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Abstract

This paper investigates the properties of solution to the nonlinear Bratu’s problem. Approximate solution of the
strongly nonlinear problem is obtained using the rapidly convergent Adomian decomposition method. The result
shows that the problem has two solutions, bifurcated and has no solution depending on the value of the Frank-
Kameneskii parameter. Of particular interest is the determination of the bifurcation point using Adomian
decomposition method.
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1. Introduction

Studies on fuel ignition in thermal combustion theory have been on the increase over the last few years.
The reason for the increased study is to ensure the safety of working environment especially when working with
combustible fluid in some petro-chemical engineering processes. Combustion problems are generally
characterized by strong nonlinearity and singularity, as such in most cases exact solution of combustion
problems are very difficult to get. Therefore, researchers working in this area have resolved to approximate
solutions by either analytical or numerical method.

Over the years, Bratu’s problem has been a benchmark for many numerical and analytical methods in
the literature [1-10]. Here, Bratu’s problem is treated as an eigenvalue problem and approximate solution is
obtained using modified Adomian decomposition method. In this paper attention is focused on the work done in
[10] in which Adomian decomposition method was applied to Bratu’s problem. The study was a major
breakthrough in that Adomian decomposition was applied for the very first time to the strongly nonlinear
problem arising from combustion problems. However, the paper was limited to predetermined value of the
Frank-Kameneskii parameter and in the context of thermal ignition [11], the important properties associated with
the problem cannot be determined. In standard form, the problem is given by

d*u

X2

+e" =0, O0<x<l (1)

With the following boundary conditions
u(0)=0=u() 2)

Exact solution of the problem can be written as
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with @ =+/24Cosh L4 and 1=-~"—=Sinh & . 4)
4 4 4
2. Method of Solution

Integrating (1) together with the first boundary condition in (2), we get
X X
u(x)= ,ux—”/ie“dxdx )
00

where £ = u'(O) is a constant to be evaluated using the boundary condition
u(2)=0. (6)

The standard Adomian decomposition method [12] assumes a series solution of the form

u(x)= nZ.:;un(x) @)

Substituting (7) in (1), one obtains

iun(X)=m—ﬂﬁ@Anjdxdx ®)

n=0

Here A, represents the nonlinear terme" . From (8) the zeroth component gives

Uo (X) = X ©)
So that the recurrence relation for the problem is
X X
Uy (%) ==A] [ Adxdx (10)
00
The Adomian polynomial for the nonlinear term is given as
A =e”
A =ue™ (11)

1 u
A, :(u2 +Eufje 0

Using mathematica, the partial sum

(1) = 30, () @)

is given as the approximate solutions. To obtain the eigenvalues, the partial sum (12) is solved subject to (6), so

as to obtain an expression for the unknown constant 4 in the form
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u@)=>"u,@ (13)
n=0

Then (13) is Taylor’s series expanded about £/ up to the quadratic term and solved, this returns two rational

functions for the unknown constant in terms of A. The numerical results are given as Tables 1-2.

Table 1: Convergence of the two solutions with increasing partial sumwhen A =1, k =5

ul u 2
0.549445 6.1348
0.549444 3.32281
0.549444 4.06463
0.549444 4.06484
0.549444 4.06484
0.549444 4.06484

Table 2: Computation showing single solution at with increasing partial sum A = A,

u,,u, A, Absolute error
3.4641, 3.4641 2.196152422706 1.322154767
3.58114, 3.58114 2.741603437062 0.776703753
3.80917, 3.80917 3.03355132742305 0.484755863
4.01023, 4.01023 3.2338336873713 0.284473503
4.17804, 4.17804 3.383964733123 0.134342457
431811, 4.31811 3.50206042609 0.016246764

Table 1 show the convergence of the two solutions to the problem whenever A4 < ic while Table 2 confirms

that the problem has a single solution at the critical point with increasing partial sum. As observed from the table
the absolute error reduces with increasing partial sum. All these properties can be found at different stages of the

solution shown in Figure 1
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Figure 1: - A slice of the bifurcation of the approximate solution for k=13

3. Concluding remarks
The aim of this paper is to investigate the properties of solution to the Bratu’s problem. Approximate solution to
the nonlinear boundary valued problem is obtained using Adomian decomposition method. Although, the results
obtained are convergent and well-behaved but for future research on Bratu problem, the combination of
Adomian decomposition method together with Pade " approximants is suggested so as to understand the blow up

dynamics.

References

1. S. Abbasbandy, M.S. Hashemi, Chein-Shan Liu, The Lie-group shooting method for solving the
Bratu equation, Commun Nonlinear SciNumerSimulat 16 (2011) 4238-4249

2. S.G. Venkatesh, S.K. Ayyaswamy, S. Raja Balachandar, The Legendre wavelet method for solving
initial value problems of Bratu-type, Computers and Mathematics with Applications (2012), doi
10.1016/j.camwa2011.12.069

3. YigitAksoy, Mehmet Pakdemirli, New perturbation-iteration solutions for Bratu-type equations,
Computers and Mathematics with Applications 59 (2010) 2802-2808

4. S. Abbasbandy, E. Shivanian, Prediction of multiplicity of solutions of nonlinear boundary value
problems: Novel application of homotopy analysis method, Commun Nonlinear SciNumerSimulat 15
(2010) 38303846

119



Mathematical Theory and Modeling www.iiste.org

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) ey
Vol.3, No.2, 2013 s’k
5. HikmetCaglar, Nazan Caglar, Mehmet Ozer, Antonios Valaristos, Amalia N. Miliou, Antonios N.

10.

11.

12.

Anagnostopoulos, Dynamics of the solution of Bratu's equation. Nonlinear Analysis 71 (2009) e672-
e678

Muhammed I. Syam, Abdelrahem Hamdan, An efficient method for solving Bratu equations. Applied
Mathematics and Computation 176 (2006) 704—713

Shuicai Li, Shi-Jun Liao, An analytic approach to solve multiple solutions of a strongly nonlinear
problem, Applied Mathematics and Computation 169 (2005) 854-865

Chi-Chang Wang, Use residual correction method to calculate the upper and lower solutions of initial
value problem, Applied Mathematics and Computation 181 (2006) 29-39

S.A. Khuri, A new approach to Bratu’s problem, Applied Mathematics and Computation 147 (2004)
131-136

Abdul-Majid Wazwaz, Adomian decomposition method for a reliable treatment of the Bratu-type
equations, Applied Mathematics and Computation 166 (2005) 652-663

S.0. Adesanya, Thermal stability analysis of reactive hydromagnetic third grade fluid through a
channel with convective cooling. To Appear in Journal of Nigerian Mathematical Society.

S. O. Adesanya, O. D. Makinde, Heat transfer to Magnetohydromagnetic non-Newtonian Couple
stress pulsatile flow between two parallel plates Verlag der Zeitschrift fur Naturforschung A 67a
(2012) 647 — 656.

120



