(𝑚, 𝑠)𝛽𝑑ℎ(𝑎, 𝑐) ∝ 𝑑𝑔(𝑏, 𝑑)   

= ∑ 𝑓𝑞(𝑎, 𝑐) ∝ 𝑑𝑡(𝑏, 𝑑)𝛽𝑚𝛽 𝑏 ∝ 𝑎 + 𝑎 ∝ 𝑏 𝛽𝑚𝛽 ∑ 𝑑ℎ

ℎ+𝑔=𝑛

(𝑏, 𝑑)

𝑞+𝑡=𝑛

∝ 𝑑𝑔(𝑎, 𝑐)

+  ∑ 𝑓𝑞(𝑏, 𝑑) ∝ 𝑑𝑡(𝑎, 𝑐)𝛽𝑚𝛽 𝑎 ∝ 𝑏 + 𝑏 ∝ 𝑎 𝛽𝑚𝛽 ∑ 𝑑ℎ

ℎ+𝑔

(𝑎, 𝑐)

𝑞+𝑡=𝑛

∝ 𝑑𝑔(𝑏, 𝑑)

+ ∑ 𝑓𝑞(𝑎, 𝑐) ∝ 𝑑𝑡(𝑏, 𝑑)𝛽𝑑𝑗(𝑚, 𝑠)𝛽𝑑ℎ(𝑏, 𝑑) ∝ 𝑑𝑔(𝑎, 𝑐) + 𝑓𝑞(𝑏, 𝑑)

𝑞+𝑡,ℎ+𝑔<𝑛

𝑞+𝑡+𝑗+ℎ+𝑔=𝑛

 

∝ 𝑑𝑡(𝑎, 𝑐) 𝛽𝑑𝑗(𝑚, 𝑠) 𝛽𝑑ℎ(𝑎, 𝑐) ∝ 𝑑𝑔(𝑏, 𝑑)            … (2) 

.   

Compare  (1)  and  (2)  we get : 

𝑓𝑛(𝑎 ∝ 𝑏, 𝑐 ∝ 𝑑) 𝛽𝑚𝛽𝑏 ∝ 𝑎 − ∑ 𝑓𝑞
𝑞+𝑡=𝑛

(𝑎, 𝑐) ∝ 𝑑𝑡(𝑏, 𝑑) 𝛽𝑚𝛽𝑏 ∝ 𝑎 +  𝑎

∝ 𝑏𝛽𝑚𝛽𝑑𝑛(𝑏 ∝ 𝑎 , 𝑑 ∝ 𝑐) − 𝑎 ∝ 𝑏 𝛽𝑚𝛽 ∑ 𝑑ℎ(𝑏, 𝑑)
ℎ+𝑔=𝑛

∝ 𝑑𝑔(𝑎, 𝑐) + 𝑓𝑛(𝑏 ∝ 𝑎 , 𝑑 ∝ 𝑐) 𝛽𝑚𝛽𝑎 ∝ 𝑏 − ∑ 𝑓𝑞
𝑞+𝑡=𝑛

(𝑏, 𝑑)

∝ 𝑑𝑡(𝑎, 𝑐) 𝛽𝑚𝛽 𝑎 ∝ 𝑏 + 𝑏 ∝ 𝑎 𝛽𝑚𝛽𝑑𝑛(𝑎 ∝ 𝑏 , 𝑐 ∝ 𝑑) −   𝑏

∝ 𝑎 𝛽𝑚𝛽 ∑ 𝑑ℎ(𝑎, 𝑐)
ℎ+𝑔=𝑛

∝ 𝑑𝑔(𝑏, 𝑑) = 0 

  

∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 𝑏 ∝ 𝑎 + 𝑎 ∝ 𝑏 𝛽𝑚𝛽 𝛹𝑛(𝑏, 𝑎, 𝑑, 𝑐)∝ + ∅𝑛(𝑏, 𝑎, 𝑑, 𝑐)∝ 𝛽𝑚𝛽 𝑎 ∝ 𝑏 + 𝑏
∝ 𝑎 𝛽𝑚𝛽 𝛹𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ = 0  

 ∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 𝑏 ∝ 𝑎 − 𝑎 ∝ 𝑏 𝛽𝑚𝛽 𝛹𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ − ∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 𝑎 ∝ 𝑏 + 𝑏 ∝
𝑎 𝛽𝑚𝛽 𝛹𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ = 0  

 ∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 [𝑏, 𝑎]∝ + [𝑏, 𝑎]∝ 𝛽𝑚𝛽 𝛹𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ = 0 

 ∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 [𝑎, 𝑏]∝ + [𝑎, 𝑏]∝ 𝛽𝑚𝛽 𝛹𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ = 0  

Lemma   3.2.  let  M  be 2-torsion free prime   Γ − ring  and  F = (fi)i∈N   be a Jordan 

generalized higher bi-derivation on   M×M  into  M  associated with Jordan higher bi-

derivation   D = (di)i∈N   on   M×M   into  M .  then for all     a, b, c, d, m ∈ M       , ∝, β ∈ Γ     
and  n ∈ N  

 ∅n(a, b, c, d)∝ βmβ [a, b]∝ = [a, b]∝ βmβ Ψn(a, b, c, d)∝ = 0 
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Proof :  By Lemma 3.1.  and  Lemma 1.1.  , we obtain the proof . 

 

Theorem 3.3.  let  M  be  2-torsion free prime    Γ − ring   and   F = (fi)i∈N   be a Jordan 

generalized higher bi-derivation on  M×M  into  M  associated with Jordan higher bi-

derivation  D = (di)i∈N   on  M×M  into  M  , then for all     a, b, c, d, m ∈ M       , ∝, β ∈ Γ     
and  n ∈ N ∅n(a, b, c, d)∝ βmβ [s, t]∝ = 0    

Proof . Replacing   a + s   for a in lemma 3.2.   we get    

 ∅n(a + s, b, c, d)∝ βmβ [a + s, b]∝ = 0   

∅n(a, b, c, d)∝ βmβ [a, b]∝ + ∅n(a, b, c, d)∝ βmβ [s, b]∝ + ∅n(s, b, c, d)∝ βmβ [a, b]∝ +
∅n(s, b, c, d)∝ βmβ [s, b]∝ = 0      

By  Lemma 3.2.  we get   ∅n(a, b, c, d)∝ βmβ [s, b]∝ + ∅n(s, b, c, d)∝ βmβ [a, b]∝ = 0 

 There fore 

∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 [𝑠, 𝑏]∝ 𝛽𝑚𝛽 ∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽[𝑠, 𝑏]∝

= −∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 [𝑠, 𝑏]∝ 𝛽𝑚𝛽 ∅𝑛(𝑠, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 [𝑎, 𝑏]∝ = 0 

Hence , by the primmess on  M :  

∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 [𝑠, 𝑏]∝ = 0      … (1) 

Similarly  , by replacing    b+t  for  b   in this equality we get : 

∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 [𝑎, 𝑡]∝ = 0      … (2) 

Thus :        ∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 [𝑎 + 𝑠 , 𝑏 + 𝑡]∝ = 0         

∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 [𝑎, 𝑏]∝ + ∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 [𝑎, 𝑡]∝ + ∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 [𝑠, 𝑏]∝

+ ∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 [𝑠, 𝑡]∝ = 0  

By using  (1) , (2)  and Lemma 3.2.  we get         ∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 [𝑠, 𝑡]∝ = 0    

Theorem  3.4.  let   M  be  2-torsion  free  prime   𝛤 − 𝑟𝑖𝑛𝑔   .  Then every Jordan generalized 

higher  bi-derivation on  M×M  into  M  is a generalized higher bi-derivation on    M×M   into 

M  

Proof.  Let  M be  2-torsion  free prime 𝛤 − 𝑟𝑖𝑛𝑔   and      𝐹 = (𝑓𝑖)𝑖∈𝑁   be a Jordan 

generalized higher bi-derivation on   M×M  into  M  associated  with  Jordan higher  bi-

derivation  𝐷 = (𝑑𝑖)𝑖∈𝑁  on  M×M  into   M   

By Theorem 3.3.   ∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ 𝛽𝑚𝛽 [𝑠, 𝑡]∝ = 0      for all    𝑎, 𝑏, 𝑐, 𝑑, 𝑚, 𝑠, 𝑡 ∈ 𝑀 , ∝, 𝛽 ∈
 𝛤  . and  𝑛 ∈ 𝑁   since   M  is prime , we get either  ∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ = 0   or  [𝑠, 𝑡]∝ = 0    ,  

for all    𝑎, 𝑏, 𝑐, 𝑑, 𝑠, 𝑡 ∈ 𝑀 , ∝∈ 𝛤 , and  𝑛 ∈ 𝑁    if  [𝑎, 𝑡]∝ ≠ 0   for all     𝑠, 𝑡 ∈ 𝑀  and   

∝∈ 𝛤   . 

Then   ∅𝑛(𝑎, 𝑏, 𝑐, 𝑑)∝ = 0  for all   𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑀 . ∝∈ 𝛤   and   𝑛 ∈ 𝑁   hence  we get , F  is a 

generalized  higher  bi-derivation  on   M×M   into   M. 

But ,  if    [𝑠, 𝑡]∝ = 0  for all  𝑠, 𝑡 ∈ 𝑀   and  ∝∈ 𝛤 , then  M  is commutative and there fore , 

we have from lemma 2.3.(i)       
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   2𝑓𝑛(𝑎 ∝ 𝑏 , 𝑐 ∝ 𝑑) = 2 ∑ 𝑓𝑖(𝑎, 𝑐) ∝ 𝑑𝑗(𝑏, 𝑑)
𝑖+𝑗=𝑛

 

Since M is 2-torsion free , we obtain that   F  is a generalized higher bi-derivation on  M×M   

into  M . 

Proposition  3.5.  let   M  be  2-torsion free   Г − 𝑟𝑖𝑛𝑔   then every Jordan generalized higher 

be-derivation on   M×M  into  M  such that  𝑎 ∝ 𝑏𝛽𝑐 = 𝑎𝛽𝑏 ∝ 𝑐   for all  𝑎, 𝑏, 𝑐 ∈ 𝑀   and  

∝, 𝛽 ∈ Г  is a Jordan  triple generalized  higher bi-derivation on  M×M    into  M  . 

Proof.   Let  M  be  2-torsion free  Г − 𝑟𝑖𝑛𝑔   and   F=(𝑓𝑖)𝑖∈𝑛   be a Jordan generalized higher 

bi-derivation  on   M×M  into  M  associated with Jordan higher bi-derivation   𝐷 = (𝑑𝑖)𝑖∈𝑁  

on  M×M  into  M 

By lemma  2.3. (𝑖𝑖)  

𝑓𝑛(𝑎 ∝ 𝑏𝛽𝑎 + 𝑎𝛽𝑏 ∝ 𝑎 , 𝑐 ∝ 𝑑𝛽𝑐 + 𝑐𝛽𝑑 ∝ 𝑐)

= ∑ 𝑓𝑖(𝑎, 𝑐) ∝ 𝑑𝑗(𝑏, 𝑑)𝛽𝑑𝑘(𝑎, 𝑐) + 𝑓𝑖(𝑎, 𝑐)𝛽𝑑𝑗(𝑏, 𝑑) ∝ 𝑑𝑘(𝑎, 𝑐)
𝑖+𝑗+𝑘=𝑛

 

     for all   𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑀.    ∝, 𝛽 ∈ Г   . and  𝑛 ∈ 𝑁 

𝑓𝑛(𝑎 ∝ 𝑏𝛽𝑎 , 𝑐 ∝ 𝑑𝛽𝑐) + 𝑓𝑛(𝑎𝛽𝑏 ∝ 𝑎 , 𝑐𝛽𝑑 ∝ 𝑐)

= ∑ 𝑓𝑖(𝑎, 𝑐)
𝑖+𝑗+𝑘=𝑛

∝ 𝑑𝑗(𝑏, 𝑑)𝛽𝑑𝑘(𝑎, 𝑐) + ∑ 𝑓𝑖(𝑎, 𝑐)𝛽𝑑𝑗(𝑏, 𝑑) ∝ 𝑑𝑘(𝑎, 𝑐)
𝑖+𝑗+𝑘=𝑛

 

Since    𝑎 ∝ 𝑏𝛽𝑐 = 𝑎𝛽𝑏 ∝ 𝑐    for all    𝑎, 𝑏, 𝑐 ∈ 𝑀    and  ∝, 𝛽 𝜖 Г           we  get  :  

2𝑓𝑛(𝑎 ∝ 𝑏𝛽𝑎, 𝑐 ∝ 𝑑𝛽𝑐) = 2 ∑ 𝑓𝑖
𝑖+𝑗+𝑘=𝑛

(𝑎, 𝑐) ∝ 𝑑𝑗(𝑏, 𝑑)β𝑑𝑘(𝑎, 𝑐) 

Since  M  is a 2-torsion free we have :  

𝑓𝑛(𝑎 ∝ 𝑏𝛽𝑎, 𝑐 ∝ 𝑑𝛽𝑐) = ∑ 𝑓𝑖
𝑖+𝑗+𝑘=𝑛

(𝑎, 𝑐) ∝ 𝑑𝑗(𝑏, 𝑑)β𝑑𝑘(𝑎, 𝑐) 

  i.e  F   is Jordan  triple generalized  higher bi-derivation on  M×M    into  M  .  
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