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Abstract:

The object of this paper is to obtain a common unique fixed point theorem for two continuous random operators
defined on a non empty closed subset of a separable 2 - Hilbert space.
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1. Introduction

In recent years, the study of random fixed points have attracted much attention, some of the recent literatures in

random fixed point may be noted in [1,2]. In this paper we construct a sequence of measurable functions and

consider its convergence to the common unique random fixed point of two continuous random operators defined

on a non-empty closed subset of a separable Hilbert space. For the purpose of obtaining the random fixed point

of the two continuous random operators. We have used a rational inequality (from [4]) and the parallelogram

law. Throughout this paper, (2, X) denotes a measurable space consisting of a set Q and sigma algebra X of

subsets of Q. H stands for a separable Hilbert space, and C is a nonempty closed subset of H.

2 Preliminary:

Definition 2.1. A function f: Q — Cis said to be measurable if f~1(B N C) € X for every Borel subset B of H.

Definition 2.2. A function F' : QxC — C is said to be a random operator if F(,, x) : Q — C is measurable for

every x € C.

Definition 2.3. A measurable function g : Q — C is said to be a random fixed point of the random operator F : Q

x C— Cif F(t, g(f)) =g(¢) forall t € Q.

Definition 2.4. A random operator F : QxC — C is said to be continuous if for fixedt € Q, F(¢t, .) : C — C'is

continuous.

Condition (A). Two mappings S, T: C — C, where C is a non-empty closed subset of a Hilbert space H, is said

to satisfy condition (A) if

ly—Ty, tI*[1+lx—Sx tl?]
1+l x—y, tl?

| Sx —Ty,tlI’°< a +b[ll x — Sx, t 1%l y — Ty, t II*]

for each x,y € C, a, b being positive real numbers such that 0 < a + b < % .
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3.Main Result:

Theorem 3.1: Let C be a non-empty closed subset of a separable 2 - Hilbert space H. Let S and T be two
continuous random operators defined on C such that for t € Q, s(t,.), T(t,.): C = C satisfy condition (A) Then S

and T have a common unique random fixed point in C.

Proof: We define a sequence of functions {g,} as g, Q € C is arbitrary measurable function for t € Q, and n =

Jan+1(t) = S(t'QZn(t))a 92n+2(t):T(t: 92n+1(t))

If g7, (t) = Gons1(t) = Gana2(t) for t € Q for some n then me see that g,,(t) a random fixed point of S and T.

So we assume that no two conseutine terms of sequence {g, } are equal.

Now consider for t € Q

Il Gans1(t) = Gzns2(0), a 1=l S(t: an(t)) = T(t, gan+1(t), a II?

< all gzns1(®) = T(t, Gons1 (), @) 12 [141 G20 (6) — S(E, g2 (8), @) ]2
B 141 g2n () = Gons1 (), a lI?

+b[ll G2n(t) — S(t, Gon(©), @) 1> +1l gnsa (®) — T(t, Gan+ny (), @) I17]

all g2ns1() = Gans2(®), a I? [141 g2, () = S(t, Gon (1), @) I]?
= +b t) — ), all?
1 +" an(t) _ 92n+1(t),a "2 " g2n( ) g2n+1( ) "

+ gan+1() — Gons2(t), a 112

(a+b) Il gans1() — Gons2(t), a 1740l g2 (t) — Gons1(t), a II?

= [1=(a+Db)] Il Gans1(t) = G2ns2(0), a 1S DIl g2 (t) = g2n41(©), a II?

b
21 Gans1 () = Gons2(®), a 1P I g2n(t) = Gan+1 (@), a ll,

= 1-(a+b)

b 12 1
[1-(a+D) ~ 2

Where K = |

In general
I gn(t) = Gna1 (@), a ISkl gneq(t) — g (®), all
S0 gn() = Gns1(©),a IS k™ 1 go(t) — g1(t),a |l forall t € Q

Now, we shall prove that for t € Q , {g,,(t)} is a Cauchy sequence . for this for every position integer i we have,

fort e Q.

Il g (t) — gn+p(t)' all=Il gn(t) — gn41 () + -+ gn+p—1(t) + _gn+p(t)r all
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=<l gn(t) - gn+1(t):a lI+1I gn+1(t) - gn+2(t)va” + ol gn+p—1(t) - gn+p(t),a I
S K™+ k™4 kP go () — g1 (0),all

=k"[1+k+ k%4 +kP71] | go(t) — g1 (D), all

n

<
1-k

Il go(t) — g1 (t),all forallteQ

as n = o || g,(t) = gn4p(t),a = 0, if follows that for t € Q {g,(t)} is a Cauchy sequence and hence is

convergent is 2 - Hilbert space H. fort € Q0 .
Let {g,(t) > g(t)asn > oo ............. (iii)
Since C is closed g is a function from C to C.

Existence of random fixed point: for for t € £,
Ig®) =T(t,g®),all*= g(t) = Gons1(t) + goner = T(£, 9(®)), a II?

<21 g(@®) = gans1(8), @ 17+ 2 1| Gonyr=T(t, g(©)), a II?

[By parallelogram law [l x + ¥ I?°< 2 [l x >+ 2 1l y 11?]

=211 g(©) = Gan+1(©, a I+ 2 1| S(t, Gan+1(®) = T(t, g @), a I?

- 211 g(t) = Gans1(®),a 12+ 2a Il g®)-T(t, g@®)), a I [1+1l g2 () — S(t, g2n(®)),a II?
- 141l g2n(£) — g(@) 112

+2b[ll g2 (©) — S(t, gan(®),a 12 +1 g(O-T(t, g(®)), a I?]

2allg(t)-T(t.g(t)).al?[1+g2n(t)—g2n+1(t).al?]
1+l gzn(t)—g@).al?

=21 g(©) = gan+1 (), a 1>+

+2b[ll Gon(t) = S(t, Gans1(0)),a 17 +11 g(O)=T(t, g(1)), @ I°]

As {gan+1(8)} and gpy42(t) are sub sequence of {{g,(t)}, asn — o0, {gn41 ()} = g(®) and {gp12(t)} —
g(t)

Therefore,

|2¢2aug(t)—T(t.g(t)).auz[1+ug(r)—g(t).au2

lg® = T(69®)al*< 21 g®)-g(®),al 19009 (al?

+2bll g(0)—g(®), a I> +1l g(®)-T(t, g(®)), a I

<2(a+b) l g®O-T(t,g(®))all?
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=[1-2(a+b) I g(®O)-T(t, g(t)),a I’< 0
=1 g(©)-T(t, g(®)), a I>= 0(as 2(a + b) < 1)

=>T(6g@®)=g(O)¥ teQ

In an exactly similar may me can prove that for all ¢ € Q.

S(t,g®) =g@) oo e (V)

Again , If A: Q0 X C — C is a continuous random operator on a non-empty subset C of a Separable 2 - Hilbert

space H, then for any measurable function f: A — C, the function h(t)= A(t, f(t)) is also measurable [3].

It follows from the construction of { g,} (by (i)) and the above consideration that { g,} is a sequence of
measurable function . This fact along with (4) and (5) shows that g:(0 — C is a common random fixed point of S

and T.

References

[1] B.E. Rhoades, Iteration to obtain random solutions and fixed points of operators in uniformly convex Banach
spaces, Soochow Journal of Mathematics, 27(4) (2001), 401 - 404.

[2] Binayak S. Choudhary, A common unique fixed point theorem for two random operators in Hilbert space,
LIMMS, 32(3)(2002),177 - 182.

[3] C.J. Himmelberg, Measurable relations, Fund Math, 87(1975), 53 - 72.

[4] Smita Nair and Shalu Shrivastava, Fixed point theorem for Hilbert space, Jour. Pure Math. 22(2005), 33 -
37.

20


http://www.iiste.org/

