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1- Introduction: 

        The notion of groupoid was introduced by H. Brandt [Math. Ann., 96(1926), 360- 366; MR 

1512323]. A groupoid (𝐺,∗) is a set on which is defined a non associative binary operation which 

is closed on 𝐺, the groupoid (𝐺,∗) is a semigroup if the binary operation ∗ is associative [4].      

        Milne [2], introduced details on a ring. We call (𝑅,∗,∘) to be a ring if the following conditions 

are satisfied. 

1)  (R, ∗) is a group.  

2)  (R,∘) is a semigroup. 

3)  (i)   a × (b + c) = a × b + a × c 

     (ii)  (a + b) × c = a × c + b × c 

for all a ,b ,c ∈ R, a nonempty subset  P  of  R  is said to be a subring of  R  if  P  is a ring under the 

operations of  R. 

We investigated on M-cover ring, M-compact ring, weakly M-compact ring, weakly M-compact c. 

ring, M-compact c. ring, M-compact locally ring and M-compact strong locally ring, we obtain 

some good examples and results related to these concepts above.  

 

2- Definitions: 

Definition (1): Let  (𝑅,∗,∘) be a ring , and 𝐼 be an indexed set.  
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Let  𝑀 = { 𝑅𝑖 ;  𝑅𝑖 ⊂ 𝑅 , (𝑅𝑖,∗,∘)  is a proper subring of (𝑅,∗,∘), ∀𝑖 ∈ 𝐼 }  be a family of proper  

subrings  of  (𝑅,∗,∘), (𝐼 is a finite or an infinite set), we say that  𝑀 is a M-cover ring of (𝑅,∗,∘) if  

𝑅 = ⋃ 𝑅𝑖𝑖∈𝐼  .  

Definition (2): Let  (𝑅,∗,∘) be a ring, we say that (𝑅,∗,∘) is a  weakly M-compact ring if there is a 

finite sub-M-cover ring of (𝑅,∗,∘). 

Definition (3): Let (𝑅,∗,∘) be a ring, we say that (𝑅,∗,∘) is M-compact ring if for every M-cover 

ring  of (𝑅,∗,∘) there exists a finite sub-M-cover ring of  (𝑅,∗,∘). 

Definition (4): Let  (𝑅,∗,∘) be a ring, we say that (𝑅,∗,∘) is  weakly M-compact c. ring  if there is a 

countable M-cover ring of  (𝑅,∗,∘). 

Definition (5): Let  (𝑅,∗,∘) be a ring, we say that (𝑅,∗,∘) is M-compact c. ring if for every M-cover 

ring  of  (𝑅,∗,∘) there exists a countable sub-M-cover ring of  (𝑅,∗,∘). 

Definition (6): Let  (𝑅,∗,∘) be a ring, we say that (𝑅,∗,∘) is a M-compact locally ring if for every 

element x of 𝑅 there is a subring (proper) of 𝑅 include x . 

Definition (7): Let  (𝑅,∗,∘) be a ring, we say that (𝑅,∗,∘) is a M-compact strong locally ring if for 

every element x of 𝑅 (except the unite element) there is a unique subring (proper) of 𝑅 include  x. 

Definition (8): Let  (𝑅,∗,∘) be a ring, the subring  (𝐻,∗,∘)  of the ring  (𝑅,∗,∘) is called a  M-

compact subring (weakly M-compact subring , weakly M-compact c. subring, M-compact c. 

subring, M-compact locally subring, M-compact strong locally subring), if (𝐻,∗,∘) is a M-compact 

ring (weakly M-compact ring, weakly M-compact c. ring, M-compact c. ring, M-compact locally 

ring, M-compact strong locally ring), respectively. 

Definition (9) [3]:  Let (𝑅,∗,∘)  and (�̅�  ,∗̅,∘̅) are two rings, we say that  

1- 𝑓: (𝑅,∗,∘)   → (�̅�  ,∗̅,∘̅) is a homomorphism if 𝑓(𝑥 ∗ 𝑦)= 𝑓(𝑥) ∗̅ 𝑓(𝑦) and 

 𝑓(𝑥 ∘ 𝑦) = 𝑓(𝑥)  ∘̅  𝑓(𝑦), ∀𝑥, 𝑦 ∈ 𝐺.  

2- 𝑓: (𝑅,∗,∘)   → (�̅�  ,∗̅,∘̅) is an isomorphism if 𝑓 is a bijective homomorphism.    

Definition (10) [3]: Let (𝑅,∗,∘) and (�̅�  ,∗̅,∘̅) are two rings ,we say that (𝑅,∗,∘)    is an isomorphic 

to  (�̅�  ,∗̅,∘̅), denoted that (𝑅,∗,∘)  ≅  (�̅�  ,∗̅,∘̅), if there is an isomorphism                                𝑓 ∶ 

(𝑅,∗,∘)   →  (�̅�  ,∗̅,∘̅). 

3- Examples:  

Example (1): The ring  ( ℤ2, +2,∙2), has no M-cover ring. The ring ( ℤ2, +2,∙2) is not M-compact 

ring, while the ring  (ℤ2 × ℤ2, ⨁, ⨂) has M-cover ring  {(0,0),(1,1)},{(0,0),(1,0)},{(0,0),(0,1)}. 

Such that (𝑎, 𝑏)⨁(𝑐, 𝑑) = (𝑎+2𝑐, 𝑏+2𝑑), (𝑎, 𝑏)⨂(𝑐, 𝑑) = (𝑎 ∙2 𝑐, 𝑏 ∙2 𝑑). 

Example (2): Let 𝑅 = {0 ,1 ,2 , .  .  . }, defined a binary operator ≺ as follows; 

𝑎 ≺ 𝑏 = {
max {𝑎, 𝑏} 𝑎 ≠ 𝑏

0 𝑎 = 𝑏
, ∀ 𝑎, 𝑏 ∈ 𝑅. It is easy to show that  (𝑅, ≺) is a group. The ring 

(𝑅, ≺,∗) is a M-compact C. ring (* define  by 𝑎 ∗ 𝑏 = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏 ∈ 𝑅). 

The ring (𝑅, ≺,∗) is not M-compact ring, since the family of subrings { ({0, 𝑎, 𝑏}, ≺,∗);  𝑎, 𝑏 ∈

ℕ } is a M-cover ring  of  (𝑅, ≺,∗) has no finite sub-M-cover ring of (𝑅, ≺,∗). 
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Example (3): Let  (ℤ2 × ℤ2,⊕,⊗) be a ring. Then  (ℤ2 × ℤ2,⊕,⊗) is a M-compact strong locally 

ring(also M-compact locally ring), since there are only three subrings of (ℤ2 × ℤ2,⊕,⊗) which are 

(𝑀1,⊕,⊗), (𝑀2,⊕,⊗) and (𝑀3,⊕,⊗), (except the trivial subrings) where  

𝑀1 = {(0,0), (0,1)}, 𝑀2 = {(0,0), (1,0)},  𝑀3 = {(0,0), (1,1)}. 

Example (4): Let  𝑅 = {−𝑛, … , −2, −1, 0 }, defined a binary operator ≻ as follows; 

𝑎 ≻ 𝑏 = {
min {𝑎, 𝑏} 𝑎 ≠ 𝑏

0 𝑎 = 𝑏
, ∀ 𝑎, 𝑏 ∈ 𝑅. It is easy to show that  (𝑅, ≻) is a group. 

The ring (𝑅, ≻,∗) (* define by 𝑎 ∗ 𝑏 = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏 ∈ 𝑅) is M-compact ring. 

Example (5): Let  𝑋 = {0} ∪ ℝ+, defined a binary operator ≺ as follows; 

𝑎 ≺ 𝑏 = {
max {𝑎, 𝑏} 𝑎 ≠ 𝑏

0 𝑎 = 𝑏
, ∀ 𝑎, 𝑏 ∈ 𝑋. It is easy to show that (𝑋 , ≺)  is a group. 

The ring (𝑋 , ≺,∗) (* define by 𝑎 ∗ 𝑏 = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏 ∈ 𝑋) is  M-compact locally ring. 

The ring (𝑋 , ≺,∗) is not M-compact c. ring, since the family of subrings { ( {0, 𝑎, 𝑏}, ≺,∗);  𝑎, 𝑏 ∈

ℝ+ } is a M-cover ring of  (𝑋 , ≺,∗) has no countable sub-M-cover ring of (𝑋 , ≺,∗).  

4- Main Results: 

The prove of all the following lemmas are direct from definitions. 

Lemma (1): If (𝑅,∗, °) is a M-compact ring, then (𝑅,∗, °) is a M-compact c. ring. 

Lemma (2): If (𝑅,∗, °) is a M-compact ring, then (𝑅,∗, °) is a weakly M-compact ring. 

Lemma (3): If (𝑅,∗, °) is a M-compact c. ring, then (𝑅,∗, °) is a weakly M-compact c. ring. 

Lemma (4): If (𝑅,∗, °) is a Weakly M-compact ring, then (𝑅,∗, °) is a weakly M-compact c. ring. 

Lemma (5): If (𝑅,∗, °) is a M-compact strong locally ring, then (𝑅,∗, °) is a M-compact locally 

ring. 

The following theorems are direct from definitions, 

Theorem (1): Let (R,∗, °) be ring, if  R  weakly M-compact ring, then  it is M-compact locally 

ring.  

Proof: Let  𝑥 ∈ 𝑅  and  R  weakly M-compact ring, then there is cover ring of  R ⟹ 𝑅 =  ⋃ 𝑅𝑖𝑖∈𝐼  

(𝑅𝑖 𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟 𝑠𝑢𝑏 𝑟𝑖𝑛𝑔 𝑜𝑓 𝑅 ∨ 𝑖 ∈ 𝐼) 

𝑥 ∈  ⋃ 𝑅𝑖𝑖∈𝐼  ⟹ 𝑥 ∈  𝑅𝑖 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑖. R is M-compact locally ring. 
Corollary (1): Let  (R,∗, °) be a ring. Then 

1)  M-compact ring ⟹ M-compact locally ring. 

2)  M-compact c. ring ⟹ M-compact locally ring.  

3)  weakly M-compact c. ring ⟹ M-compact locally ring. 

Theorem (2): Any finite  non cyclic ring of order a nonprime number, is a M-compact locally 

ring. 
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Proof: Let (𝑅,∗, °) is a finite ring, for every element x of 𝐺 the subring (〈𝑥〉,∗, °) of (𝑅,∗, °) include  

x, it is clear that 𝑅 ≠ 〈𝑥〉, since  (𝑅,∗, °) is not cyclic ring, and therefore (𝑅,∗, °) is a M-compact 

locally ring. 

Theorem (3): If (𝑅,∗, °)is a finite ring. then the following are equivalent;  

1)  (𝑅,∗, °) is a  M-compact ring.   

2)  (𝑅,∗, °) is a  M-compact c. ring.   

3)  (𝑅,∗, °) is a  weakly M-compact ring. 

4)  (𝑅,∗, °) is a  weakly M-compact c. ring. 

Theorem (4): Any finite ring has a prime order is not M-compact locally ring. 

Proof: Let (𝑅,∗, °) is a ring with |𝑅| = 𝑝, 𝑝 prime number, by "Lagrange theorem" the order of 

every subgroup of  𝑅 divides 𝑝, but  𝑝 is prime, so there is no proper subgroup of 𝑅 except the unit 

element and hence is no proper subring of 𝑅. Then  (𝑅,∗, °) is not M-compact locally ring.  

Corollary (2): 

1) Any finite ring has prime order is not M-compact ring. 

2) Any finite ring has prime order is not M-compact c. ring. 

3) Any finite ring has prime order is not weakly M-compact ring. 

4) Any finite ring has prime order is not weakly M-compact c. ring.  
Corollary (3): Any finite ring has prime order (𝑅,∗, °) is not M-compact strong locally ring. 

Theorem (5): If  (𝑅,∗, °) ring, then (𝑅,∗, °) is a M-compact ring is not simple ring.    

Proof: If  (𝑅,∗, °)   is a M-compact ring, then there is M-cover ring and hence there is proper 

subring of (𝑅,∗, °)   ⟹  (𝑅,∗, °)  is not simple ring. 

Theorem (6): Any simple ring (𝑅,∗, °) is not weakly M-compact ring. 
Proof: Clear, any simple ring has no proper sub ring and has no M-cover. 

i.e  (𝑅,∗, °) is not weakly M-compact ring .      

Corollary (4): Any (𝑅,∗, °) simple ring is not M-compact ring. 
Theorem (7): Any (𝑅,∗, °) simple ring is not M-compact c. ring. 

Proof: Clear, any simple ring has no proper sub ring and has no M-cover. 

i.e  (𝑅,∗, °) is not  M-compact ring.     

Theorem (8): Any cyclic ring is not M-compact locally ring. 

Proof: Assume (𝑅,∗, °) is a cyclic ring which is a M-compact locally ring so for every element x of 

𝑅 there is a subring of  𝑅 include  x, but 𝑅 is a cyclic so there is an element say 𝑔  such that  

〈𝑔〉 = 𝑅 (𝑅 generated by 𝑔) and hence any subring  contains  𝑔  must be equal to 𝑅, that is there is 

no proper subring contains 𝑔. 

Corollary (5): 

1) Any cyclic ring is not  M-compact ring. 

2) Any cyclic ring is not  M-compact c. ring. 
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3) Any cyclic ring is not  weakly M-compact ring. 

4) Any cyclic ring is not  weakly M-compact c. ring. 

5) Any cyclic ring is not  M-compact strong locally ring. 

Theorem (9): If   ( 𝐺,∗ , °)  ≅  ( �̅�,∗̅ , °̅). Then 

( 𝐺,∗ , °)  is a M-compact ring ⟺ ( �̅�,∗̅ , °̅) is a M-compact ring.       

Proof: (⟹) Let   ( 𝐺�̅�,∗�̅�, °�̅� ) be any M-cover ring of ( �̅�,∗̅ , °̅)  ⟹  �̅� = ⋃  𝐺�̅�𝑖∈𝐼 , but 𝑓 is an isomorphism 

⟹ 𝑓(𝐺) = �̅� = ⋃  𝐺�̅�𝑖∈𝐼   

⟹ 𝐺 = 𝑓−1(⋃  𝐺�̅�𝑖∈𝐼 ) = ⋃ 𝑓−1(𝐺�̅�)𝑖∈𝐼 , and  𝑓−1(𝐺�̅�) is a ring ∀𝑖 ∈ 𝐼,  

but ( 𝐺,∗ , °)  is a M-compact ring so there is a finite set  𝐽 such that   

𝐺 = ⋃ 𝑓−1(𝐺�̅�)𝑗∈𝐽 = 𝑓−1(⋃ 𝐺�̅�𝑗∈𝐽 )   ⟹ �̅� = 𝑓(𝐺) = 𝑓 (𝑓−1(⋃ 𝐺�̅�𝑗∈𝐽 )) = ⋃ 𝐺�̅�𝑗∈𝐽  and  ( 𝐺�̅�,∗�̅� ) is a ring 

∀𝑗 ∈ 𝐽  

⟹ ( �̅�,∗̅ , °̅) is a M-compact ring . 

⟸ Let   ( 𝐺𝑖,∗𝑖, °𝑖) be any M-cover ring of ( 𝐺,∗ , °)  ⟹  𝐺 = ⋃  𝐺𝑖𝑖∈𝐼  , but 𝑓 is an isomorphism 

⟹ �̅� =  𝑓(𝐺) = 𝑓(⋃  𝐺𝑖𝑖∈𝐼 ) = ⋃  𝑓(𝐺𝑖)𝑖∈𝐼 ,and is a ring  ∀𝑖 ∈ 𝐼, but (�̅�,∗̅) is a M-compact ring 

so there is a finite set 𝐽 such that  �̅� = ⋃  𝑓(𝐺𝑗) =  𝑓(⋃  𝐺𝑗𝑗∈𝐽 )𝑗∈𝐽   

⟹ 𝐺 = 𝑓−1(�̅�) = 𝑓−1 (𝑓(⋃  𝐺𝑗𝑗∈𝐽 )) = ⋃  𝐺𝑗𝑗∈𝐽   

 and ( 𝐺𝑗 ,∗𝑗 , °𝑗) is a ring ∀𝑗 ∈ 𝐽  ⟹  ( 𝐺,∗ , °) is a M-compact ring. 

Theorem (10): If 𝑓 ∶ ( 𝐺,∗ , °)  ⟶  ( �̅�,∗̅ , °̅) is an isomorphism and ( 𝐻,∗, ° ) is a M-compact 

subring of ( 𝐺,∗ , °), then 𝑓(𝐻) is a M-compact subring of ( �̅�,∗̅ , °̅). 

Proof: Let {𝑊𝑖 : 𝑖 ∈ 𝐼} is M-cover of 𝑓(𝐻) ⟹ ⋃ 𝑊𝑖 = 𝑓(𝐻)𝑖∈𝐼 Since 𝑓 is isomorphism, 

𝑓−1(𝑓(𝐻)) =  𝑓−1(⋃ 𝑊𝑖) = 𝑓(𝐻)𝑖∈𝐼   

𝐻 =  ⋃ 𝑓−1(𝑊𝑖)𝑖∈𝐼  [  𝑓−1(𝑊𝑖) is sub rings of  ( 𝐺,∗ , °) for all 𝑖 ∈ 𝐼] 

⟹  ∃ 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑒𝑡 𝐽 ⊆ 𝐼 ∋ 𝐻 =  ⋃ 𝑓−1(𝑊𝑖)𝑖∈𝐽  [ since  ( 𝐻,∗, ° ) is a M-compact subring of ( 𝐺,∗

 , °)] 

⟹ 𝑓(𝐻) =  𝑓(⋃ 𝑓−1(𝑊𝑖)𝑖∈𝐽 ) =  ⋃ 𝑓(𝑓−1(𝑊𝑖)) =  ⋃ 𝑊𝑖𝑖∈𝐽𝑖∈𝐽   

⟹  𝑓(𝐻) is a M-compact subring of ( �̅�,∗̅ , °̅). 

Theorem (11): If 𝑓 ∶ ( 𝐺,∗ , °)  ⟶  ( �̅�,∗̅ , °̅)  is an isomorphism and ( 𝑆,∗ ̅, °̅) is a M-compact 

subring of ( �̅�,∗̅ , °̅). then 𝑓−1(𝑆) is a M-compact subring of ( 𝐺,∗, ° ). 

Proof: Let {𝑊𝑖 : 𝑖 ∈ 𝐼} is M-cover of  𝑓−1(𝑆) ⟹ ⋃ 𝑊𝑖 = 𝑓−1(𝑆)𝑖∈𝐼 . 
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Since 𝑓 is isomorphism, 𝑓(𝑓−1(𝑆)) =  𝑓(⋃ 𝑊𝑖) = 𝑆𝑖∈𝐼  ⟹ 𝑆 =  ⋃ 𝑓(𝑊𝑖)𝑖∈𝐼  [  𝑓(𝑊𝑖) is sub rings 

of  ( �̅�,∗̅ , °̅) for all 𝑖 ∈ 𝐼] 

⟹  ∃ 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑒𝑡 𝐽 ⊆ 𝐼 ∋ 𝑆 =  ⋃ 𝑓(𝑊𝑖)𝑖∈𝐽  [ since ( 𝑆,∗, ° ) is a M-compact subring of ( �̅�,∗̅ , °̅)] 

⟹ 𝑓−1(𝑆) =  𝑓−1(⋃ 𝑓(𝑊𝑖)𝑖∈𝐽 ) =  ⋃ 𝑓−1(𝑓(𝑊𝑖)) =  ⋃ 𝑊𝑖𝑖∈𝐽𝑖∈𝐽   

⟹  𝑆 is a M-compact subring of ( 𝐺,∗ , °). 

Theorem (12): If ( 𝐴,⋇ , °) is a ring and ( 𝐺,∗, °̅ ) is a M-compact ring, then  (𝐴 × 𝐺, ⨁, ⨂)  is a 

M-compact ring. Where  

(𝑎1, 𝑔1) ⨁ (𝑎2, 𝑔2) = (𝑎1 ⋇ 𝑎2, 𝑔1 ∗ 𝑔2), (𝑎1, 𝑔1) ⨂(𝑎2, 𝑔2) = (𝑎1° 𝑎2, 𝑔1°̅𝑔2), 

∀ (𝑎1, 𝑔1), (𝑎2, 𝑔2)  ∈ 𝐴 × 𝐺. 

Proof: Let {(𝐴 × 𝐺𝑖 , ⨁, ⨂); 𝐺𝑖 ⊂ 𝐺, (𝐴 × 𝐺𝑖, ⨁, ⨂) is a subring of (𝐴 × 𝐺, ⨂), ∀𝑖 ∈ 𝐼 } be any M-

cover ring of  (𝐴 × 𝐺, ⨁, ⨂) , it is clear that ( 𝐺𝑖,∗,∘ ) is a subrings of ( 𝐺,∗ ,∘), such that  𝐴 × 𝐺 =

⋃ 𝐴 × 𝐺𝑖𝑖∈𝐼 = 𝐴 × (⋃ 𝐺𝑖𝑖∈𝐼 )   ⟹ 𝐺 = ⋃  𝐺𝑖𝑖∈𝐼  , but ( 𝐺,∗ ,∘)  is a M-compact ring, so there is a 

finite set  𝐽 such that  𝐺 = ⋃  𝐺𝑗𝑗∈𝐽 , and hence 

𝐴 × 𝐺 = 𝐴 × (⋃ 𝐺𝑗𝑗∈𝐽 ) = ⋃ 𝐴 × 𝐺𝑗𝑗∈𝐽    ⟹   (𝐴 × 𝐺, ⨁, ⨂) is a M-compact ring. 

Theorem (13): If ( 𝐺,∗ ,∘) and ( �̅�,∗̅ ,∘̅)  are M-compact strong locally rings, then  

( 𝐺 × �̅�, ⨁, ⨂) is a M-compact strong locally ring.  

Proof: Let (𝑥, 𝑦) ∈ 𝐺 × �̅� ⟹  𝑥 ∈ 𝐺 and 𝑦 ∈ �̅�, but ( 𝐺,∗ ,∘) and ( �̅�,∗̅,∘̅ )  are M-compact strong 

locally rings ⟹ ∃! 𝐺𝑥 and ∃! �̅�𝑦 subrings of  𝐺 and �̅�, respectively, such that 𝑥 ∈ 𝐺𝑥 and  𝑦 ∈ �̅�𝑦 

⟹  (𝑥, 𝑦) ∈ 𝐺𝑥 × �̅�𝑦 and 𝐺𝑥 × �̅�𝑦 is a unique subrings of   𝐺 × �̅�  ⟹  ( 𝐺 × �̅�, ⨁, ⨂) is a M-

compact strong locally ring. 

Corollary (6): If  ( 𝐺,∗ ,∘) and ( �̅�,∗̅ ,∘̅)  are M-compact locally rings, then  (𝐺 × �̅�, ⨁, ⨂) is a M-

compact locally ring. 

Theorem (14): If ( 𝐺,∗,∘ ) and ( �̅�,∗̅ ,∘̅)  are M-compact rings, then ( 𝐺 × �̅�, ⨁, ⨂) is a M-compact 

ring . 

Proof: Let (𝐺,∗ ,∘) and (�̅�,∗̅ ,∘̅) are M-compact rings ⟹ there exists a M-cover ring  of  (𝐺,∗,∘ ) 

say {𝐺𝑎}𝑎∈𝐴 and a M-cover ring of (�̅�,∗̅,∘̅ ) say {�̅�𝑏}𝑏∈𝐵 ⟹ 𝐺 × �̅� = (⋃ 𝐺𝑎𝑎∈𝐴 ) × (⋃ �̅�𝑏𝑏∈𝐵 )  =

⋃ (𝐺𝑎 ×  �̅�𝑏)𝑎∈𝐴,𝑏∈𝐵  ⟹ {𝐺𝑎 ×  �̅�𝑏}𝑎∈𝐴,𝑏∈𝐵 is a M-cover ring of  

(𝐺 × �̅�, ⨁, ⨂). 

Now, Let {𝒲𝑖}𝑖∈𝐼 be any M-cover ring  of  (𝐺 × �̅�, ⨁, ⨂)  

⟹ 𝐺 × �̅� = ⋃ 𝒲𝑖𝑖∈𝐼 , such that  𝒲𝑖 = 𝒰𝑖 × 𝒱𝑖, where {𝒰𝑖}𝑖∈𝐼 are subrings of (𝐺,∗,∘ ) and  

{𝒱𝑖}𝑖∈𝐼are subrings  of (�̅�,∗̅ ,∘̅) . But (𝐺,∗,∘ )  is a M-compact ring, so there is a M-cover ring of 
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(𝐺,∗ ) contains {𝒰𝑖}𝑖∈𝐼 which have a finite sub-M-cover ring  (i.e. there is a finite set 𝐽 ) such that  

𝐺 = ⋃  𝒰𝑗𝑗∈𝐽 , let  𝒰𝑗1
∈ {𝒰𝑗}𝑗∈𝐽 ⟹ {𝒰𝑗1

× 𝒱𝑖}𝑖∈𝐼 is a M-cover ring of   the M-compact ring  

(𝒰𝑗1
× �̅�, ⨁, ⨂) ( from Theorem 10 since (𝒰𝑗1

,∗,∘ ) is a ring and (�̅�,∗̅,∘̅ ) is a M-compact ring ), 

so there is a finite set 𝑆 such that 

𝒰𝑗1
× �̅� = ⋃ (𝒰𝑗1

× 𝒱𝑠)𝑠∈𝑆 = 𝒰𝑗1
× (⋃ 𝒱𝑠𝑠∈𝑆 )   

⟹ ⋃ ( 𝒰𝑗𝑗∈𝐽 × (⋃ 𝒱𝑠𝑠∈𝑆 )) = (⋃  𝒰𝑗𝑗∈𝐽 ) × (⋃ 𝒱𝑠𝑠∈𝑆 ) =  𝐺 × �̅�    

⟹  𝐺 × �̅� = (⋃  𝒰𝑗𝑗∈𝐽 ) × (⋃ 𝒱𝑠𝑠∈𝑆 ) = ⋃  (𝒰𝑗 × 𝒱𝑠)𝑗∈𝐽,𝑠∈𝑆  ,   where 𝒰𝑗 ×  𝒱𝑠 are subrings of  

𝐺 × �̅�. And therefore  𝐺 × �̅�  is a M-compact ring.  

Corollary (7): If ( 𝐺,∗,∘ )  is a M-compact ring (M-compact strong locally ring, M-compact locally 

ring, weakly M-compact ring, weakly M-compact c. ring ), then  ( 𝐺2, ⨁, ⨂)  is a M-compact ring 

(M-compact strong locally ring, M-compact locally ring, weakly M-compact ring, weakly M-

compact c. ring ), respectively.  

Theorem (15): If   ( 𝐺,∗ ,∘)  is a M-compact ring (M-compact strong locally ring, M-compact 

locally ring, weakly M-compact ring, weakly M-compact c. ring), then ( 𝐺𝑛, ⨁, ⨂) is a M-compact 

ring ( M-compact strong locally ring, M-compact locally ring, weakly M-compact ring, weakly M-

compact c. ring ), respectively, for each 𝑛 ∈ ℕ. 

Theorem (16): The product of any finite collection of M-compact rings (M-compact strong locally 

rings, M-compact locally rings, weakly M-compact rings, weakly M-compact c. rings ), is a M-

compact ring (M-compact strong locally ring, M-compact locally ring , weakly M-compact ring, 

weakly M-compact c. rings). 
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