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Abstract:
Let M be a I'-ring and c",z" be two higher endomorphisms of a I"-ring M, for all n € N in
the present paper we show that under certain conditions of M, every Jordan generalized (o,t)-

higher reverse derivation of a I'-Ring M is a generalized (o,t)-higher reverse derivation

Mathematics Subject Classification(2000) : 16W25, 16U80 .

Key Words: generalized derivation , reverse generalized derivation , generalized higher

reverse derivation , Jordan generalized higher reverse derivation

1- Introduction:
Let M and I" be two additive a belian groups, suppose that there is a mapping from MxI"'xM
——> M (the image of (a,a,b) being denoted by aab, a, b € M and a e I'). Satisfying for all
a,b,ceManda,p el
(i) (a+Db)ac=aac +bac

a(a+p)c=aac+apc

aa (b +c)=aab +aac
(i) (aab)pc =aa(bpc)
Then M is called a I'-ring. This definition is due to Barnes [1].
Let M be I'-ring then M is called 2-torsion free if 2a = 0 implies a = 0, for every a
€ M, this definition is due to [3].
Let M be a I-ring and d M ——> M be an additive mapping (that is
d(a + b) =d(a) + d(b)) of aI-ring M into itself then d is called a derivation on M if :
d(aab) = d(a)ab + aad(b), foralla,b € Mand o € I' and d is called a Jordan
derivation on M if d(aca) = d(a)aa + aad(a), forall a e Mand o € T, [2].

Let M be a I'-ring, an additive mapping F: M—— M is called
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a generalized derivation on M if there exists a derivation d: M—— M, such that:

F(aob) = F(a)ab + aad(b), foralla,b e Mand a € T".

And F is called Jordan generalized derivation if there exists a Jordan derivation
d: M—— M, such that:

F(aca) = F(a)aa + aad(b), foralla,b e Mand a € T, [2] .

Let M be a I'-ring and o,t be tow endomorphisms of M. such that d: M —— M be an
additive mapping. Then d is called (o,t)-derivation of M if:

d(aab) =d(a) a t(b) + o(a) a d(b), foralla,b e M, a € T.

And d is called a Jordan (o,t)-derivation of M if:

d(aca) =d(a) a t(a) + o(a) ad(a), foralla € M, a € T, [5].

Let M be a I'-ring and o,t be tow endomorphisms of M. such that F: M —— M be an
additive mapping. Then F is called a generalized (c,t)-derivation of M if there exists a (o,1)-
derivation d: M—— M, such that:

F(aab) = F(a) a t(b) + o(a) a d(b), foralla,b € M, o € T.

Let M be a I'-ring and o,t be tow endomorphisms of M. such that F: M —— M be an
additive mapping. Then F is called a Jordan generalized (c,t)-derivation of M if there exists a
Jordan (o,7)- derivation d: M—— M, such that:

F(aca) =F(a) a t(a) + o(a) ad(a), foralla e M, a € T, [5] .

Let M be a I'-ring and d: M —— M be an additive mapping of a I"-ring M into itself then d
is called reverse derivation on M if

d(aab) = d(b)aa + bad(a), foralla,b e Mand o e T.

Let M be a I'-ring and d: M —— M be an additive mapping of a I"-ring M into itself then d
is called a Jordan reverse derivation on M if

d(aca) = d(a)aa + aad(a), forallac Mand a € T, [4].

Let M be a I'-ring and F: M —— M be an additive mapping of a I'-ring M into itself then F
is called generalized reverse derivation on M if there exists a reverse derivation d: M ——
M, such that , F(aab) = F(b)aa + bad(a), foralla,be M anda € T.

Let M be a I'-ring and F: M —— M be an additive mapping of a I'-ring M into itself then F
is called a Jordan generalized reverse derivation on M if there exists a Jordan reverse
derivation d: M—— M, such that

F(aca) = F(a)aa + aad(a), for allae Mand o € T, [6].
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Let M be a I'-ring and F= (f;)icn be a family of additive mappings of M, such that o = idy
then F is called a generalized higher reverse derivation of M if there exists a higher reverse
derivation D = (d;)icn Of M, such that for everya,be M, a € I'and n EN
f.(@ab)= > f (b)ad;(@)

i+j=n
And F is called a Jordan generalized higher reverse derivation of M if there exists a Jordan
higher reverse derivation D = (d;)icn 0f M, such that for everya,be M, a € I"and n €N
f.(@ca)= > f . (a)ad;(@). 6]

i+j=n
Now, the main purpose of this paper is that every Jordan generalized (o,t)- higher reverse
derivation of a 2-torsion free I'-ring M into itself , such that acbBa = afibaa, forall a, b € M

and o, B € I' is a Jordan generalized triple (o,t)-higher reverse derivation .

2- Jordan generalized (o,t)-Higher Reverse Derivations on I'-Ring :
Definition (2.1):

Let F = (fi)icn be a family of additive mappings of a I'-ring M into itself, such that f, =
idw and o,t be two endomorphisms of M. F is called a generalized (o,t)-higher reverse
derivation if there exists a (o,t)- higher reverse derivation D = (di)icn 0f M, such that
f (aob)= Z f i(o‘n_i(b))adj(z-n_j(a)) ,foralla,b e M, e T"andn € N.

i+j=n

Example (2.2):

Let R be a ring and f = (fi)icn be a generalized (o,1)-higher reverse derivation on R . Then
there exists a (o,t)- higher reverse derivation d = (d;)icn Of R, such that
foralla,be Randn e N

f.@@b) =2 (" (0))d;(z"" (@)

i+j=n
n
Let M=Mp(R)and I' = {[Oj’ ne N} Then M is a I'-ring. We define

F= (Fi)ien be a family of additive mappings of M, such that Fn((a b)) =(f.(a) fn(b)).
Then there exists a (o,t)- higher reverse derivation D = (di)icy 0f M, such that  for all a ,
b eM,aelandn e NDy((a b)) = ((dn(a) dn(b)) .

Let o7, 7, be two endomorphisms of M, such that o ((a b)) = ((c(a) a(b)),
(@  b)=(@ (b))
Then F is a generalized (o,t)-higher reverse derivation.
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Definition (2.3):

Let F = (fi)icn be a family of additive mappings of a I'-ring M into itself, such that f, =
idy and o,t be two endomorphisms of M. F is called a Jordan generalized (o,t)-higher
reverse derivation if there exists a Jordan (o,t)- higher reverse derivation D = (dj)ien 0f M,
such that

f (aca)= Z f i(a”*i(a))adj(r”*j(a)) ,forallae M, o e "and n € N.
i+j=n
Definition (2.4):
Let F = (fi)icn be a family of additive mappings of a I'-ring M into itself, such that f,
= idy and o,t be two endomorphisms of M. F is called a Jordan generalized triple (o,7)-
higher reverse derivation if there exists a Jordan triple (o,t)- higher reverse derivation D =
(di)ien Of M, such that

f(@obfa) =/ @pacb + > [ (c" @) d,(c*7 B )ad, (=" (@)
i+j+k=n
foralla,be M, a, f eTCandn e N.

Lemma (2.5):
Let F = (fi)icn be a Jordan generalized triple (o,t)-higher reverse derivations on a I'-ring

M into itself. Then foralla,b,c e M,a, B eTTandn e N

() f (aab+baa)= Z f (o™ (b))ocdj(r”‘j(a)) + Z f.(c""'(@)ad J.(r”‘j(b))

i+j=n i+j=n

(i) f (@aabpBa+apboa)=f_ (a)Baab + Z (@ @)B d,(c*t' (B))ad, (" (a)) +
i+j+k=n
f.(@)aapb + Z Si(a" @)ad;(c*T' BN d (z" (@)

i+j+k=n

(iii) If M is a 2-torsion free I"-ring. .
f,(@@obaa)=f (a)aacb + Z f.(c"'(@)ad;(c"7' (b))ad, (z" “(a))
(iv) f (aabpgc+cabpa)=f_(c)Baab + Z (@ e d,(c"7' (b))ad, (" (a)) +
f@pcab+ > f(c™ @)p d, (0" b )ad, (7))
i+j+k=n
(v) Inparticular, if Mis a 2-torsiqn free commutative I'-ring
facbpe)=f,@)paub + 3 f(0"' () d(0"7 (B)od, (" @)
(Vi) f (aabac +cabaa)=f_(c)oaab + Z f.(c"'©)ad,(c*' (0))ad, (" (@) +
f (@)acab + 2 f.(c""(@)od;(c"r' (b))ad, (z" (@)

i+j+k=n
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Proof:
(i) Replacing a+b for a in the Definition (2.3), we get:

f.((@a+b)a(@a+b))= > f,(c"'(@+b)ad,(z"'(a+b))

i+j=n

=> fi(e"'@)+o" (b )ad;(z" @)+ 7" (b))

i+j=n

=D fi(e" @)adz" @)+ > (e @)ad(z" (b)) +

Z f.(c" (b)ad, (" @)+ Z f.(c"'(b))ad;(z" (b))

..(1)
On the other hand:

f.(a+b)a@+b))=f (aca+aab +baa+bab)

=3 e @)ad @)+ Y (0" d)ad (") + P

i+j=n i+j=n
f. (aob +baa)
Comparing (1) and (2), we get:
f (@ab+boa)= > f,(c"'(O)ad;(z" @)+ > f (" (@)ad;(z" (b))

i+j=n i+j=n

(ii) Replace apb +bga for b in (i), we get:
f.(@aw@apb +bpa)+(@apb +bpa)aa)
=f (@a@pb )+aobpa)+(apb)aa+ (b pfa)aa)
=f, ((aca)pb +(aab)pa)+ (apb)aa+ (b pa)ca)

= fi(e™ ®0)Ad (" (@oa )+ Y (" (@)Bd;(z" @ab )+

X fie" @)ad, " @pa)+ 3 1 (0" @)ad, (=" b fa)
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=2 i@ O)A(2 d (e " (@ )ad, (" (@) +

i+j=n r+s=j

> f(c" @)D d (e (b )ad, (7 @) +

i+j=n e+f=j

> file™ @) D] d (""" (b )Ad, (v " (@))) +

i+j=n p+q=j

> file™ @)a( X dy (@ (@) pd, (=" (b))

i+j=n X+y=j

= > f.(c"(b))pd,(c°r'(@))ad, (r"*(@)) +

i+r+s=n

Y., file" @) pd.(o'7' (b )ad, (" @) +

i+e+f=n

> fi(c" ' (@)ad, (o' (b )Bd, (r" (@) +

i+p+g=n

2 fie" @)ad (7' @))pd, (2" ()
_f,(0)facat S f (o™ (b)Ad, (0" @ Nad, (" (@) +

i+jtk=n

f@paab+ > f,(c"@)Ad,(c"7 (b Nad, (7" (@) +
i+jtk=n

f@aafb+ > (o™ (@)ad, (s (b )Ad, (=" @)+
i+jtk=n

fu@abfar > T (o™ @)ad(c*r @)Ad, (" ® )
i+j+k=n

(D)
On the other hand:

f,(aa@pb +bpa)+@pob +bpa)ca)

=f (acapb +aocbfa+apbaa+bpfaca)

—f,0)faca+ > f(c"(b)Sd(0" @ Nad, (2" (@ )+
i+j+k=n

f.@abpa+ > f (c""(@)ad;(c 7 (@ )Bd, (z" (b)) +f (aab Bfa+apbaa)

) ..(2)
Comparing (1) and (2), we get:
f.(@aob pa+apBbaa)=
—f,@pacb+ > f,(c"@)Bd,(c"7' b Nad (@ )+

f,@aeapb+ > fi(c" (@)ad(c"c' (0 ))Ad(z"*(a))

i+j+k=n
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(iii) Replace o for B in (i), we get:
f.(@aabaa+aob aa)=2f (aabaa)
Since M is a 2-torsion free I"-ring
=f (a)oaob + in: f. (o™ (a))adj(akri(b Nad, (z" @ ))
i+j+k=n

(iv) Replace a+c for a in Definition (2.4), we get:

f.((@+c)abpa@+c))=f ,(a+c)pf(a+c) ab +

3 1o @re)) 4, (ot (BDad, (" a+e))

=fu@paab + 31 f0" @) dy(o" @ )ady @)+
fu@pavh+ 55 £, @) 4" G)ud (" Han+
f@pcab+ 31 £, @)f dy(o*e GNady @)+

f.©)pcab+ > fi(c" ) d(c"c (B))ad (" ()

i+j+k=n
On the other hand

f,(@+c)obp(a+c))=f,(aobfa+aabfic +c abfa+c abfic)
—f,@pach + Y. f(c" @) d(c*c B)ad, (" (@) +

i+j+k=n
f.()pcab + i I (" "(a)p dj(O'k’l'i(b ))(xdk(rnfk (c)) +f,(aabfc +cabfa)
i+j+k=n
...(2)

Compare (1) and (2), we get:

f,(@abfe +eabfa)=f, @) faab + > [1(6™ @D d(0*T B)ad, (" (@) +
fo@pcab+ > fi(c"(@)p di(c"t'(B)ad, (" ()
i+j+k=n

(v) By (iv) and since M is a 2-torsion free commutative I'-ring, we get:

f,(@aabpc+aabpc)=2f (aabpgc)

=f,(C)paab + Z fi(@" @)B dy(c*e B )ad, (=" (@)

(vi) Replace a for g in (iv), we get: _

f.(@abac +caboaa)=f (c)aaab + i f.(c"'(c ))adj(O'kri(b Nad, (z"*@)) +

i+j+k=n
f (a)acab + Z f.(c""@)ad;(c"z'(b))ad(z"“())

i+j+k=n
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Definition (2.6):
Let F = (fi)icn be a Jordan generalized (o,t)-higher reverse derivation ofa  I'-ring M
into itself, then forall a,b € M, o € I"and n € N, we define

5,=f,@ab)~ 3 f (" B))ad;(z" (@)

i+j=n

Lemma (2.7):

Let F = (fi)icn be a Jordan generalized (oc,t)-higher reverse derivation of a I'-ring M into
itself, then for all a, b,c € M, o, B e T"and n € N:
(i) on(a,b)e =—0n(b,a)y
(if) dn(a + b,c)q = 6n(a,C)o, +n(b,C)q
(iii) & n(a,b + €)o = 3n(a,0)a + 3n(a,C)
(iv) on(a,b)q + B = on(a,b)q + 6n(avb)ﬁ
Proof:
(i) By Lemma (2.5) (i), we get:

f.(@ob +boa)= > f ("' (b)ad;(z" @)+ > f,(c" " (@)ad;(z" (b))

i+j=n i+j=n

f.@ob)— > f (a" (b)ad;(z" (@) =—f (baa)- D f(c" " @)ad;(z" (b))

i+j=n i+j=n

dn(a,b)e, = — 0n(b,a),
(i) 5 @+b,c) =f . (@+b)ac)— > f (6" ()ad,(z"(@+b))

i+j=n

=f (@aac +bac)— > f,(c"'c)ad;(z" @) - D f,(c"'c)Nad;(z" (b))

i+j=n i+j=n

=f,@ac)— > fi(e""CNadj(z" @) +f,(bac)— D ("' ()Nad;(z" (b))

i+j=n i+j=n

= 8n(@,0)o + Sn(b,C)a
(i) &,(ab+c),=f, (aab+c)— > f (c" (b +c)ad,(z" (@)

i+j=n

=f, (@aob +aoc)— D f.(c"'()ad;(z" @) - D fi(a"'(©)ad,(z" (@)

i+j=n i+j=n

=f, (@aab)— D f,(c"'b)ad;(z" @) +f (aac)— D f (" '(c)ad,(z" (@)

= §n(a,b)y + Sn(a,c_)a _
(iv) s,(@b), ,=f @+ pb)- Z f i(o‘n—i ®)(a+ ,B)dj(fn—J(a))
i+j=n
=f,(aab)— 3 fi(e" b)adi(z" @) +f,@f)— > f (o™ 0)Sd(z" @)
= dn(a,b)e +8n(a’b)l3

Remark (2.8):
Note that F = (fi)icn iS a generalized (o,t)-higher reverse derivation of a I'-ring M into

itself ifand only if 5, =0, forall ne N.

79


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) lLi‘!
Vol.6, No.6, 2016 IIS E

3- The Main Result :

Theorem (3.1):
Let F = (fi)icn be a Jordan generalized (o,t)-higher reverse derivation of a I'-ring M into
itself, then 5, =0, forall ne N.

Proof:
By Lemma (2.5) (i), we get

f (@ab+boa)= > f,(c"'(O)ad;(z" @)+ > f (" (@)ad;(z" (b))

..(D)
On the other hand
f, (@aob +boa)=f (aab)+f (baa) an(a‘lb)"'_z f i(O'”’i(a))(xdj(r”’j(b )

...(2)

Compare (1) and (2), we get:
f.(@ob)=>" f.(c""(b))ad,(z"'(a))

i+j=n

f,@ab) - > f,(c" (b)ad,(z" (@) =0
i+j=n

By Definition (2.4), we get:

o, =0, forall ne N.

Corollary (3.2):
Every Jordan generalized (o,t)-higher reverse derivation of a I'-ring M is a generalized
(o,7)-higher reverse derivation of M
Proof:
By Theorem (3.1), we get ¢, = 0, for all ne N and by Remark (2.8) we get the require result.

Proposition (3.3):

Every Jordan generalized (o,t)-higher reverse derivation of a 2-torsion free I'-ring
M into itself, such that acbfa = apbaa, forall a, b € M and a, B € T is a Jordan generalized
triple (o,7)-higher reverse derivation .

Proof:
Let F = (f))icn be a Jordan generalized (o,t)-higher reverse derivation of a I'-ring M into
itself.

Replace afb +bga for b in Lemma (2.5) (i), we get:
f.(@aw@apb +bpa)+(@apb +bpa)aa)

=f (@a@pb )+aobpa)+(apb)aa+ (b pfa)aa)
=f, ((aca)pb +(aab)pa)+ (apb)aa+ (b pa)oa)

=D Ti(c"0)pd(c"(@ca )+ > fi(c""(@)Ad;(z"'(@ab ) +

i+j=n i+j=n
2. fie™@)ad;z"@pa)+ 3. fi(c" @)ad;(z" (b pa))
i+j=n i+j=n
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= > f. (" OB d (e " (@))ad, (" @) +

i+j=n r+s=j

S @B, d (" (b ad, (V@) +

2 @ @)X dy (@b A, (@) +
2 e @)Y d@ @) A, (0 )
= 3 e oD (" @Dad, (@) +
2 f(eT @) (o' b Nod, (M@ +
> file™ @)ady (o' (b ) A, (@) +
2 o™ @)ad, (@7 @)d, (" 0))
~f,(b)paca+ Z f.(c"(b)Ad,(c%7' @ )ad, (2" (@) +
f,(@)paab + Z f.(c"" @) pd;(c*7' (b Nad, (" @) +
fL@aasb+ S (6™ @)ad,("c' (b )Ad, (" @) +
f,(@)absa+ Z f.(c" @)ad (o (@ ) pd, (" (b )
—f,(b)paca+ Z f,(c" () Ad;(c¥ e @ Nad, (" @) +
2(f ,(a) facb + Z f,(c"" @) Ad,(c*7' (b Nod, (" @))) +
f,(@)absa+ Z f (o™ @)ad (o7 @ ) Ad, (2" (b )

Since Mis a 2-torsiqn free T'-ring, then

—f,0)faca+ > f (" (0)Ad(c"r @)ad, (@) +
f.(@)paob + Z f(c" (@) Bd;(c*r' (b Nad, (" (@) +

f@obpat S f (o™ @)ad,(c*r @ ))Ad, (2" b )

(D)
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On the other hand :

f.(@w@apo +bpa)+(@pb +bpaj)oca)
=f (acapb+aobpa+apboa+bppaca)

Since acbpfa =afboa, foralla,b e Mand o, € T
=f (aocapb+aabppa+a b oaa+bpfaca)

i<n

=f,(0)paca+ > f,(c" b0)NLd (% @ )Nad, (z" @)+
i+j+k=n

f.@abpa+ > f,(c""(@)ad,(c"7'(@)pd, (=" (b)) +2f (aabpa)...2)

i+j+k=n

Compare (1), (2) and since M is a 2-torsion free I"-ring , we have :

f.@abga) =1 (@paab + > fi(c"(@)B dj(c" 7' B)ad (2" ().

i+j+k=n
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