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Abstract: In the present paper, we have introduced some new definitions On M-cover ring, M-
compact ring, weakly M-compact ring, weakly M-compact c. ring, M-compact c. ring, M-compact
locally ring and M-compact strong locally ring, we obtain some examples and results related to M-
cover ring, M-compact ring, weakly M-compact ring, weakly M-compact c. ring, M-compact c.
ring, M-compact locally ring and M-compact strong locally ring.
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1- Introduction:

The notion of groupoid was introduced by H. Brandt [Math. Ann., 96(1926), 360- 366; MR
1512323]. A groupoid (G,*) is a set on which is defined a non associative binary operation which
is closed on G, the groupoid (G,*) is a semigroup if the binary operation * is associative [4].

Milne [2], introduced details on a ring. We call (R,*,0) to be a ring if the following conditions
are satisfied.

1) (R, %) is agroup.
2) (R,0) is a semigroup.
3) () ax(b+c)=axb+axc
(i) @+b)yxc=axc+bxc
for all a ,b ,c € R, a nonempty subset P of R is said to be a subring of R if P isaring under the
operations of R.

We investigated on M-cover ring, M-compact ring, weakly M-compact ring, weakly M-compact c.
ring, M-compact c. ring, M-compact locally ring and M-compact strong locally ring, we obtain
some good examples and results related to these concepts above.

2- Definitions:

Definition (1): Let (R,x,0) bearing, and I be an indexed set.
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Let M ={R;; R; € R,(R;*0) isaproper subring of (R,*,0),Vi € [} be a family of proper
subrings of (R,*,0), (I is a finite or an infinite set), we say that M is a M-cover ring of (R,*,0) if
R = Ui R; .

Definition (2): Let (R,*,0) be a ring, we say that (R,x,c) is a weakly M-compact ring if there is a
finite sub-M-cover ring of (R,*,°).

Definition (3): Let (R,*,°) be a ring, we say that (R,*,0) is M-compact ring if for every M-cover
ring of (R,x,0) there exists a finite sub-M-cover ring of (R,x,0).

Definition (4): Let (R,*,0) be aring, we say that (R,x,0) is weakly M-compact c. ring if there is a
countable M-cover ring of (R,*,°).

Definition (5): Let (R,x,0) be a ring, we say that (R,*,0) is M-compact c. ring if for every M-cover
ring of (R,x,°) there exists a countable sub-M-cover ring of (R,x,°).

Definition (6): Let (R,*,°) be aring, we say that (R,*,0) is a M-compact locally ring if for every
element x of R there is a subring (proper) of R include x .

Definition (7): Let (R,*,0) be a ring, we say that (R,*,0) is a M-compact strong locally ring if for
every element x of R (except the unite element) there is a unique subring (proper) of R include x.

Definition (8): Let (R,*,0) be a ring, the subring (H,*,0) of the ring (R,*,0) is called a M-
compact subring (weakly M-compact subring , weakly M-compact c. subring, M-compact c.
subring, M-compact locally subring, M-compact strong locally subring), if (H,x,0) is a M-compact
ring (weakly M-compact ring, weakly M-compact c. ring, M-compact c. ring, M-compact locally
ring, M-compact strong locally ring), respectively.

Definition (9) [3]: Let (R,x,0) and (R ,¥,5) are two rings, we say that

1- f: (R,%°) — (R ,¥,5) is a homomorphism if f(x = y)= f(x) * f(y) and

fxoy)=f(x) 3 f(¥),Vx,y €G.

2- f: (R*,0) — (R ,%,) isanisomorphism if f is a bijective homomorphism.

Definition (10) [3]: Let (R,*,°) and (R ,¥,5) are two rings ,we say that (R,x,0) is an isomorphic
to (R ,¥,), denoted that (R,*,0) = (R ,¥,9), if there is an isomorphism f:
(R,x,0) - (ﬁ ,%¥,0).

3- Examples:

Example (1): Thering ( Z,, +5, ), has no M-cover ring. The ring ( Z,, +,,",) is not M-compact
ring, while the ring (Z, X Z,, ®, ®) has M-cover ring {(0,0),(1,1)},{(0,0),(1,0)},{(0,0),(0,1)}.
Such that (a, b)®(c,d) = (a+,c,b+,d),(a,b)®(c,d) = (a*, ¢c,b ", d).
Example (2): LetR ={0,1,2,. . .}, defined a binary operator < as follows;

max{a,b} a+b>b
a<b= { g } a=h
(R, <,x) is a M-compact C. ring (* define by axb = 0 for all a,b € R).
The ring (R, <,*) is not M-compact ring, since the family of subrings { ({0,a, b}, <,%); a,b €
N }is a M-cover ring of (R, <,*) has no finite sub-M-cover ring of (R, <,*).

, Va,b €R. Itis easy to show that (R,<) is a group. The ring
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Example (3): Let (Z, X Z,,®,Q) be aring. Then (Z, X Z,,H,Q) is a M-compact strong locally
ring(also M-compact locally ring), since there are only three subrings of (Z, X Z,,®,&) which are
M,D,Q), (M,,,8) and (M5,D,Q), (except the trivial subrings) where

Ml = {(0,0), (0,1)}, MZ = {(0,0), (1;0)}; M3 = {(0'0)' (111)}
Example (4): Let R = {—n,...,—2,—1,0 }, defined a binary operator > as follows;

min{a,b} a#b

a>b={ 0 4=h

,Va,b €R. Itiseasy to show that (R,>) is a group.

The ring (R, >,*) (* defineby a x b = 0 for all a,b € R) is M-compact ring.

Example (5): Let X = {0} U R*, defined a binary operator < as follows;
_ (max{a,b} a#b

a<b= { 0 a=h

Thering (X, <,*) (* definebya*b =0 for all a,b € X) is M-compact locally ring.

The ring (X, <,*) is not M-compact c. ring, since the family of subrings { ({0, a, b}, <,*); a,b €

R* } is a M-cover ring of (X, <,*) has no countable sub-M-cover ring of (X, <,*).

,Va,b € X.ltiseasy to show that (X, <) isa group.

4- Main Results:

The prove of all the following lemmas are direct from definitions.

Lemma (1): If (R,*,°) is a M-compact ring, then (R,*, ©) is a M-compact c. ring.

Lemma (2): If (R,*,°) is a M-compact ring, then (R,*, ®) is a weakly M-compact ring.

Lemma (3): If (R,*,°) is a M-compact c. ring, then (R,*, ©) is a weakly M-compact c. ring.
Lemma (4): If (R,*,°) is a Weakly M-compact ring, then (R,*, °) is a weakly M-compact c. ring.

Lemma (5): If (R,*,°) is a M-compact strong locally ring, then (R,*,°) is a M-compact locally
ring.

The following theorems are direct from definitions,

Theorem (1): Let (R,*,°) bering, if R weakly M-compact ring, then it is M-compact locally
ring.

Proof: Let x € R and R weakly M-compact ring, then there is cover ringof R = R = U;¢; R;
(R; is proper subringof R Vi €I)

x € Ujes Ri = x € R; for some i. R is M-compact locally ring.

Corollary (1): Let (R,*,°) be aring. Then

1) M-compact ring = M-compact locally ring.

2) M-compact c. ring = M-compact locally ring.

3) weakly M-compact c. ring = M-compact locally ring.

Theorem (2): Any finite non cyclic ring of order a nonprime number, is a M-compact locally
ring.
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Proof: Let (R,*,°) is a finite ring, for every element x of G the subring ({x),*, °) of (R,*,°) include
X, it is clear that R # (x), since (R,x,°) is not cyclic ring, and therefore (R,*,°) is a M-compact
locally ring.

Theorem (3): If (R,*, ©)is a finite ring. then the following are equivalent;

1) (R,*,°)isa M-compact ring.

2) (R,x,°)isa M-compact c. ring.

3) (R,x,°)isa weakly M-compact ring.

4) (R,*,°) isa weakly M-compact c. ring.

Theorem (4): Any finite ring has a prime order is not M-compact locally ring.

Proof: Let (R,*,°) is a ring with |[R| = p, p prime number, by "Lagrange theorem" the order of
every subgroup of R divides p, but p is prime, so there is no proper subgroup of R except the unit
element and hence is no proper subring of R. Then (R,x,°) is not M-compact locally ring.

Corollary (2):

1) Any finite ring has prime order is not M-compact ring.

2) Any finite ring has prime order is not M-compact c. ring.

3) Any finite ring has prime order is not weakly M-compact ring.

4) Any finite ring has prime order is not weakly M-compact c. ring.

Corollary (3): Any finite ring has prime order (R,*, °) is not M-compact strong locally ring.

Theorem (5): If (R,*,°) ring, then (R,x,°) is a M-compact ring is not simple ring.

Proof: If (R,x,°) is a M-compact ring, then there is M-cover ring and hence there is proper
subring of (R,*,°) = (R,*,°) is not simple ring.

Theorem (6): Any simple ring (R,*, ©) is not weakly M-compact ring.

Proof: Clear, any simple ring has no proper sub ring and has no M-cover.

i.e (R,*,°) is not weakly M-compact ring .

Corollary (4): Any (R,*,°) simple ring is not M-compact ring.
Theorem (7): Any (R,*,°) simple ring is not M-compact c. ring.

Proof: Clear, any simple ring has no proper sub ring and has no M-cover.

i.e (R,* °)isnot M-compact ring.
Theorem (8): Any cyclic ring is not M-compact locally ring.

Proof: Assume (R,*,°) is a cyclic ring which is a M-compact locally ring so for every element x of
R there is a subring of R include X, but R is a cyclic so there is an element say g such that
(g) = R (R generated by g) and hence any subring contains g must be equal to R, that is there is
no proper subring contains g.

Corollary (5):

1) Any cyclic ring is not M-compact ring.
2) Any cyclic ring is not M-compact c. ring.
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3) Any cyclic ring is not weakly M-compact ring.
4) Any cyclic ring is not weakly M-compact c. ring.
5) Any cyclic ring is not M-compact strong locally ring.

Theorem (9): If (G,*,°) = (G,*,°). Then
(G,*,°) isaM-compact ring < ( G,*,°) is a M-compact ring.

Proof: (=) Let (G, %,°,) be any M-cover ring of (G,¥,°) = G = U;¢; G,, but f is an isomorphism
= f(6) =G = Ui G,

=G =f""(Uier G) = User f1(G),and f71(G,) isaring Vi € 1,

but ( G,*,°) isa M-compact ring so there is a finite set ] such that

G=Uje, f(G)=f"(Uje)G) =G=f(6)= f(f_l(Uje/ 51)) = Ujes G and (G5 ) isaring
Vj €]

= (G,*,°) is a M-compact ring .

« Let (Gj;,*;°;) be any M-cover ring of (G,*,°) = G = U;¢; G; , but f is an isomorphism
=G = f(G) = f(Uies G)) = Uiy f(Gy),andisaring Vi € I, but (G, %) is a M-compact ring
so there is a finite set J such that G = Uje; f(G;) = f(Ujes G))

=6=1"@ =" (f(Ujg 6)) = Ujes G
and ( G;,%;,°) isaringVvj € ] = (G,*,°) is a M-compact ring.

Theorem (10): If f: (G,x,°) — (G,*,°) is an isomorphism and ( H,x,°) is a M-compact
subring of ( G,*,°), then f(H) is a M-compact subring of ( G,*,°).

Proof: Let {W;:i el}is M-cover of f(H) = U;gW; = f(H)Since f is isomorphism,
fHfHE) = f Ui W) = f(H)

H= Uje; fTXW) [ fF~Y(W,) is subrings of (G,x,°) forall i € I]

= 3 finiteset] 1 3 H = U, f~*(W;) [ since (H,%°) is a M-compact subring of (G,*
)

= f(H) = f(Uig; W) = Ui, FFWY)) = Ui Wi

= f(H) is a M-compact subring of ( G,*,°).

Theorem (11): If f: (G,*,°) — (G,¥,°) is an isomorphism and ( S,¥,°) is a M-compact
subring of ( G,¥,°). then f~1(S) is a M-compact subring of ( G,*,°).
Proof: Let {W;:i € I} is M-cover of f~1(S) = U;g Wi = f71(S).
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Since f is isomorphism, f(f71(S)) = f(UigW)) =S = S = Ui, f(W) [ f(W,) is sub rings
of (G*,°) foralli€l]

= 3 finiteset ] €1 35 = U, f(W;) [since (S,x,°) is a M-compact subring of ( G,%,°)]

= 1) = (Ui, fFW)) = Uiy FHFW)) = Uiy W,
= S is a M-compact subring of ( G,*,°).

Theorem (12): If (A,%,°) isaringand ( G,x,°) is a M-compact ring, then (A X G,®,®) isa
M-compact ring. Where

(a1, 91) ® (az,92) = (a; % az, g1 * g2), (a1, 91) ®(az, g2) = (a,° az,glggz),

V (a1, 91),(az g2) €AXG.

Proof: Let {(A X G;,®,®); G; € G,(A X G;, D, ®) is asubring of (A X G,®),Vi € I } be any M-
cover ring of (A X G,®,®), itis clear that ( G;,*,0) is a subrings of ( G, ,0), suchthat A X G =
UietAX G = AX (UierG;) = G = Ui G; , but (G,*,0) is a M-compact ring, so there is a
finite set J suchthat G = Uj¢; G;, and hence

AxG=A4%(UjgG)=UjgAXG = (AXG,®, Q) isaM-compact ring.
Theorem (13): If (G,*,0) and ( G,*,5) are M-compact strong locally rings, then
(G x G,®,®) is a M-compact strong locally ring.

Proof: Let (x,y) EGXG = x €Gandy € G, but (G,*,0) and ( G,*,5) are M-compact strong
locally rings = 3! G, and 3! G,, subrings of G and G, respectively, such that x € G, and y € G,
= (x,¥) € G, X G, and G, x G, is a unique subringsof GxG = (GXG,®, Q) is a M-
compact strong locally ring.

Corollary (6): If (G,x,0)and (G,*,5) are M-compact locally rings, then (G x G, ®, ®) is a M-
compact locally ring.

Theorem (14): If (G,*,o) and ( G,¥,5) are M-compact rings, then (G x G, ®, ®) is a M-compact
ring .

Proof: Let (G,*,°) and (G,* ,5) are M-compact rings = there exists a M-cover ring of (G,x,0)
say {Gg}aea and a M-cover ring of (G,%,5) say {G,}peg = G X G = (Ugea Gg) X (Upep Gp) =
Uaeapes(Ga X Gp) = {Gy X Gplacapep is a M-cover ring of

(G xG,0,Q).
Now, Let {W,};c; be any M-cover ring of (G x G,®, ®)
= G XG=Ujg W, such that W, =U; xV;, where {U;};c; are subrings of (G,x0) and

{V;}ic,are subrings of (G,*,5) . But (G,x,°) is a M-compact ring, so there is a M-cover ring of
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(G,*) contains {U;};c; which have a finite sub-M-cover ring (i.e. there is a finite set J ) such that
G =Uje U,j, let Uy, € {Uj}je; = {Uj, X Vi}ie Is a M-cover ring of  the M-compact ring
(U;, x G,®,®) ( from Theorem 10 since (U;, % ) is aring and (G,%°) is a M-compact ring ),
so there is a finite set S such that

U, X G= Uses(uh X VS) =Uj, X (Uses Vs)
= Uje](uj X (Uses V5)) = (UjEJ U]-) X (UsesVs) = G X G

= GxG=(Ujg U)X WUsesVs) = Ujejses (U x Vs) ,  where U; X V; are subrings of
G X G. And therefore G X G is a M-compact ring.

Corollary (7): If (G,x,0) isa M-compact ring (M-compact strong locally ring, M-compact locally
ring, weakly M-compact ring, weakly M-compact c. ring ), then ( G2, ®,®) is a M-compact ring
(M-compact strong locally ring, M-compact locally ring, weakly M-compact ring, weakly M-
compact c. ring ), respectively.

Theorem (15): If (G,x,0) is a M-compact ring (M-compact strong locally ring, M-compact
locally ring, weakly M-compact ring, weakly M-compact c. ring), then ( G™, @, ®) is a M-compact
ring ( M-compact strong locally ring, M-compact locally ring, weakly M-compact ring, weakly M-
compact c. ring ), respectively, for each n € N.

Theorem (16): The product of any finite collection of M-compact rings (M-compact strong locally
rings, M-compact locally rings, weakly M-compact rings, weakly M-compact c. rings ), is a M-
compact ring (M-compact strong locally ring, M-compact locally ring , weakly M-compact ring,
weakly M-compact c. rings).
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