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Abstract

For positive integed, L(d,2,1)-labeling of a grapks is a functionf from V(G) to the positive integers;
V(G) —¥1, 2,...} such thatf(u) — f(v) = d if the distance between any 2 vertieeandv is 1 (DU,V) =1),
[f(u) — f(Y| = 2 if D(u,v) = 2, andffu) — f(v) = 1 if D(u,v) = 3. The L{,2,1)-labeling humbeky(G) of a
graphG is the smallest positive integky such thatG has an L¢,2,1)-labeling withky as the maximum
label. This paper presents a gendgalalue of star«; , andkys-value of sun graphS, ford = 3.
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1. Introduction

Let G(V,E)be a finite, connected, simple and undirected lgrapd letV andE denote the vertex set and edge set of
G, respectively (Johnsonbaugh, 1986). Wallis (2@if)ned a labeling (or valuation) of graph as fato a labeling

of a graph is a map that carries graph elemerttsetmumbers (usually to the positive or non negaitivegers). The
most common choices of domain are the set of atices and edges (such labeling is called totatllah), the
vertex set alone (vertex labeling), or the edgeasene (edge labeling). In the recent developmaltihough the
domain is similar, the graph labeling can also éfnéd as different function (Galian, 2011).

The channel assignment problem is a problem t@massichannel (positive integer) to each radio ataith a set of
given stations such that there is no interfereratevéen stations and the span of the assigned dhiammeimized.
The level of interference between any two radidiata correlates with the geographic locationshaf stations.
Closer stations have a stronger interference, hod there must be a greater difference between #ssigned
channels. Robert (1991) proposed a variation ofcti@nnel assignment problem in which the radidstatwere
considered either “close” or “very close”. “Closgations means vertices with distance two apathermgraph, while
“very close” stations means adjacent vertices ergtiaph.

Grig and Yeh (1992) defined andy( d)-labeling, that is a functioh V(G) - {1, 2, ...} such thatf{u) — f(v) = d,
whenever the distance betweeandv isi apart,i 0 {1, 2}. The minimum span of any such labeling@fdenote
ka(G), is a minimum largest label used in the labeliBgth Prakosa and Indriati (2009), and Kurniawan and
Indriati (2009) have determindd-number of L(0,1), L(1,1) and L(1,2) —labelings fetar, firecracker, banana-
tree, caterpillar and T-pyramide. Practically, nféeence among channels may go beyond two leved,2L1)-
labeling extends from L(2,1)-labeling (Jia-zhuangd aZhen-dong, 2004). Clipperton (2008) has deteedhin
L(d,2,1)-labeling number for paths, cycles, completpbs and complete bipartite graphs. In this paperstudy
the L(d,2,1)-labelingd > 3 and present a genekatvalue for stars and la-value for suns withdl = 3.

2. Definitions and Notations
The definitions and notations in this paper arepaetd from those used by Wallis (2001) and Clippe(@008).

Definition 1. Let G = (V,E) be a graph and f be a mapping f-VN. The distance between two such vertices is
represented by D(u,v) and the mapping of fis @h2,1)-labeling of G if for all vertices u,A7V,
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d, if D(u,v) =1;

lf(w) = fW)| =12 if Dwv) =2
1, if D(u,v) = 3.

Definition 2. The L(d,2,1)-number,qk(G), of a graph G is the smallest natural numbgrsiich thaiG has an
L(d,2,1)-labeling withy as the maximum label.

Definition 3. Star K , is an n-star, that is a complete bipartite graptthmid vertex in one set and n vertices in the
other set. Two vertices are adjacent if and ontpdy lie in different sets. The vertex of degrée called the center,
while the vertices of degree 1 are called leaves.

Definition 4. An n-sun, § is a cycle @with an edge terminating in a vertex of degreasgtdched to each of n-cycle
vertices. The vertices have degree 1 are calleddeand the vertices at the n-cycle are calledecyettices.

3. Main Results
In this section, we present a gendgabalue for staK; ,, and akg-value for sury, with d =3.
Theorem 1. Let K; , be stars with any positive integer n. Then, for 8 ky(K;,)=2n +d -1

Proof. Letf be an L@,2,1)-labeling. Supposeis a center of star and, v, Vv, are consecutive leaves of star. If 1
is not used as a vertex label in am,R(1)-labeling of a graph, then every vertex lateeh be decreased by one to
obtain another Ldq,2,1)-labeling of the graph. Therefore in a minirb@,2,1)-labeling, 1 will necessarily appear as a
vertex label. There are 2 cases of the place eéxavith label 1.

1. Label 1 is at the centdiy) = 1

The distance of the center to the leaves is ore there is a leaf; with label> d+1, for examplef(v,) > d+1.
The distance from a leaf to each other is 2, tleed{v,) > d+3, f(vs) > d+5, and the largest lab&}v,) >2n + d —

1. Then, the minimum of the largest lable(K, )= 2n +d -1

2. Label 1 is at the leaf, for examdi®;) = 1.

Then, we can give the further label to the othawéss or to the center.

a. If we give the further label to the other legwes havef(v,) > 3, f(v3) > 5, ...,f(v,) > 2n — 1.After all the
leaves are labeled, finally the center can be &belithf(v) > 2n+ d —1.Then, the minimum of the largest label,
ki(Kyp=2n+d -1

b. If we give the further label to the center, wavéf(v) > d+1. Furthermore, we go back to the leaves again and
we havef(v,) > 2d+1, f(vs) > 2d+3,...,f(v,) > 2d + 2n — 3which is greater tha@n + d -1for d > 3.

Therefore, if the label 1 is at the leaf, we chotheeother leaf for further label until all of lezevare labeled, then,
the last label is at the centar.

Below, we present thig of sun graph&nwith d = 3.

Theorem 2. Let $ be sun graphs with any positive integer 8. Then, for d=3, the minimum of the largest label of
L(d,2,1)-labeling is
1. ky¢(S)=10,forn=3, 4,6, 8,
2. kq4(S)=11, for n=0(mod 6), ¥ 2(mod 6), = 3(mod 6), > 12,

n=>5and 9
3. ki(S)=12, for {n = 4(mod 6),n = 10,n =5(mod 6), n = 17
4. k4(S)=13, for n =11 andn = 1(mod 6),n = 7
Proof. We define the Lq,2,1)-labeling,f, as has been mentioned in Definition 1. Suppasew, . Vv, be a
consecutive cycle vertices. The leaf adjacent withs v,.;, while the leaf adjacent withy is v,.,, and the
consecutive indexes of leaves &g, Vh+o, ..., bn. Lt g be anf mapping with as minimally as possible label. To
obtain the minimal possible label, firstly we calesi to the vertices with longest distance, it mdanhe vertices
with distance 3. After that or if there aren’t teogertices, we consider to the vertices with shadtstance. The
process will be continued until all of the vertica® labeled.
Casel. Forn=3,4,6, 8
We start thay-labeling with the label IThere are two possibilities of
a. If the label 1 is in any cycle vertex, for example/inThen we obtain
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for n=3: {g(vl)v g(vl)l Ty g(\é)} = {11 7! 10! 41 51 3}1
forn=4: {g(w), g(w), ..., g(¥)}={1,10,7,4,9,6
forn=6: {g(x), 9(»), ..., 9(M2)} =1{1, 6,9, 4, 7, 10, 3,
for n=28:{g(v1), (W), ..., 9(ve)} = {1, 6,9, 4,7, 10,5

b. If the label 1 is in any Ieaf for examplevn Vs, W, Vo for
forn=23:{g(w). 9(»). ..., 9(¥)} = {8, 11, 5, 1, 2, 3},
forn=4: {g(w), g(vz), .,00)}=1{5,2,11,8,1,10,7, 4},
forn=6: {g(w), g(w), ..., g(M2)} ={5,10,7,4,11,8,1, 2,1, 2,1, 2},
forn=8: {g(w), g(w), ..., a(Me)} = {5, 8,11, 4,9,12, 7,10, 1, 2,1, 2,1,12,2}.

From those two possibilities, we conclude that mhi@imum of the largest labeky(S,)= 10, which is occured

from theg-labeling with the starting label 1 is in any cyekertex.

Case 2. Forn= O(mod 6), ==2(mod 6), & 3(mod 6), > 12.

The minimum of the largest labd{y(S,), can be obtained from thgelabeling with the starting label 1 is in any

cycle vertex, for example iw. The formula of the labeling is as follows.

gw) =1

g(v+1) = 3 +3, forl =

1,2,. g with n = 0(mod 6)

w
N
g

=3, 4, 6, 8 respectively. We obtain

d(e2) = 4, forl =< 1,2,. 2% withn = 2(mod 6)
1,2,. w1th n = 3(mod 6)
1,2,. ,:, with n = 0(mod 6)
g(ve.0) =7, forl =< 1,2,. 222 withn = 2(mod 6)
1,2,..,— w1th n = 3(mod 6)
1,2,. ,Z, with n = 0(mod 6)
g(ve) = 10, forl =< 1,2,. Wlthn = 2(mod 6)
1,2,. w1th n = 3(mod 6)
1,2,. ——1 withn = 0(mod 6)
g(Ve+1) =5, forl =< 1,2,. 222 withn = 2(mod 6)
12,. w1th n = 3(mod 6)

1,2,. ,Z, with n = 0(mod 6)
O(Veis2) = 8, forl =< 1,2,. 6 2 withn = 2(mod 6)
12,.., - w1thn = 3(mod 6)
{1, 2, g— 1, withn = 0(mod 6)
9(Vews) = 11, forl = { =2, withn = 2(mod 6)
Ll 2,. w1thn = 3(mod 6)

3,forl=1,3, w1thn = O(mod 6),n = 2(mod 6),n = 3(mod 6)
4, forl = 2, withn = 3(mod 6)

n

1,2, ; withn = 0(mod 6),n = 2(mod 6)
1,2,. w1thn 3(mod 6)
1,2, ...,nT_‘t, with n = 0(mod 6),n = 2(mod 6)

1,2,. w1th n = 3(mod 6)

From the labeling in Case 2, we conclude that themum of the largest labeky(S,)= 10, which is occured from
theg-labeling with the starting label 1 is in any cyelertex.

9()=]

O(Vheowi) = 2, fori =2, I= {

g(Vhs2+i) = 1, fori = 3,1= {
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Case3a. Forn=5and 9
We start thay-labeling with the label 1. There are two possilas ofg.
a. If the label 1 is in any cycle vertex, for exampies;. Then we obtain
for n=5: {g(w), g(w), ..., 9(M0} ={1, 8, 12, 6, 10, 4, 5, 3, 2, 3},
forn=9: {g(w), g(w), ..., a(Mg} =1{1, 7, 10, 4, 8,11,5,9,12,4,5,3,2,2,1, 2, 3},
b. If the label 1 is in any leaf, for examplevgor in vio forn =5 and 9, respectively. We obtain
forn=5: {g(w), g(w), ..., a(Mg} ={5, 8,12, 6,10, 1, 2,1, 2, 3},
forn=9: {g(w), g(w), ..., g(Mg} ={5,10,7,4,12,9,6,11,8,1,2,1,2211, 2, 3},
From those two possibilities, we conclude that mhi@imum of the largest labeky(S))= 12, which is occured
from theg-labeling with the starting label 1 is in any verfexn =5 andn = 9.
Case 3b. Forn=4(mod 6), r» 10 and =5(mod 6), r» 17.
The minimum of the largest labd{y(S,), can be obtained from thgelabeling with the starting label 1 is in any
cycle vertex, for example iw. The formula of the labeling is as follows.
g(vl) = 11
9(Ve.a) = 10, forl =1,2,...,"=%, withn = 4(mod 6)
9(Vers) = 7, forl =1,2,...,"==, withn = 4(mod 6)
1,2,..,"=%, withn = 4(mod 6)

1,2, ...,nT_s,withn = 5(mod 6)

9(Vert) = 11, forl = 1,2, ”T‘“ withn = 4(mod 6)
g(ve) = 8, forl =1,2, ”T‘“ withn = 4(mod 6

2,..,"=%, withn = 4(mod 6)

9(Vei2) = 4, forl =

g(Veir1) = 5, forl = n-s .
1,2, ...,T,w1th n = 5(mod 6)
g(Vor) =3 +3, forl = 1, 2, 3, withn=4(mod 6).
g(Vh+1) = 3, forl = 1, 3, withn=4(mod 6), 5(mod 6).
g(Vh+2) = 4, withn=4(mod 6), = 5(mod 6).

-3

( 1,2,..,==; with n = 5(mod 6)
|2, fori=2,1= 2
' ' 1,2,...,"7‘2; with n = 4(mod 6)
9(Vhs2ti :{ _
) 1,2,..,"2; with n = 5(mod 6)
| 1,fori=3,1= .
( 1,2,..,—,withn = 4(mod 6)

2
g(ws) =1 + 6, forl =1, 2, 3, withn=5(mod 6).
g(va) =1 +9, forl =1, 2, 3, withn=5(mod 6).

7, fori=1, [ =1, Z”‘T11 with n = 5(mod 6),

9(Ve+siv2) = -
2T, fori=2, 1= 1,2,..," 2, withn = 5(mod 6)

10, fori=2, 1 =1,2,.., 2

, withn = 5(mod 6),
11, fori=3, 1=1,2, "‘T“ with n = 5(mod 6).

g(Wh+12) = 31 + 3, forl =1, 2, withn=5(mod 6).

From the labeling in Case 3b, we conclude thatntidmum of the largest labeky(S,)= 12, which is occured

from theg-labeling with the starting label 1 is in any cyekertex.

Case 4. Forn= 11 anch=1(mod 6), > 7

Forn=11

We start they-labeling with the label 1. There are two posdiiei$ ofg.

a. If the label 1 is in any cycle vertex, for exampier;. Then we obtaind(vy), g(w), ..., 9(¥2)} ={1, 7, 11, 4, 8,
12,5,9, 13,6, 10, 3,4,3,2,1, 2,1, 2, 12,

b. If the label 1 is in any leaf, for examplevyp, we obtain §(w), g(w), ..., 9(¥2)} = {5, 8, 11, 4, 7, 12, 5, 9, 13,
7,10,1,2,1,2,1,2,1,2,1, 2, 3}.

9(Veieai) =
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From those two possibilities, we conclude that mhi@imum of the largest labeky(S,)= 13, which is occured
from theg-labeling with the starting label 1 is in any verte
Forn=1(mod 6), 1> 7
The minimum of the largest labéy(S,), can be obtained from ttgelabeling with the starting label 1 is in any
cycle vertex, for example iw. The formula of the labeling is as follows.

n->5
g(v1) =g(Vhsare3) = 1, forl =1, 2, o

n-3

g(Vn+2I+2) = 2, f0r| = 1, 2, ,T
g(vnl—3|+6) =3, forl =1,2

9(vh+1) = G(Verea) = 4, forl =1,2, .., "=
J(Vhe2) = 9(Ver2) = 5, forl =1,2, "an >13
n-7

9() =g(Vers) = 7, forl =1,2,..,—,n > 13

9(vs) = g(Vee) = 8, forl =1,2,..,"==,n =19

g(v) =9, forn =7

g(Va-1) =9(Vei42) =10, forl =1,2,...,—,n =13
n—-13

g(v) =g(vrs) = 11, forl =1, 2, ..., Ton 2 19

g(w) =12, forn =7

g(Who) =13, forn =7

From the labeling in Case 4, we conclude that th@mum of the largest labeky(S,)= 13, which is occured from
the g-labeling with the starting label 1 is in any cyekertex.

From the above 4 cases, the complete proof has dmen

n-7
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