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Abstract

In this study , we define the concepts of a generalized higher bi-derivation , Jordan
generalized higher bi-derivation and Jordan triple generalized higher bi-derivation on I'-rings
and show that a Jordan generalized higher bi-derivation on 2-torsion free prime I'-ring is a
generalized higher bi-derivation .

1.Introduction

Let M and " be two additive abelian groups . If there exists a mapping (a,«,b) - a «< b
of MXTI'xM — M satisfying the following for all a,b,c € M and«,8 € T':

(i) (@+b)xc=axc+bxc,a(x+Bf)b=axb+afb,ax(b+c)=axb+ax
¢ and

(ii) (ax b)Bc =a «x (bfc).
Then M iscalled a I' — ring

The notion of a I' — ring was introduced by Nobusawa [9] and generalized by Barnes [2] as
defined above . Many properties of T' —ring were obtained by Barnes [2] , kyuno [6] , Luh
[7] and others .

let M bea I' —ring .then M iscalled 2-torsion free if 2a=0 implies a=0 for all

a € M . Besides, M iscalled aprime I' —ring if ,forall a,b € M,aT M T b = (0)
implies either a=0 or b=0.and, M is called semiprime if al’ MT' a = (0) with a € M
implies a=0 . Note that every prime T' —ring is obviously semiprime. M is said to be a
commutative T —ring if axb=bxa holdsforall a,beM and xeT .Let M
bea I'—ring .then,for a,b €M and «eT ,wedefine [a,b]ly=axb—bxa,
known as the commutator of a and b with respect to .

The notion of derivation and Jordan derivation on a I'-ring were defined by M. Sapanci and
A. Nakajima in [11], as follow

An additive mapping d: M — M is called a derivation of M if
dlaxb)=d(a) xb+axd(b) foral a,beM,xel .And,if d(a xa)=d(a)x
a+axd(a) foral a€eM and xeTI ,then d is called a Jordan derivation of M.

The concept of Jordan generalized derivation of a I'-ring has been developed by Y.Ceven
and M.A.Ozturk in [3] ,as follow

An additive map F: M — M is said to be a generalized derivation of M if there exists a
derivation d: M — M suchthat F(a « b) = F(a) « b+ a < d(b) is satisfied for all
a,beM and xeT . And, F issaid to be a Jordan generalized derivation of M if there
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exists a Jordan derivation d:M — M suchthat F(a < a) = F(a) xa + a «< d(a) holds
forall ae M and xeT .

A mapping D:M x M — M is said to be symmetric if D(a,b) = D(b,a) , forall
a,beM

An bi-additive mapping d: M x M — M is called a symmetric bi-derivation on M>M into
M if d(axb,c)=d(a,c)xb+axd(bc) forall abceM , xeTl .

And,if d(axa,c)=d(a,c) xa+axd(ac) forall aeM and xeT ,then d is
called a Jordan bi-derivation on M>M into M.

The notion of symmetric bi-derivation was introduced by G.Maksa [8] and [5]

An bi-additive map F:M X M — M is said to be a generalized symmetric bi-derivation on
M>M into M if there exists symmetric bi-derivation d: M x M — M such that F(a «
b,c) =F(a,c) xb+acxd(b,c) issatisfiedforall a,b,ce M and xeT . And, F is
said to be a Jordan generalized bi-derivation on M>M into M if there exists a Jordan bi-
derivation d:M XM - M suchthat F(axa,c)=F(a,c)xa+axd(ac) holds
forall a,ceM and xeT .

The notion of generalized symmetric bi-derivations was introduced by Nurcan [1] .

In this paper we show that for our notions of generalized higher bi-derivation and Jordan
generalized higher bi-derivation and Jordan triple generalized higher bi-derivation on a I'-
ring . In [10] the authors defined higher bi-derivations and Jordan higher bi-derivations as
follows.
Let M be a I'-ring and D = (d;);eny be a family of biadditive mappings on M>M into
M ,suchthat d,(a,b) =a forall a,b € M ,then D is called a higher bi-derivation on
M>M into M if forevery a,b,c,d €M , xeT and n € N

dy(acch,cod) = Z di(a,¢) « d;(b, d)

i+j=n
D is said to be a Jordan higher bi-derivation if
dy(axa,couc)= z d;(a,c) x dj(a,c)

i+j=n

D is called a Jordan triple higher bi-derivation

d,(a & bBa,c o« dBc) = Z dy(a,¢) o« d; (b, d)Bdy(a,c)

i+j+k=n

Note that d,(a+b,c+d) =d,(a,c)+d,(b,d) forall a,b,c,cdeM and n€N .
we denote

W (a,b,c,d)y =d,(axb,cod)— Z di(a,¢) « d;(b, d)

i+j=n

forall a,b,c,d €M ,xeT and n €N
Now , we present the properties of W,,(a, b, c,d)«
Y. (a,b,c,d)x = —¥,(b,a,d,c).

A mapping F:M — M definedby F(a) = D(a,a) , where D:M XM - M isa
symmetric mapping is called the trace of D it is obvious thatinthecase D:M XM — M

Is a symmetric mapping which is also biadditive ( i.e. additive in both arguments ) . the trace
F of D satisfies the relation F(a+ b) = F(a) + F(b) , forall a,b e M .

In our work we need the following lemma.
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lemma 1.1. [4] let M be a 2-torsion free semi prime I'-ring and suppose that a,b € M if
al'mI'b + bI'ml'a = (0) forall me M ,then al'ml'b = bI'mI'a = (0)

2. Generalized higher bi-derivation on I'-ring :

In this section we present the concepts of generalized higher
bi-derivation , Jordan generalized higher bi-derivation and Jordan triple generalized higher
bi-derivation on I'-rings and we study the properties of them .

Definition 2.1. let M bea I'-ring and F = (f;);ey be a family of biadditive mappings on
M>M into M suchthat f,(a,b) =a forall a,b € M then F iscalled ageneralized
higher bi-derivation on M>M into M if there exists a higher bi-derivation D = (d;);en
on M>M into M such that forall n € N we have .

fa(acch,cocd) =1 j=n fn (a, c)ad;(b,d) foreverya,b,c,d€Mand a €l
F is said to be a Jordan generalized higher bi-derivation on M>M into M if there exists a
Jordan higher bi-derivation D= (d;);exy0n M>M into M such that for all neN we have :

falaxa,cxc)= z fila,c)adj(a,c)

i+j=n
for every a,ceM and «el’

F is said to be a Jordan triple generalized higher bi-derivation on M>M into M if there exists a
Jordan triple generalized higher bi-derivation D= (d;);ey 0NM>M into M such that for all

neN we have :

f.(a & bBa, ¢ « dBc) = Z fu(a,©) o« d; (b, d)B die(a, )
i+j+k=n

Foreverya,b,c,d € Mand «,B € I.

Note that f,, (at+b,c+d)= f,(a,c)+f,(b,d) for all a,b,c,deM and neN

Example 2.2

Let M= {(g %)I) X,y €R }, R is real number .
r O

M be a I'-ring of 2>2 matrices and I'= { (0 0) : reR } we use the usual addition and
multiplication on matrices of MxI'xM , we define fi: M>XI">XM—M , ieN by

f ((a b)’ (c d)):(ka (1+i)b) for all (a b)’ (c d)cM

0 0/°\0 O 0 0 0 0/°\0 O
_(iz—in+1)+|i2—in+1|_{1If i€ {0n} <
K= > _OlfiGE{O,n} neN,0<i<n

Then f is generalized higher bi-derivation on I" — ring because there exists a higher bi-
derivation on I'-ring

d;: MXI'xM—M , i eN defined by

a(@ DG D= o

105


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) J LN
Vol.6, No.5, 2016 IISTE
a b\ (c d
for all (O 0) ,(0 0) eM
_ (-D+1-i] _ 1 if i =0
Such thatm = —— {O if i% 0

Lemma 2.3. let M be aI'-ringand F=(f; ),cn be a Jordan generalized higher bi- derivation on
M>M into M associated with Jordan higher bi- derivation D=(d; )icy Of M>M into M . Then
forall a,b,c,d,s,t e M, o<, Bel” and n € N, the following statements hold :

(i)fn(axh+bxa, cxd +dxc)=3f; (a,c) xd;(b,d)+ fi(b,d) xd;j(a,c)

(i) fy, (axbpa + apbxa, cxdpc ) =
fi (a,c) « dj (b,d)Bdy(a, c) + fj (a,c)Bd; (b,d) e di (a,c)

i+j+k=n
Especially , if M is 2-torsion free ,then
(i) fy(axbxc,cxdxc) = Z fi(a,c) xd;(b,d) x d;(a,c)
i+j+k=n
(iv) fy (axbxc + cxboa,sxd x t+tocd ocs) =
> fil@s) wd;(b,d) dy (6,6) + fi (6,0)  dy (b, d)  di (a,9)

i+j+k=n

Proof. (i) is obtained by computing f;, ((a + b) « (a + b), (c + d) « (c + d)) and (ii) is also
obtained by replacing afb+bpa for b and cfd+dfc for d in (i) , in (ii) . If we replace a+c for a
and s+t for c in (iii) , we can get (iv).

Definition 2.4. let M be a I'-ring and F=(f; )iy be a Jordan generalized higher bi- derivation
on M>M into M associated with Jordan higher bi- derivation D=(d; )iy 0f M>M into M . Then
forall a,b,c,d,s,t e M, <, Bel" and n € N, we define

0.(ab,c,d)s = fn(axhc od) — z fi(a c) < d;(b,d)

i+j=n

Lemma 2.5. let M be a I'-ring and F=(f; )iy be a Jordan generalized higher bi- derivation on
M>M into M associated with Jordan higher bi- derivation D=(d; )iy 0f M>M into M . Then
forall a,b,c,d,s,t e M, <, Bel" and n € N.

() @y (a,b,c,d ) =- By (b,a,d,c)y
(i) By (a+5,b,6d)e= By (b,ad,c)o+ By (s b cd)x
(iii) @ (@, b +5,6,d)u= Dp (@b, c,d )+ B (a5,¢,d )
(iv) Dn (@b, c+5,d)u = Dp (@b, ¢c,d )+ D (@b, s,d )
W) @ (a,b,c,d+5)«= On(ab,c,d)x + By (ab,cs)«

Proof . These results follow easily by Lemma 2.3 (i) and the definition of @,, (a,b,c,d )«
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Note that F is a generalized higher bi-derivation iff @,, (a,b,c,d ), =0 forall ab,c,de M,
xe'and neN.

3. The Main Results
In this section we present , the main results of this paper .

Lemma 3.1. let M be a 2-torsion free and f=(f; )iy be a Jordan generalized higher bi-
derivation on M>M into M associated with Jordan higher bi- derivation D=(d; )icy 0f M>M
into M . then for all a,b,c,ds;te M, <, Bel’andne N, if @, (a, b, c,d). =0 for every t<n and
¥Y: (a,b,c,d) = 0 for every t<n then:

®n(a, b, c,d)xffmpla, bl« + [a, b]«fmpP Wy(a,b, ¢, d)x =0

Proof . let SeM , since f, is bi additive mapping then by Lemma 2.3. (iv ) we obtain :

folax bfmpBb x a+ b x afpmPBa < b,c x dfspd « ¢ +d x cfsfc x d)

=fn ((a x b)pmpB(b xa)+ (bxa)fmPB(axb),(cxd)fsp(d«c)+(dxc)fsp(c«
d))

= Z fi(a < b,c o< d)Bd;(m, s)Bdy (b « a,d « c)
i+j+k=n

+ fi(b x a,d o c)pd;j(m,s)Bdy(a x b,c x d)

= folax b,c xb)fmpBb < a+a xbfmpBd, (b xa,coxd)+ f,(bxadxc)fmBa
x b

0<ik<n

+ z fi(a b, c « d)d;(m, s)Bdy(b  a,d « c)
i1k

+ fi(b x a,d o c)pd;(m,s)Bdy(a x b,c x d)

=folaxb,cxb)pmBboxa+acxhbpfmpBd,(bxadcxc)+fo(boxadxc)fmpBa
xb+b
< apmpBd,(axb,coxd)

q+th+g<n

D fi@) < dy(b, DBdym )Bdn(b,d)  dy(a,) + £, (b, d)
q+t+j+h+g=n

x d¢(a,c)pd;j(m,s)Bdp(a,c) o« dy(b,d) - (1D

On the other hand : by lemma 2.3. (iii)
falaxbpmBboxa+bxafmBacxhb,cxdfsfpdxc+dxcfsfcxd)

= f,(a < (bpmPBb) x a + b « (afmpPa) < b, ¢ x (dfspd) « c + d « (cfsPBc) « d)

= fala o< (b pmB b) < a,c « (d Bsp d) < ¢) + fu(b o« (aBmBa) < b,d « (cfspc) o« d)
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= Z fq(a,¢) < dp(b fmpB b,d Bspd) xdy(a,c)+ fa(b,d) x di(apmpa,cBspc)
q+k+g=n N dg (b’ d)

- z f,(a,¢) o dy(b, d)Bd;(m, 5)Bdy(b, d) o dy(a,c) + f,(b,d)
q+t+j+h+g=n

x d(a,c)pd;j(m,s)Bdp(a,c) «< dy(b,d)
Z f,(a,¢) < dy(b,d)BmP b < a + a < b fmf Z d,, (b, d)

q+t=n h+g=n
x dg(a,c)
+ z £,(b,d) < dy(a,c)BmB a x b +b « a fmp Zdh(a,c)
q+t=n h+g
x dgy(b,d)

g+t,h+g<n

+ Z fq(a,c) < di(b,d)Bd;(m,s)pdy(b,d) x dy(a,c) + f,(b,d)
q+t+j+h+g=n

x d(a,c) pd;j(m,s) pdp(a,c) x dy(b,d) -(2)

Compare (1) and (2) we get:

fn(aocb,cocd)ﬁmﬂboca—z f, (a,¢) < d,(b,d) fmBb < a + a

q+t=n
o bpmBd, (b x a,d o« ¢) — a o bﬁmﬁz dy, (b, d)
h+g=n
ocdg(a,c)+fn(boca,docc)ﬁmﬁaocb—z _fad)
q+t=n

xd(a,c)pmBacxb+bxapfmpBd,(axhb,cxd)— b

« a fmp Zh dy(a,c) o dy(b,d) = 0
+g=n

@,(a,b,c,d) PmB b xa+axbpmpB ¥ (badc)+0,badc)mpBaxb+b
«<apmBW¥,(ab,c,d)y=0

@,(a,b,c,d) PmB b xa—axbpmpB ¥, (ab,cd)y—0,(ab,cd)mBaxhb+bx
a fmpB ¥,(a,b,c,d)y =0

On(a,b,c,d)o BmB [b, als + [b, alo fmP ¥y (a, b, c,d)c = 0
On(a,b,c,d)e Bmp [a, b]« + [a, b]e BmPB ¥y (a, b, c,d)o = 0

Lemma 3.2. let M be 2-torsion free prime TI' —ring and F = (f;);eny be a Jordan
generalized higher bi-derivation on M>M into M associated with Jordan higher bi-
derivation D = (dj)iey ON M>M into M. thenforall ab,c,dmeM ,,BET
and neN

Q)n(al br G d)o( BmB [a' b]CX = [a' b]O( BmB lI',n(al b, G d)o( = O
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Proof : By Lemma 3.1. and Lemma 1.1. , we obtain the proof .

Theorem 3.3. let M be 2-torsion free prime T —ring and F = (fj);ey be aJordan
generalized higher bi-derivation on M>M into M associated with Jordan higher bi-
derivation D = (d;);ey On M>M into M ,thenforall ab,ccdmeM ,x,BET
and n e N@,(a,b,c,d)s BmB [s,t]c =0

Proof . Replacing a+s forainlemma3.2. we get
O,(@a+s,b,c,d)y BmB [a+s,b]l, =0

Pn(a,b,c,d)o BmP [a,b], + Bpn(a, b, c,d)oc BmP [s, b + B4 (s, b, ¢, d)oc BmP [a, bl +
®,(s,b,c,d)e BmpP [s,b]c = 0

By Lemma3.2. weget @,(a,b,c,d)s PmpP [s,b]e + D,(s,b,c,d) BmP [a,b] = 0

There fore

Q)Tl(a' b) C' d)oc ﬁmﬁ [S, b]o( ,Bmﬁ (Z)n(a, b' C, d)oc ﬁmﬂ[s' b]o(
= —0n(a,b,c,d)« mp [s,b]o Bmp Br(s,b,c,d)oc fmP [a, bl = 0

Hence , by the primmess on M :
On(a,b,c,d)o fmB [s,b]l =0 ... (1)
Similarly , by replacing b+t for b in this equality we get :

On(a,b,c,d)s fmpB [a,t]« =0  ...(2)
Thus : On(a,b,c,d) fmBla+s,b+t]u =0

On(a,b,c,d)o Bmp [a, b« + B, (a,b,c,d)o fmP [a,t]o + Dn(a, b, c,d) BmB [s, b]«
+ @.(a,b,c,d)y fmpB [s,t]c =0

By using (1), (2) and Lemma 3.2. we get On(a,b,c,d)o fmpB [s,t]c =0

Theorem 3.4. let M be 2-torsion free prime I' —ring . Then every Jordan generalized
higher bi-derivation on M>M into M is a generalized higher bi-derivation on M>M into
M

Proof. Let M be 2-torsion free prime I' —ring and F = (f;);,ey beaJordan
generalized higher bi-derivation on M>M into M associated with Jordan higher bi-
derivation D = (d;);ey ON M>M into M

By Theorem 3.3. 9,(a,b,c,d), fmp [s,t]o« =0 forall a,b,c,d,ms,teM,x,p €
I .and n € N since M isprime, we get either @,(a,b,c,d) =0 or [s,t]o =0
forall a,b,c,d,s,teM, xeI' ,and ne N if [a,t]o #0 forall s,t€eM and
xel .

Then @,(a,b,c,d) =0 forall a,b,c,d e M.xel’ and n€ N hence weget,F isa
generalized higher bi-derivation on M>M into M.

But, if [s,t]o =0 forall s,te M and eI ,then M iscommutative and there fore ,
we have from lemma 2.3.(i)
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2f(acch,coud) = ZZ f(a,¢) < d;(b,d)

i+j=n

Since M is 2-torsion free , we obtain that F is a generalized higher bi-derivation on M>M
into M.

Proposition 3.5. let M be 2-torsion free T —ring then every Jordan generalized higher
be-derivation on M>M into M such that a « bfc = afb < c forall a,b,c € M and
o, €T isaJordan triple generalized higher bi-derivationon MxM into M .

Proof. Let M be 2-torsion free ' —ring and F=(f;);e, be aJordan generalized higher
bi-derivation on M>M into M associated with Jordan higher bi-derivation D = (d;);en
on M>M into M

By lemma 2.3. (ii)

fonla x bBa+afb < a,c«dfc+cfd xc)
=D (@) x di(b,d)Bde(a0) + fi(a By (b, ) x di(a,)
i+j+k=n
forall a,b,c,deM. o«<,B€Tl .and n €N

fnla x bBa,c xdfc)+ fp,(aBb x a,cfd x c)
=Z fila,c)

i+j+k=n

o« d; (b, d)fd(a, c) + Z fi(a, )Bd; (b, d)  die(a,c)

i+j+k=n

Since axbfc=afbxc forall ab,ceM and ,feTl we get :

2f,(a  bBa,c x dBc) = 2 z fi (a,¢) o« d; (b, d)pdic(a, c)

i+j+k=n

Since M is a 2-torsion free we have :

f.(a % bfa,c « dBc) = Z fi (a,¢) o« d;(b, d)Bds(a, c)

i+j+k=n

i.e F isJordan triple generalized higher bi-derivation on MxM into M .

Reference

[1] N. Argac, " On prime and semi prime rings with Derivations " , Alegbra col-loq . 13 (3)
(2006) , 371-380

[2] Barnes , W.E." Onthe T — rings of Nobusawa" , pasific J.Math . 18 , 411- 422 ,1966 .

[ 3] Y. Ceven and M.A Ozturk ," on Jordan Generalized Derivations in Gamma Rings" ,
Hacettepe J.Math . and stat ., 33 (2004) , 11-14

[4] Cortes W. and Haetinger C. , " On Jordan Generalized Higher Derivation in
Rings", Turkish,J.Math.VVol.29 ,No.1, PP.1-10,2005.

110


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) lLi‘!
Vol.6, No.5, 2016 IIS E

[5] C.Jayasubba Reddy, G.VenkataBhaskara Rao,K.Madhusudhan Reddy "Symmetric Left
Bi-Derivations in Semiprime Rings"lOSR Journal of Mathematics (IOSR-JM),Volume 11,
Issue 5 Ver.5, pp 25-26 ,2015

[6] Kyuno , S." On prime gamma rings" , pacific J.Math . 75,185-190, 1978
[7] Luh, J." On the theory of simple " — rings" , Michigan Math . J. 16 , 65— 75, 1969 .

[8] G. Maksa . " Remark on symmetric biadditive functions having non-negative
diagonalization ", Glasink Math . 15 (1980) 279-280

[9] Nobusawa , N." On a generalization of the ring theory” , Osaka J.Math . 1, 81-89 , 1964 .

[10] Salah M.Salih and Ahmed M.Marir " On Jordan higher bi-derivation on prime I'- rings
"to apper IOSR Journal of Mathematics,2016

[11] M. Sapanci, M. and A. Nakajima ," Jordan derivations on completely prime gamma
rings" , Math . Japonica, 46 (1), 47-51 , 1997 .

111


http://www.iiste.org/

