Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) l'A.i.l
Vol.7, No.5, 2017 NS'E

Bayesian Panel Data Model Based on Markov Chain Monte Carlo

Ameera Jaber Mohaisen  and Saja Yaseen Abdulsamad
Mathematics Department College of Education for Pure Science
AL-Basrah University-Iraq
E-mail:ameera.jaber@yahoo.com

E-mail:saja.shareeda@yahoo.com
Abstract

The general aim of this paper is to deal with problems of estimation , prediction, and model building for panel
data model .Bayesian approach based on Markov chain Monte Carlo (MCMC) employed to make inferences on
panel data model coefficients under some conditions on the prior distribution . We investigate the posterior
density and identify the analytic form of the Bayes factor for checking the model.
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1. Introduction

One of the aims of science is to describe and predict events in the world in which we live. One way this is
accomplished is by finding a formula or equation that relates quantities in the world, in linear model we
attempt to model the relationship between variables,[5],[10].

Linear models play a central part in modern statistical methods. On the one hand ,these models are able to
approximate a large amount of metric data structures in their entire range of definition or at least piecewise. The
theory of generalized models enables us, through appropriate link function , to apprehend error structures that
deviate from the normal distribution , hence ensuring that a linear model is maintained in principle,[9].

Linear statistical methods are widely used as part of this learning process. In the biological, physical, and social
sciences , as well as in business and engineering ,linear models are used in both the planning stages of research
and analysis of the resulting data,[10],[12] .

In spite of the availability of highly innovative tools in statistics , the main tool of the applied statistician
remains the linear model. The linear model involves the simplest and seemingly most restrictive statistical
properties: independence, normality, constancy of variance , and linearity. However, the model and the statistical
methods associated with it are surprisingly versatile and robust. More importantly, mastery of the

linear model is a prerequisite to work with advanced statistical tools because most advanced tools are

generalizations of the linear model. The linear model is thus central to the training of any statistician, applied or
theoretical,[10].

Panel (or longitudinal) data are cross — sectional and time — series . There are multiple entities, each of which has
repeated measurements at different time periods . Panel data have a cross — sectional (entity or subject) variable
and a time series variable . In Stata , this arrangement is called the long form (as opposed to the wide form) .
While the long form has both group (individual level) and time variables ,the wide form includes either group or
time variables. Panel data usually give the researcher a large number of data points, increasing the degrees of
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freedom and reducing the collinearity among explanatory variables. Panel data models have becomes
increasingly popular among applied researchers due to their heightened capacity for capacity for capturing the
complexity of human behaviour as compared to cross-sectional or time —series data models. As a consequence ,
more and richer panel data sets also have become increasingly available,[1],[6],[13].

Bayesian estimation and inference has a number of advantages in statistical modelling and data analysis. The
Bayesian statistical paradigm is conceptually simple and general because inference involve only probability
calculation as opposed to maximization of a function like the log likelihood .On the other hand , the probability
calculations usually entail complicated or even intractable integrals. In Bayesian statistics, uncertainty about the
value of a parameter is expressed using the tools of the probability theory . Density functions of the parameters
reflect the current credibility of possible update the uncertainty distributions for parameters, and then draw
sensible conclusions using theses updated distribution,[3],[7],[8],[11],[14].

Classical statistics treats parameters as fixed unknown quantities , Bayesian statistics is based on different
philosophy; parameters are treated as random variables . The probability distribution changes as new data are
acquired. Bayesian statistical differs from classical statistics in two important respects: the use of prior
distribution to characterize knowledge of the parameter values prior to data collection and the use of posterior
distribution — that is, the conditional distribution of the parameters given the data- as the basis of inference.
Some statisticians are uneasy about the use of priors, but when done with care, the use of priors is quite
sensible. In some situations, we might have strong prior beliefs that will influence our analysis. In the other
situations, where we feel that know little or nothing about the parameters, we can chose " noninformative ™
prior , one could also use an " improper prior” (i.e., one with infinite mass) such as the uniform distribution an
real line. By stating a prior, we make clear how much or how little, we believe we know a prior about the
parameter. In constant to the controversy about the use of priors, there is little argument that the posterior
provides a powerful inferential machinery,[3],[7],[8].[11],[14].

The calculation required by the Bayesian inference — in particular , the need to integrate the parameters out of
joint density — have been a serious obstacle on the application of Bayesian methods. However, new Monte
Carlo techniques such as Markov chain Monte Carlo and importance sampling have provided powerful methods
for attacking this problem,[2],[4],[11].

The general aim of this paper is to deal with problems of estimation , prediction, and model building for panel
data model .Bayesian approach based on Markov chain Monte Carlo (MCMC) employed to make inferences on
panel data model coefficients under some conditions on the prior distribution . We investigate

the posterior density and identify the analytic form of the Bayes factor for checking the model

2.Panel Data Model and The Prior Distribution

Consider the model:
K
Y’itz I"L+Zﬂ‘jxjit+Eit.lE:1.llluN.lt:1JIIIJTJ {1:]
i=1

fr

where, Yj; the value of response variable for i*™ unit at time t , Xjirthe explanatory variables , w.B.j=1,..K

are fixed parameters and &;; is an error term with = "SN(0.02) .
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Now , if the parameter u is specified as :
u=fytu., ()
where, u;~N(0. o2} .then, the model (1) is

p :BL""E}‘::LE"jxjit"'ui"'Eit - (3

The model (3) is rewrite as follows :
k
Yo =Bo + ) Bisic + @i @
=1
where, w; = + g5 , w;~N(0 |02, ), 0% =at +o& | thus by using matrix notation the model (4) is
Y=Fo+w, (5)
where, F=1[e.X] , e=[11...117 has length NT |, Y =[Y¥,p . Yo, Yaus o Yor, o, Yoo o Yy 1© has
length NT , ¥X=[¥.%,....Xy 1T is a NT x K design matrix of fixed effects , & = [Bg. By, s Bl™
has length K + 1, and © = [ @44 s @470 @34 e @7 e s x4, o g ] has length NT .From
model (5),we have Y~N(F8.,W) where ¥ =E(ww’) =Iy® (ol L, + of ee’)

= o(Iy®L) + o2 (Iy ® ee’),
replace It by ( Er+]: 1 and ee’ by T]t ,where It = _EMT and Er = It — ]z, then

W= [ly@(Er+J;)]1+ 2 (Iy&@TJp)

=o; (IW®Er)+o w®lr)+Top (@ Jp),
by collecting terms with the same matrices, we get

Y=gl (Iy@Er)+(ot+Tol) (Iy@Jr)=0f Q+o} P where, of = (of + Tal) and

p - - - i |.'_'_ i
Wt = EE + =, [%l = product of its characteristic roots, [1] — %] = (a3 INT-D( g )N
i

The likelihood function is the joint density of the ¥'s that is

NT -1

L(Y:8.W)= (2:-:]_'T|1P|T exp{= (Y—F8)T w~' (¥ —F@) }

W
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—-NT —K[T-1)

—@oE () @D em(E (v-rFe) [E+ 5] (v-re)).

Then, the likelihood estimators of parameters 0 , ol .ot are

6=(FTW-tF)! (FTw-1Y) & = Nl_j_ﬂ {Y—Fﬁ}TQ (v—F8) and

81 = (v—F8) p((y-Fa).
To specify a complete Bayesian model , we need a prior distribution on (8.¢2. o) .we will use the uniform

distribution U{0.1} of the vector parameters & , as well as we will assume that the prior distribution on oz and

o? are invers gamma with of parameters «;, B. ,o;and By respectively .i.e.

S:-E - Pe 2 311 -
(o, ) (ag+1) exp (_— ) and ‘J’.!.'D':L'Tl:] = F:jlixij oy ) [0y +1) EXp ( T

Mee) &)

™

t ). where o, B.

Ll )

a2} =

Fipa

@

and [, are hyperparameters that determine the priors and must be chosen by the statistician.

3. The Posterior Distribution

From the model (5) we have Y|B.a7.af~Nyr(F8.% ). Then the likelihood function is
. vr e 2t . ~
L(yle,.a? ,of) = [}, (2n) = exp{—- (¥ —FOYTW-1(Y — F&)}.
t=1 =

In the exponent, we add and subtract Fé to obtain

[(Y — F&)T W(Y — F&)] = [(Y — F6 + F§ — Fe)"w~(Y— F§ + F§ — Fa)]

= [(v — ¥6) — (g - 6)] w-t[(v — F§) — E(6 — §)]

= [(y-F8) w-t(y—F§) — (v — F§) w-'F(5 — §) —
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(6 — 8) FTw-*(v - Fd) + (8 — &) FTw-1F(6 — 6)],
since, (FTW*FI8 =F WY, then
(v — FO)Tw-1(y — Fa)] = (Y —F8) w-(v— F) + (6 — §) FTw-tF(g — 4) (6)

The joint posterior density of the coefficients 0 and the variances o= and of given by the expression
(807, 01) o L(¥|8, o7, 01 )mo (8. 0. 0f)

—NT —M[T-1]
Q

Q)% (@) T @D em(-E(r-F8) (L4 %) (v - 7))

exp (~2(6 - 8) FTwE(5 - 8)) F55 (02 )P ep [ e J B (o ) np ( B2y

o o3

(e BT L v-FETQIY-FE)+B, I A
o (a2 s “»'exp—{‘ }{uﬂ (Bee5es)

o

2 (¥-FH TP (¥Y-F8)+py

exp — {1 e 2 (0- )P wtE(e - 8))

From this expression , we can deduce the following conditional and marginal posterior distributions

- 1 . -
m,(8]0F o1, ¥) o exp {—5 (6 — 6) FTw-*F(6 - 6)}, 7
and
. 2 mf g BT 1) L (¥-FETQ(Y-FE)+fe
my(oFl8 ol V) o (oF )T T e {_ o : (8
. . S P L v-FE TR (Y-FE +B
m, (o} 18,07, ¥) o (i) [“‘+=+1"E"’P{“ = i}' (9
1
Therefore , it follows that
(8|o? of.V)~N(E FTw-1F), (10)
- - MiT-1] P -
02 18,67,¥~IG (ag + = B, + = (Y~ F&)TQ (Y~ Fd) ). (11)
- - N 1 =T =
o? 18.02Y~IG (ay, £ B, + (¥ —FE)TP (Y —F8) ). (12)
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4. Bayes factor

We would like to choose between a fully Bayesian panel data model with (K+1) of parameters against a Bayesian

panel data model with {g + 1} of parameters ,where g < K | by using Bayes factor for two

hypotheses
q
Hp: Y = Bp + Z Bjxjir + g, oF Hy:FP8% + w
against ]T:' ) (13)
Hy: Yy =B + Z Bixjit + @i or Hy:FA + @
=t

where ,8% is (g + 13} vectors of parameters , Flijsan NT % (g +1) design matrix and g <= K. We compute
the Bayes factor, By; of Hp relative to Hj for testing problem(13) as follows

_ m(¥[Hp)
0L mey|Hy)

(14)

where m (Y|H;} is the marginal density of ¥ under model H;. i = 0.1,

We have:

mev| Ho) = [[ ([ £ (6%, 02 ) 7,61 oF  aDmo(a? o )ate®aotdd

—NT oT1 . R 1w pogiyT r—peatl
3 T pTt go N A A L ¥-FlelyTE (Y-Fol)+p,
=(2m)z =t— —=— Far T -2
Cm= o e e E"P{ =

(oz )

) _[u:_'_r:-r, ~_1.+1:'3xp {_%(‘:’—E‘IJEIJ:,TQ[‘:'—E‘UEIJ:HE:}

o
[/ 2 (8 - 8°)TFTw*F(8 - 6°)d0° | do? do?

—NT p%t op
= (om) 2 £ B

[ oy e {‘

Lov_poplyTR [‘t’—E‘“E“}+Ei}

Tey) Tlogd gl

RO =V Lr-menyTov-Ped)+g) L, ],
J’[iﬂz yle= “"Exp{“ ———{do? |do
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—=NT E

L v-PREnyTR [Y-FoRT)+p
=@z : -

oy

Jf { 2 —ru1+ +llexp {_

['ln‘l ['ln‘l

M{T
x f(o2 375 ep

o

S TN { %[‘:’—F“E“jTQ[‘:'—F“E“}+E=}

M{T—1]
1 n=+—'-_,—"+i_:l

[
x (3 or - Foey QY - F%®) +6.)

1 - —|_rn=+£'-?:‘f+1;l . .
(3 or-FeTQy-Fe) + g, *  do? Jdo?

“NT gt poc S PO L v-FoRo TR (Y-FU8%)+F,
= oL B oty e [

Moy Tleg) ol

NI,

r% ':"'—F"E"jTQI:‘t'—F"E"::+|3:;||-"" F] g %['t'— FuEujTQ[i't'— FuEu:I+E=
Tageli—ti_ EXp 3y —

% [

5 _ o2
G =

N{T—1
1 —|ru.=+—"—“3+1.l

x (% or — FPe®) QY - F°6%) + B, ) = T do?ydo?

“1 iy_prgo)Tp (y-po E“}+Ei}

{7‘1T:] [‘ln‘l [‘lnﬁ[-r ': : —|rD-1+ +1lexp {_‘ Gi

MT—1) 1
Irn=+—'-_,—4+1)I

L Y—FrEnTQY-FR )+
w |2

(o 1

2 (¥-FBY TQY-F28%)+
eXp | — =

N{T—1
|ru.:+—"—3+1.l

(3 or-FeQy-Fe) +8,)  °  doildc
2 (o +2et) 2 ¥-FB% TR (Y-F'8%)+fy
{71T:] rln “‘| rln_ "| ['r { Ir 1 E‘:{p {_ L'-i }

MT—13 %
Irn:+—'-,—3+:}I—1

L Y-PrETOY—FRRY)+B, Y
x[[2

2 (Y-FR%TQ(Y-F"8%)+ e
EXp § — =

(g 3

MT—1)
—|rn=+ — +1.;I

X(E {Y—FDEDJTQ{Y—FDEL‘HBE) s do?]do?
BT—1Y %
SR v Fo ol - Foa0) 4 g ) )
rn.u:u l'l:nt_( ;T +?) ( (Y- F%e")TQly — FP") + [3:)
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< - *
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(5 or— %P (Y- F%%) +
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MT—1)
—|_rn.=+ - +1.;I

—NT o4 o, .
_ — By Bt L (NIT-1 1 00T Dl
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&

. M,y
. +5F1
(2 (v-FoenyTp (y-Flgl)ep, ) T

% [

Lv_poe™TE (Y-FoB0)+p,
X expy— =
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o3 (51751

1

x| (G (r - Fo0°)TP (v - F°6°) +8,

)— I:ni +§+ 1:I]

—NT E:-i Eﬂ'-:
E

—NT - |_r[>.= +£‘-F¥:‘f+ 1:,I
= {211_':] 2 : =

r(ﬂlzz_ﬂ toa, +2)(5 (r - Fee)TQly - F°6%) + B, )

MMay) Tlog)
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L v-FoRny TR (V-FoBT)+E,
o
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on |-

N
)—l_rn,_+:+:|.:,l

1
x (2

(Y —F%"'P (Y —F%8") + B,

—NT g1 o — e +M+1\I
= > P £ N(T-1) 1 o pigiT o et 4
= o= 25 mtjr( 2 +a, +2) (5 (v - FPe%)TQ(Y - F%6%) + B, )

M %
- |_rn.1 +-+ ijl

r(Z e +2) (2 - Foe)TR(r - o0 + 3,

&

m¥IH,) = J([Fv.8.6¢ . ed)m,(8]e? . ofdn,(of , o?)de)doda?

—NT p®i « i Lo g TD (VR
_ — B0 EcF e —(m+B41) > (¥-FB)TP (Y-FB)+,
= (2n) 2 Tlay) Tlay) I oy 2 Ve |- =
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5. Conclusion

The conclusions which are obtained throughout this paper are given as follows :
1. The likelihood function of the panel data model is

-NT  -N(T-1 N 1 T P
LVIe .o o) = @) 2 (o) 7 (o})F exp(—s (Y —F8) (§+?]
2 z 2

(Y—F6)} exp {—2(6 — &) FTw-1F(g — &)

2. The posterior of 8 ,o; and o; are respectively :

(8loz o1 ¥)~N(6.FT¥~*F),

. " N{T- = =
o2 18,062.Y~IG (ap + "2 B, + (Y- F&YTQ (Y~ FF) ) and

n n M - = i
o? 18,02.¥~IG (ay + 2 ., + (Y —FE)TP (¥ —F8))
3. The marginal density of ¥ under model H;.i = 0.1 are
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4. The Bayes factor for testing Ho: Yie = Bo + I, Bi%jic +; against

H:Y, =B, + Ej[il Bixji + g is given by the following form:

o
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