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Abstract

This study proposes a model that describes the dynamics of HIV/AIDS Co infection with Tuberculosis (TB)
using systems of nonlinear ordinary differential equations. A characteristic of nonlinear oscillating systems is the
sudden change in behavior which occurs as a parameter passes through a critical value called a bifurcation point.
A bifurcation point is a point in parameter space where the number of equilibrium points, or their stability
properties, or both, change. The results of the study shows that the Co infection model has a diseases-free
equilibrium (DFE) which is globally asymptotically unstable implying that the stable endemic state co-exists
with the DFE. Numerical simulations are carried out to illustrate the backward bifurcation phenomenon.
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1.0 Introduction

A characteristic of nonlinear oscillating systems is the sudden change in behavior which occurs as a parameter
passes through a critical value called a bifurcation point . An infectious disease does not invade a population of
susceptibles when the basic reproduction number is less than unity. The epidemiological implication of backward
bifurcation is that reducing the basic reproduction number to less than unity is not sufficient to control an
epidemic (Lawi et al., 2011). When the basic reproduction number is unity, each infectious individual causes one
new infection, therefore, whether a disease invades with the basic reproduction number equal to unity will be
determined by whether the basic reproduction number increases or decreases as the disease increases along the
centre manifold. When backward bifurcation occurs, the DFE may not be globally asymptotically stable even if
the basic reproduction number is less than unity and thus a stable endemic state co-exists with the DFE which
poses a challenge to the design of effective control measures to be adopted.

2.0 The Model Equations

In this study, a deterministic model exploring the joint dynamics of HIV/AIDS and TB co infections at the
population level within a single model is developed. The model is described by a system of ordinary differential

equations. The total human population N, (t) is the sum of the following epidemiological classes: S, (t) -
Susceptible population at time t, |, (t) - HIV infected individuals at time t,
I ,(t) - AIDS individuals at time t, 1 (t) - TB infected individuals at time t, |, (t) - Individuals co

infected with HIV and TB attime t, |,; (t) - Individuals co infected with TB and HIV and have progressed to
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AIDS at time t.
dS::t ® _ At redr(t) = ManSu(t) = MenSu(t) = dnSu(t)
dfzt(t} = AanSu(t) + ridgr(t) — (1 — a)ply(t) — e AnIu(t)
—d, Ty (t) 4 ala(t).
d‘r;t(” = (1= a)plg(t) + redar(t) — e Ana(t) — dad a(t)
—dnIa(t) — ala(t)
rﬂi” = AnSp(t) = eMAanIr(t) = doIr(t) = didr(t) = rodr(t)
df“;(” = e\ Ir(t) + eI (t) = (1 = a)yplgr(t)
—dnTur(t) — didur(t) = relur(t) + alar(t).
df’:;(” = e Anla(t) + (1 = @)0ypIyr(t) — alyr(t)

—dp I ar(t) — dolar(t) — didar(t) — redlar(t) — dotlar

Lt = Ay — d, Ny — (diAar + duBar + daLar)

fl.—ﬂ" = (17‘_1]" + IT + IHT)'.- and B_,-[T = [Iq_ -+ I_,-n_']").

The forces of infection are given by:

}"uh _ ﬁu{l—5]ﬂ1'{fH+IHT]_. )"i — Beea(Ir+Tgr+1ar)

N H -'"'rH

2.1. Invariant Region
The HIV/AIDS-TB model is dissipative: All solutions are uniformly bounded in a proper subset

{QHT i i} Let (SH B R R R R ) € i ° be any solution with non-negative initial conditions. It

can be easily shown that, all the feasible solutions of system enter the region {QHT i i ‘N, < } :

44


http://www.iiste.org/

Mathematical Theory and Modeling

www.iiste.org
ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online)  DOI: 10.7176/MTM ﬂli‘l
\ol.9, No.4, 2019 IIS E

Thus, €, is positively invariant and attracting and it is sufficient to consider it‘s solutions in €2, .
Existence, uniqueness and continuation results for the system hold in this region. Therefore all solutions of the
system starting in €, remainin Q,; for all t > 0. All parameters and state variables for the model

are assumed to be non-negative for ¢ > 0:

Parameter Values for the HIV/AIDS - TB Co Infection Model

Symbol Parameter Value (yr—!) Source
Ay Recrunitment rate of humans 0.4 x 40 x 10* Kenya demographics
profile (2014)
i, Natural death rate of humans 0.016667 Kenya demographics
profile (2014)

! Proportion of the HIV/AIDS 0.6 Kenya NACC
victims treated report (2014)

P Progression rate from 0.1 Barvama and
HIV to AIDS (untreated) Mugisha (2007)

B, Transmission probability 0.019 Baryama and
of HIV/AIDS Mugisha (2007)

1 Per capita number 9 Kenva NACC
of sexnal contacts report (2014)

#  Effectiveness of counseling Variable

d¢  Death rate due to TB 0.02 Juan and Castillo (2009)

¢  Transmission probability of 0.027 Juan and Castillo (2009)
TB in humans

cz  Contact rate of susceptible 15 Juan and
humans with the TB infected Castillo (2009)

fls  Increased Progresion rate from 2 Estimated
HIV to AIDS due to TB

re  Proportion of TB 0.7 WHO report (2013)
victims treated

d, HIV/AIDS-induced death rate 0.4 WHO report (2014)

2.0. Disease-Free Equilibrium Point of the Model

n

A
The DFE of the model is given by &% =S2; 15 ;12 ;195150150 z[d—H,O,O,O,Oj. To study the

stability of the DFE, the basic reproduction number ( R,,; ) which governs the qualitative dynamics of the
model is first obtained. Define F,as the rate of appearance of new infections in the class or compartment i and

V, =V, —V,, where V; is the rate of transfer of individuals out of compartment i, and V;" is the rate of
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transfer of individuals into compartment i by all other means. Therefore the Jacobian of F;; and v, at the

DFE denoted by F and V  respectively is given by:

[ B1=6)cr 0 0 Bal=d)r 0

0 0 0 0 0
F= 0 0 Bies Bica Bica
0 0 0 0 0
\ 0 0 0 0 0 )
and
( 7 —a 0 —Ti 0 \1
—(l—a)p y 0O 0 -y
V= 0 0 0 0
] D0 Ha =0
\ 0 0 0 —(1—a)p w5 )

Where s = (1=—a)p+dy, pp=do+du+a, ya=di+di+m:
m=(l—a)hp+d,+di+re, ys=0o+d,+ds+di+da+ e
The TB reproduction number Ry (under treatment) is given by

I."j L]

Rp= —22
! f—l!jn+ﬁ1[+r[

The HIV/AIDS reproduction number (Ry) is given by:

Ba(l = 8)er{dup(a = 1) + (o = Vaypby + (yd(ysyz + durt))}

Ry =
" [(a = 1)amb — dnpre + apre + ya(ysm — dam2) }

m = aedy + dady + d‘i + dyp — adyp + dyp — avdyp

3

= —d,r; — pr; + apr;.

The reproduction number for the system is given by R = maX{RT; RH}. The reproduction number of TB

(Rt) shows the number of secondary TB infectious cases produced by a TB infectious individual during his or
her infectious period when introduced in a population of susceptibles. The HIVV/AIDS reproduction number (Ru)
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in the presence of TB, gives the number of secondary HIV/AIDS infections produced by an HIV/AIDS
infectious individual during his or her infectious period when introduced in a population of susceptibles.

Lemma 1. The DFE of the HIV/AIDS-TB model is locally asymptotically stable (LAS) if Ryt < 1, and unstable
otherwise.

Proof: Lemma 1 follows from Theorem 2 by Van and Watmough (2002).
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Figure 1: Local Disease Free Equilibrium with R, =0.60610 and R; =0.7015.

Figure 1 shows the graph of the total infected (l,+l +l;+l, +l ;) against time in years. The TB

reproduction number Rt = 0:6061 and the HIV/AIDS reproduction number Ry = 0.7015. The local DFE is stable
and there is no possibility of further disease outbreaks in future.

3.0. Global Stability of Disease-Free Equilibrium

To ensure that elimination of the HIV/AIDS - TB co infections is independent of the initial sizes of the
sub-populations, it is necessary to show that the DFE is globally asymptotically stable. The global asymptotic
stability (GAS) of the disease-free state of the model is investigated using the theorem by Castillo-Chavez et al.
(2002). The model is re written as follows:

d X

= H(X.Z
it ( )
% = G(X.Z), G(X.00=0
£

where the components of the column-vector X € ™ denote the uninfected population and the components
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of Ze; " denote the infected population. Let E(E" = (X*,O) denote the DFE of this system. The fixed
point Egt = ( X, 0) is a globally asymptotically stable equilibrium for this system provided that R, <1 and
the following two conditions satisfied:

dX - .
(H1) For Y =H(X,0): X isglobally asymptotically stable
(H2) G(X,Z)=PZ-B(X,0), &(X,00>0, for (X,Z)EQHT ,

where P =D,G(X",0) isan M-matrix (the off diagonal elements of P are non negative) and Q. is

* * A
the region where the model makes biological sense. The DFE Egt =(X ,0) ,where X = [d—Hj

Theorem 1. The fixed point E(E" :(X*,O) is a globally asymptotically stable equilibrium of the model

provided that R ; <1 and the assumptions H1 and H2 are satisfied.

Proof: From the system

Ay —d,
HXx =] "
Ay —d,

G(X,Z)= PZ - G(X. Z)

[ Bi(l=8)e; =y a 0 re+ 51 (1=38)eg 0 \
(1—a)p -1 0 0 I
P = ] 0 [iea—1a Bico Bica
] [ ] =14 0
|\ ] 0 ] (1—a)tp — s jJ

where: y1 =i+ don + di, o = Facr — (L —a)p+ do,ys = da + dn + 0

If_llll == J";.;., + rFrn + {]. — n]lj.iﬂ]_ — flil;u. y‘_', - F'm + ﬁ;m + [} + n;n + fl;a
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(Gi(%.2) \ [ Aa(l-32)+eralu )
Ga( X, Z) et Al a
G=| G3(X,2) = | Aw(l- %]“""‘?Aanfr
Ga(X. Z) —(e* Xandr + €f Xend 1)
\ G(x) ) =) )
Notice that @4(X,Z)<0 , ®&5(X,Z)<0 and so the conditions of H1 and H2 are not met so

Egt may not be globally asymptotically stable when R,;; <1. This implies that there is the possibility of future

disease outbreaks when the conditions favouring the outbreaks are prevailing leading to the backward bifurcation
phenomenon. This result is numerically illustrated in figure 2 representing the graphs of the total infected
population against time in years.
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Figure 2: Backward Bifurcation (R, =0.954717 and R,, =0.997300).

Figure 2 depicts the phenomenon of backward bifurcation, where multiple stable equilibria co-exists when
Rur < 1. The TB reproduction number (Rr) = 0.954717 and the HIV/AIDS reproduction number (Rn) =
0.997303.

5. Conclusion
It is noted that the DFE co exist with the endemic equilibrium resulting into the backward bifurcation

phenomenon which implies that the classical epidemiological requirement for the eradication of the disease
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whenever Ryt < 1 is no longer sufficient, though necessary which poses a challenge to the design of effective
control measures to be adopted.
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