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Abstract

In this paper, as a generalization of derivation on a lattice, the notion of higher derivation is introduced and some
fundamental properties are investigated for the higher derivation on a lattice. Furthermore it is shown that the
image of an ideal and the set of fixed points under higher derivation are ideals under certain conditions.
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1. Introduction

Lattices play an important role in many fields such as information theory, information retrieval, information
access controls and cryptanalysis (Bell 2003, Carpineto &Romano 1996, Durfee 2002, Sandhu 1996). Recently
the properties of lattices were widely researched (Abbott 1969, Balbes &Dwinger 1974, Bell 2003, Birkhoof
1940, Carpineto &Romano 1996, Degang et al. 2006, Durfee 2002, Honda &Grabisch 2006). The notion of
lattice derivation have been introduced and developed by Szasz (1975), in which he established the main
properties of derivations of lattices. To this day, many researchers studied on derivations and generalizations of
derivations on a lattice and discussed some related properties (Alshehri 2010, Asc1 et al. 2011, Asgi&Ceran
2013, Balogun 2014, Chaudhry&ullah 2011, Ceven 2009, Ceven&Oztirk 2008, Ferrari 2001, Xin at al. 2008).

In this paper, we inspired from some papers about higher derivations on rings (Nakai 1970, Nakajima 2000). As
a generalization of derivation on a lattice, the notion of higher derivation of a lattice is introduced and some
related properties are investigated for the higher derivation on a lattice.

2. Preliminaries

Definition 2.1 (Bikhoof 1940) Let L be a nonempty set endowed with operations “A” and “V . If
(L, A, V) satisfies the following conditions: for all x,y,zeL
(A) XAX=XXVX=X,
(B) XAY=YAX,XVY=YVX,
(C) XAY)AZ=XA(YAZ),(XVY)VvZ=XV(YyVZ)
(D) XAY)vX=X,(XVY)AX=X
then L is called a lattice.
Definition 2.2 (Bikhoof 1940) A lattice L is distributive if the identity (E) or (F) holds
(E) xa(yvz)=(xAy)v(xaz),
(F) Xxv(yAz)=(Xvy)A(Xvz).
In any lattice, the conditions (E) and (F) are equivalent.
Definition 2.3 (Bikhoof 1940) Let (L,A,Vv) be a lattice. A binary relation “<” is defined by X<y if
andonly if xAy=x and xvy=y.
Lemma 2.4 Let (L,A,v) be a lattice. Define the binary relation “ < as Definition 2.3. Then

(L, <)isaposetand forany X,yelL,xAy istheg.l.b.of x,y and xvy isthelub.of X,y .
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From Lemma 2.4, we can see that a lattice is not only a algebrical system but also an order
structure.
Definition 2.5 (Szasz 1975) Let L be a lattice and d:L — L be a function. We call d a derivation on
L, if it satisfies the following condition

d(xAy) = (xAd(y)) v ([d(x)AY) . 21)

Proposition 2.6 (Xin at al. 2008) Let L be a lattice and d be a derivation on L. Then the following
hold:

(D d(x) <x,

(2)d(x) Ad(y) <d(xAYy) <d(x) Ad(y),

(3) If I isa ideal of L, then d(I) c I,

(4) If L has a least element 0 and a greatest element 1, then d(0) =0 and d(2) <1.
Definition 2.7 (Bikhoof 1940) An ideal is a non-void subset A of a lattice L with the properties

(1) x<y and ye A= xeA,

(2) x,yel=>xvyel
3. Higher Derivations in Lattices

Let L be a lattice, 1={0,1,2,...,t} or I=N={0,1,2,...} (with t > oo in this case) and D ={d,}n¢| bea
family of mappings of L such that dg =id| .
The following definition introduces the notion of higher derivation for a lattice.
Definition 3.1 D is said to be a higher derivation of length t on L if for every nel and a,beL we have
dh@nb)= v (6(@)ndi(0) (3.1)
Let D is a higher derivation of Iengthjt on L. Then we have dy(aab)=anab forall a,belL since
dg =id| . Furthermore, d; is a derivation on L since
dy(anb) = (do(@) A dy (b)) v (dy(a) A dg (b))
= (@andy(b)) v (dy(a) Ab)
and d, is a mapping such that d,(aAb) =(aAd,(b))v(di(a) Ady(b))v(d,(a)Ab) forall a,bel .
Generally, by the Eq.(3.1), we can write
dn (aAb) = (dg(a) Ady (0)) v (d(@) Ady_1 (D)) v...v (dy () Adg (D)) (3.2)
Example 3.1 Let L={0,a,b,1} be the lattice with the following figure:
ol

o0

Let dg =id, . We define the functions dq,d,,d; on L as the following
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Then it is easily seen that the the family D = dg,d;,d,,d3 is a higher derivation of lenght 3 on L.

Proposition 3.2 Let L be a lattice with least element 0 and D ={d, },¢; be a higher derivation of lenght t on L.
Then d,(0)=0 forall nel.

Proof. We have d, (0) =0 since dy =id; and d;(0) =0 since d; is a derivation on L. Then we get
d,(0) =d, (01 0)
= (0 d3(0)) v (d1(0) Ady(0)) v (d2(0) A 0)
=0vOvO
=0.

Now we assume that d,, (0) =0 for n=3,4,...,t-1. Then we have

d,(0) = d; (01 0)

= (dg (0) A 0 (0) v (d1(0) A de1(0) v .. v (d¢ (0) A D (0)
=0v..v0

=0
Hence it is obtained that d,(0)=0 forall nel.

Proposition 3.3 Let L be a lattice and D ={d, },c; be a higher derivation of lenght ton L. Then d; <d, for all
nel.

Proof. Let a be any element of L. Then d;(a) <a=dg(a) is clear by Proposition 2.6 (i) since d; is a derivation
of L. Since

dy(a) =dy(ana)
= (do(a) Adz(a)) v (di(a) ndy(a)) v (da(a) Adp(a))
=(andy(a)) vdi(a)

we have dq(a) <d,(a) . Similarly since

d3(a) =dz(ana)
=(do(a) Ad3(a)) v (dy(a) Ad2(a)) v (da(a) Ady(a)) v (d3(a) Adg(a))
=(and3(a)) v (dy(a) ndz(a))
= (ands(@) v dy (a)

we have d; a <d3 a . Nowwe assume that d; a <d, a forn=4,..t-1. From the equality

di(a) =di(ana)
= (andi(a)) v(dy(@) Adiy(a)) v...v(de(a) Aa)

we see that if t is an even number,

di(a) = (@andi(a)) vdi(a) v (dz(a) A di_3(a)) v ...v dyo (a) (3.3
and if t is an odd number
di(@)=(and;(@)vdi(@)v(dz@)adi_z@)Vv..v (d%l(a) /\d%l(a)). (3.4)

In every case, we have d;(a) <d;(a). So we obtain d,(a)<d,(a) forallacL and nel.

Corollary 3.4 Let L be a lattice and D ={d,,},¢; be a higher derivation of lenght t on L. Then
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(i) di(@)Adj(b)<dp(anb), (i+j=n)
(i) if n is even number, d,;, (a) < d, (a),
(i) dj(@) Adj(@) <d,(a), (i+]j=n)
forall nel and a,bel.
Proof. It is clear from the Eq. (3.2), Eq. (3.3) and (3.4).

Proposition 3.5 Let L be a lattice and D ={d,},¢; be a higher derivation of lenght t on L. Then

(i) d,(@) <a,

(i) d, (@) ~d,(b) <d,(anb)
forall nel and a,belL.
Proof. (i) It is clear that dgp(a) <a and dy(a) <a. Since di(a) <a and d;(a) <d,(a) by Proposition 3.3, we
have di(a)<and,(a). Then d, a = and, a vd; a =and, a . Hence dy(a)<a. Similarly we get
ds(a) <a. Now we assume that d,(a) <a for n=4,...,t-1. Then, using Corollary 3.4 and Eq.(3.2), we obtain
d; a =aAd; a . Hence di(a)<a. Therefore d,,(a)<a for acL and nel.
(if) Using Corollary 3.4 (i), we have dy a Ad, b <d, anb . Thatis and, b <d, aab . By (i), since
d,(@)<a, we get d,(@)~d,(b)<and,(b). Hence we have d,(a)d,(b)<d,(@ab) forall a,belL and
nel.
Proposition 3.6 Let L be a lattice and D ={d,},¢, be a higher derivation of lenght t on L.

(i) d,, forall nel isan increasing mapping if and only if forall d, anb =d, a Ad, b forall nel
and a,belL.

(if) If L is a distributive lattice then d, for all nel is an increasing mapping if and only if
d, avb =d, a vd, b forall nel and a,belL.
Proof. (i) Since aab<aasnb<b and d, for all nel is an increasing mapping, we have
d,(anb)<d,(a),d,(anb)<d,(b). Hence we get d,(anb)<d,(a)Ad,(b). Together with Proposition 3.5,
we obtain d,(@Ab)=d,(@)Ad,(b). Conversely, let a<b and d,(anb)= d,(@)~d,(b) forall a,beL and
nel.Thensince d, a =d, anb =d, a Ad, b, wehave d,(a) <d,(b).
(i) Since a<avbb<avb and d, for all nel is an increasing mapping, we have
d,(a)<d,(avb)andd,(b) <d,(avb). Hence we get d,(a)vd,(b) <d,(avb). Furthermore, by Corollary
3.4(i), since and,(avb)=dy(@)ad,(avb)<d,(an(avb))=d,(a) and  similarly  since
bad, avb <d, b, wehave (and,(@avb))v(bad,(avb))<d,(a)vd,(b). Since L is distributive, we
get (avb)ad,(avb)<d,(a)vd,(b). By Proposition 3.5 (i), we obtain d,,(av b)) <d,(a)vd,(b). Hence it is
obtained that d, (avb)=d,@)vd,(b).
Conversely, let a<b and d,(avb)=d,(a)vd,(b). Then since d,(b)=d,(avb)=d,(a)vd,(b), we have
d, (@) <d,(b).

Theorem 3.7 Let L be a lattice, A be an ideal of L and D ={d,},¢; be a higher derivation of lenght t on L.
Then d,(A)c A forall nel.

Proof. we know that d,(a) <a forall ac A and nel. Then, d,(a) <a and a< A implies d,(a) € A. Hence
dy,(A)c A forall nel.

Theorem 3.8 Let L be a lattice with the greatest element 1 and D ={d,},¢, be a higher derivation of lenght t
onL.Then d,(1)=1forall nel ifandonlyif d,(a)=a forall nel and aeL.

Proof. Let d,(1) =1 forall nel. Then we have, forall nel and aelL
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dy(a)=d,(@anl)
=dyand, 1 vdand,;1 vivd, andyl
=avd; a v..vd, a
=a.
The converse part is clear.

Theorem 3.9 If a lattice L has a least element 0 and a greatest element 1 and D ={d,},c; Iis a higher derivation
of lenghttonLthen d, 1 =0 forall nel ifandonlyif d, a =0 forall nel and acL.
Proof. Let d, 1 =0 forall nel. Thenwe have, forall nel and aeL,
dy(@)=d,(@anld)
=dygand, 1 vdand, ;1 vivd, anadgl
=0vO0v..v0
=0.
The converse part is clear.

Theorem 3.10 Let L be a lattice and D ={d,},c; be a higher derivation of lenght t on L. Then dﬁ =d, for
allnel.

Proof. Using Proposition 3.5. (i), we have dﬁ a =d, d, a <d, a <a. Alsosince
di a ndj dy @ <d; a Ad, a <d, a wherei+j=n, we get
2
d, a =d, d, a
=d, and, a
= and?a vd and,gd,a v.vd,(a)
=d, (a).
Theorem 3.11 Let L be a lattice with the greatest element 1 and D ={d, },c; be a higher derivation of lenght n
onL.If a<d, 1 thend, a =a forallnel and aeL.
Proof. Since d; a <a<d; 1 where i+j=n for a e L, we obtain
d, a =d, anl
= and, (@ v di@)Ady4@ v..v(d,(@)AD

=avdi(@)vds(@)v..vd,(a)
=a.

Let L be a lattice and D={d},q be a higher derivation of lenght t on L. Let
Fixp L = xeL:d, x =xforallnel . IfL has a least element 0, then 0 € Fixp(L) by Proposition 3.1.

Hence Fixp L =o.

Theorem 3.12 Let L be a distributive lattice and D ={d,},¢; be a higher derivation of lenght ton L. If d,, is
an increasing function for all ne |, then Fixp(L) is an ideal of L.

Proof. Let x € Fixp(L) and y <X. Then we have
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d, y =d yax

dg Y Ady X v dy ¥y Adpq X voov d, ¥y Adg X

YAX v di Yy AX v.ov o d, Y AX

yvd; y v..ovd, Yy AX

=Y A X

=y.
Hence we get y e Fixp(L). Now let X,y e Fixp(L). By Proposition 3.5, we have d, Xvy <Xxvy. Since
X<XVvY,y<xvy and d, is an increasing function for all nel, we obtain d, x <d,(xvy) and
dy ¥ <d,(xvy). So we have xvy=d, X vd, y <d, xvy. Consequently we have

d, Xvy =xvy. Hence xvy e Fixp(L).

4. Conclusion

In this paper, some new definitions and results about higher derivations in a lattice are presented. The results are
important in the study of the derivations of the lattice theory. The results also extend the derivation theory in a
lattice.
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