Mathematical Theory and Modeling Www.iiste.org

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online)  DOI: 10.7176/MTM ey
Vol.9, No.4, 2019 i IISTE
Fixed Point Result with Soft Cone Metric Space with
Examples

Sneha A. Khandait¥, Ramakant Bhardwaj®and Chitra Singh®
(DResearch Scholar(Mathematics), Rabindranath Tagore University, Bhopal(M.P)
@Department of Mathematics, Technocrats Institute of Technology, Bhopal (M.P.)
®Department of Mathematics, Rabindranath Tagore University, Bhopal (M.P.)

Abstract: In the present paper, some fixed point and communal fixed point theorems are
established for new contractive mapping in soft cone metric spaces. The generalized many
previous well known results.

Keywords:soft cone metric space, communal fixed point theorem.

DOI: 10.7176/MTM/9-4-07
Publication date: April 30" 2019.

1.Introduction:

There are uncertainty in many complicated problems in the fields of engineering, physics,
economics, computer science, medical science and social science. But to exceed these
uncertainties some of some kind of theories were given like theory of fuzzy set [4], rough
sets[2,3], theory of vague sets[1] i.e. which can use as mathematical tools for dealing with
uncertainties. In 1999, Molodstov[5] initiated a novel concept of soft set theory as new
mathematical toolfor dealing with uncertainty. Application of as soft set theory in other
disciplines and real life problems are now catching momentum. Maji et al. [6,7] gave first
practical application of soft sets in decision making problem. In the line of reduction and
addition of parameters of soft sets, some work have been done by Chen et al. [8], Pei and
Miao[9], Kong et al.[10]. Aktas[12] introduced a basic version of soft group theory. Shabir
and Naz[13] studied soft topological spaces. Cetkin and Aygun [15] introduced the
convergence of soft set net in soft topological spaces.Das and Samanta studied about soft real
set and number[16], soft complex set and number[17], soft metric spaces[17,18], soft normed
linear spaces[20,21]. Chiney and Samanta[22] introduced the notion of vector soft topology.
Das et al. [23] studied on soft linear space and soft normed spaces.

In mathematical analysis the concept of communal fixed point theory in cone metric spaces is
as common as banach’s contraction principle is very important tool. In 2007, Huang and
Zhang [25],introduced firstly cone metric space with normal cone generalization of metric
spaces. Rezapour and Hamlbarani [26] gave the result of [25] for cone metric spaces without
normality in cone. A lot of authors obtained common fixed point result for non-normal solid
cones. There are many fixed point results that are concludeand performs different mapping
about fixed point and communal fixed point which define by the concept of soft cone metric
spaces. Ismet A. and Kemal T. [27] and M. Mohammad et al. [28] introduced the concept of
soft cone metric spaces which is based on soft element. In this paper, we established some
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fixed point and communal fixed point theorems for new contractive condition in soft cone
metric spaces. In rest of this section we recall some definitions with some examples which are
needed in the sequel.

Definition 1.1. [28] Let (F,A) and (G,A) be two soft sets over a common universe E.

(1) (F,A) is said to be null soft set, denoted by @, if for all A € A, F(A) = @. (F,A) is said to an
absolute soft set denoted by E, if for all A € A, F(A) = E.

(i) (F,A) is said to be a soft subset of (G,A) if for all A € A, F(A) € G()) and it is denoted by
(F,A) €(G,A). (F,A) is said to be a soft upperset of (G,A) if (G,A) is a soft subset of (F,A).
We denote it by (F,A) 3(G,A). (F,A) and (G,A) is said to be equal if (F,A) is a soft subset of
(G,A) and (G,A) is a soft subset of (F,A).

(iii) The intersection (H,A) of (F,A) and (G,A) over E is defined as H(A) = F(A) N G(}) for all
L € A. We write (F,A) N(G,A) = (H,A).

(iv) The union (H,A) of (F,A) and (G,A) over E is defined as H(A) = F(A)UG(}A) for all A € A.
We write (F,A) U(G,A) = (H,A).

(v) The cartesian product (H,A) of (F,A) and (G,A) over E denoted by (H,A) = (F,A)X(G,A),
is defined as H(A) = F(A) x G(A) for all A € A.

(vi) The difference (H,A) of (F,A) and (G,A) over E denoted by (F,A)/(G,A) = (H,A), is
defined as H(A) = F(W)\G()) for all L € A.

(vii) The complement of (F,A) is defined as (F,A)° = (F°,A), where F° : A — P(E) is a
mapping given by F(\) = B\F(}) for all A € A. Clearly, we have E = ® and ®° = E

Definition 1.2: [18] Let X be a non-empty set and A be non-empty a parameter set. A
mapping d:SE(X) x SE(X) — R(A)" is said to be a soft metric on the soft set X if d satisfies
the following conditions:

(i) d(x ,9)= 0, for all ,% ,yEX.

(i) d(x ,y) = 0ifand only if ¥ =7.

(iii) d(% ,¥) = d(y ,%) forall ¥ ,7 € X.

(iv) d(% ,9) <d(x ,9) + d(x ,y) forall ¥ ,7 ,Z € X.

The soft X with a soft metric d on X is said to be a soft metric space and denoted by (X,d,A)
or (X,d).

Definition 1.3: [21,23]

(a) A sequence {X,, } of soft elements in a soft normed linear space (X ,II.Il,A) is said to
be convergent and converges to a soft element X if |Ix;,, —Xll—0 as n—oo. This means for
every € S 0, chosen arbitrarily,3 a natural number N=N(¢) such that 0 Z|Ix,, —%lI<e
whenever n>N i.e. n>N=X,€B(%, €), (where B(%,€) is an open ball with center% and
radius € ).
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(b) A sequence {x;,} of soft elements in a soft normed linear space (X,I.Il,A) is said to be
a Cauchy sequence in X if corresponding to every > 03 a natural number N=N(e) such
that 1%, — %, 1I<e,Y m,n>N i.e. X, — %, l—0 as n ;m —o0.

(c) Let(X,II.II,A) be a soft normed linear space. Then X is said to be complete if every
Cauchy sequence of soft elements in X converges to a soft element of X. Every complete
soft normed linear space is called a soft Banach space.

SOFT CONE METRIC SPACES
Definition 1.4:[32]

(a) Let (E,II.Il,A) be a soft real Banach space and (Q,A) € S(E) be a soft subset of E. Then
(Q,A) is called a soft cone if and only if

(1) (Q,A) is closed, (Q,A) #® and (Q,A) # SS({O®}),
(2) @ , be R(A)", %, ¥€(Q,A) implies ax +by€(Q,A),
(3) ¥ €(Q,A) and -X €(Q,A) implies X = @.

Given a soft cone (Q,A) € S(E), we define a soft partial ordering < with respect to (Q,A) by
%<y ifand only if ¥ — ¥€(Q,A). We write ¥ <  to indicate that ¥ < § but¥ = ¥, while
¥ < ¥ will stand fory — % €Int(Q,A), Int(Q,A) denotes the interior of (Q,A).The cone Q is
known to be normal.

If there is constant k > 0 such that for ¥,7 € E,0 < ¥ < ¥ implies | X I k I 7 II.

(b)The least positive number satisfying this inequality is called the soft normal constant of
(Q,A). The soft cone (Q,A) is called regular if every increasing sequence which is bounded
from above is convergent. Equivalently the cone (Q,A) is called regular if every decreasing
sequence which is bounded from below is convergent. Regular soft cones are soft normal and
there exist soft normal cones which are not regular. Throughout the Banach space E and the
soft cone (Q,A) will be omitted.

Definition 1.5: [32] Let X be a non-empty set and X be absolute soft set. A mapping d :
SE(X) x SE(X) — SE(X) is said to be a soft cone metric on X if d satisfies the following
axioms:

i) @ 2 Q(%,7) forall ,7 € X and Q(X,7) = 0 iff ¥ =y.
i) Q(%,7) = Q(y,%) forall 7€ X
i) Q(%,7) < Q(x,2) + Q(z,y) forall 7.2 € X

So,Then, the soft set X with a soft cone metric d on X is called a soft cone metric space and is
denoted by (X,Q,A).

Then Q is called cone metric on X and (X,Q) is called soft cone metric space.
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Definition 1.6 : Suppose E and M be the mapping on a metric space (X,Q) in a cone therefore
it is said to be compatible if

lim Q(EMX;, ,MEX;) = ©

n—-oo

When the classification {X,} in X we have lim EX, = ¥ and lim MX;,, = ¥ for some © € X.
n—oo n—-oo

Let E and M be the identity mapping of the metric space (X,Q) in cone therefore it is known

as inadequately compatible, if the point of concurrence transform, then E; = M3 then implies
that

EM; = ME;forx € X.
Example 1.7: let X = Ck[0,1] with |  I=1l & o+l X lleo
(QA) ={x € X|%(t) = 0}
This cone is non-normal. Consider,
— tn+1 _ 1
X ()= — and y, ()= —
Then,0 < x;,, £ ¥, and lim 9, = 0 but
n—-oo

— tn+1

I % 1= max{t € [0,1],5—} + max{t € [0,1]: "1},
I, I=1

Hence x,, does not converges to zero. This shows us sandwich theorem does not hold.
Example 1.8: let X = Ck[0,1] with | G =1l § lloo+ 1l G oo

(Q.A) ={g € X|g(t) = 0}

put
%(t)—l S:lnnt a d%(t)— 1+S:lnnt
Then,0 S % S % + 5, 1 % =11 37 1= 1
%+ = 20

The following examples verify some properties of definition 1.5

Example 1.9: LetR be all soft real number. Let R™ is soft banach space. LetX = R™ with
(QA) =SS{(x1,%5,..%,): %, =0,Vvi=12,..n}

The soft cone (Q,A) is normal, generating, minihedral, strongly minihedral and solid.

Example 1.10:Let with k S 1 be given. Consider the real vector space with

S 1

X = {¢x +d: E,d'é[Ri;fé[l—;,l]}
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With the supremum norm and soft cone
(QA) ={éx+d;¢=0,d 0}

in X. The soft cone (Q,A) is regular and so normal.
Example 1.11:Let X = R? and

Q.A) ={(%,7):%,y = 0}
The cone (Q,A) is strongly minihedral in which each subset of (Q,A) has infimum.
Example 1.12: Let X = R? and
Q.A)={(%0):x =0
This (Q,A) is strongly minihedral but not minihedral.

Example 1.13:Let X be real vector space,

X={ex+d;cde R €[5,1]}

With the supremum norm and

(QA)={ex+d;¢<0,d =0}

So, (Q,A) is normal soft cone in X with constant k > 1.Define
f(@)=-6x+13,g(x) =-9x +14 € (Q A)

Thenf <gasg(®) —f(x¥)=-3x+1€ (QA).

But

2 2
if1=5(5)=9 gi=g(3)=8
Therefore, f < g butll flII=1g .
2. Main Results:

Theorem 2.1: Let the metric space (X,d) be with complete cone has (Q,A) is regular through r
as regular constant. Supposing the map representing A from X into itself satisfies the
condition

d(A%,Ay) < ad(x,y) + B [d(X, AX) + d(¥,Ay) + y [d(X, AY) + d (¥, AX)]
+ e max{d (¥, AX) + d(y,Ay)} + h max{d (%, Ay),d(y,AX)}

d(%, A%) + d(7, A7) + d(%, AP) + d(§, A%)
1+ d@®, A%)d(5, Ay)d(%, A7)d (5, A%)

[2.1.1]
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ate
2

Forevery %, € X and @, B,y,e,h,6 = 0suchthat 0 < (B +y + h + 28) + (
A has communal invariant point in X.

) < % Then

Proof:For any chance X in X, we have to choose ¥7, %, € X such that
Axy, = X1 and Ax] = X,

Also, in general we can define a classification of elements in X we have

Xon+1 = AXop and Xpnyp = AXoniy

Now, d (X551, Xant2) = d(AXzp, AXpnit)
From [2.1.1]

d(Af;u Ax2n+1)

< a d(Xap, Xon1) + B [d (i, AXzy) + d(Kpni1, Adons1)] +

Y [d(Gon, AXoni1) + d(Xppi1, AXgp)] e max{d(x’;n,Af;q), d(x2n+1'Ax2n+1)}

+h max{d (X5, AXzn11), d(Xons1, AXzn) } +

[d(X3n, AXy) + d(Xony1, AXoni1) + d(Xop, AXni) + d(Xon1, Adop)]
1+ d(Xgp, A%z d(Kpni1, AXonr1) d(Kop, AXoni1)d (KXot 1, AXoy)

d(Xzn+1, X2nt2)
< a d(Xzn, Xons1) + B [d(Xon, Xonr1) + A(Xans1, Xonr2)] +y [d(Fzn, Xony2)]

+e max{d(@;, X2n+1), d(x2n+1' X2n+2)} +h max{d()f;n, X2n+2)}

5 [d (o Xons1)+d(Xong 1. X207 2) +A (X Xoni2) +d(Xon1,X20n51)]

1+d (X X2nt1)d(ont1.X2n+2) A (K20 X2n+2)d(Xont1.X2n+1)

Consider case I:

Let d(Xon, Xons1) > d(Xons1, Xons2)
So, max{d (Xzn, X¥2n+1), d(C2ni1, X2ni2)} = d(Xzn, X2n11)
d(Xon+1, Xan+2)
< a d(Xzn Xane1) + B [0 Xons1) + d(Fzni1, Xons2)] + v [A(Fzn, Xonv2)]

+e d(Xzn, Xonr1) + hmax{d (Fzn, X2n+2)} + 26[d (Fon, X2ns1) + d(Kznt1, Xonv2)]

<(a+p+y+te+th+26)diz, tams1) + (B+y +h+26) d(Xoni1, Xoni2)

(1 =B =y —h—=28) d(znr1, X2n+2) < (@ + B +v + e+ h +26) d(Xn, Xone1)

(a+B+y+e+h+25)
1-B—y—h—-26)

d(Xznt1, Xont2) < d(Xzn, Xa2n41)

Simillaraly we can show that
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(a+B+y+e+h+205)
1-B-y—h-26)

d(@u x2n+1) < d(xZn—lf JEE;L)

In general we can write,

(@+B+y+e+h+20)]""

(1-p—-y—h-26)

—_—

d(%r X1

d(Xznt1, Xont2) =

(a+B+y+e+h+26) _
(1-B-y-h-26) 1

On taking

PR — 2n41 jr— —
d(Xoni1 Xont2) < 1 " d (xg, X1

Case II:

Let d(Xzns1, X2nt2) > d(Xon, Xont1)
So, max{ d(Xzn, Xan+1), d(Xont1, Xan+2) } = d(Xont1, Xont2)
d(Xzn+1) X2n+2)
< a d(Xgn, Xzni1) + B [d(Xon, Xzni1) + d(Xony1, Xons2)] + v [0, Xont2)]
+e d(Xont1, Xonv2) + hmax{d(Xzn, Xoni2)} + 26[d (X2n, Xont1) + d(Xoni1, Xzns2)]
<(a@+B+y+h+28)d(X,, X)) +(B+y +e+h+28) d(Xzni1, Xant2)
(1-B—-v—e—h—28)d(Xgni1, Xzns2) < (@+ B +y + h + 28) d(p, X2n11)

(a+p+y+h+26) ~
d(onv1, Xzna) < (1—B—y—e—h—26) d(Xon, Xon+1)

Simillaraly we can show that

~ (a+B+y+h+26) ~
d(Xon, Xont1) < (1—B—y—e—h—20) d(Xon—1, %2n)

In general we can write,

2n+1

(a+B+y+h+25)

d(Xoni1, Xoans2) = (1—B—y—e—h—25) d (%, %7)
On taking (l(f;fz:fxg) = ¢,
d(Cmrr, Fmr) < ¢ d (%o, %
Let, ¢ = max{¢,, ¢,}
For n < m we have
d(Xom, Xam) < d(Ton, Xana1) + A(Tons1s Xzng2) + cevvnevnnnn +d(Xgm—1, X2m)

< (™4 P H P2 4 L +¢™) d(Xy, X1

68


http://www.iiste.org/

Mathematical Theory and Modeling Www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online)  DOI: 10.7176/MTM !'H.i.l
Vol.9, No.4, 2019 NS'E

n

d(Xan, Xom) < 7 ?

d(Xg, X1)

n
I (e, ) I< 257 11 Ao, ) as m — oo
lim || d (2, %2m) 1| = 0
n—-oo

Hence {X;} is Cauchy classification in which ¥ touches to X.

Hence a metric (X,d) space is complete soft cone. Therefore for X, — ¥ as n — o0, AX,, —
vasn — oo,

We have 7 is an invariant point of A in X.

Uniqueness:Let us suppose that there is another invariant point of A, i.e. ¥ in X which is
distinct from ¥, then

QN

AW =wand AV =

d(¥,w) = d(AD, Aw

—

From [2.1.1]
d(AD, AW) < a d(D, W) + B [d(T,AD) + d(W, AW)] + v [d(T, AW) + d(W, AD)] +
e max{d(?, AD), d(W, AW)} + h max{d (¥, AwW), d(Ww, AD)+

d(, AD) + d (W, AW) + d (¥, AW) + d (W, AD)
1+ d(D, AD)d(w, Aw)d (7, Aw)d (W, AD)

< ad(®Ww)+f.0+ 2y d@, W) +h max{d(¥, W), d(W, ¥)} + 2 5d (¥, W)
< a d(B,W) + 2y d(@,W) +h d(5,W) + 2 8d(F, W)
d(AD, AW) < (a + 2y +h + 28) d(B, W)

Which gives a contradiction. Thus ¥ is an communal fixed point of A in X.

Theorem 2.2:Let the metric space (X,d) be with complete soft cone has (Q,A) is regular
through r as regular constant. Let the map representing A, B from X into itself satisfies the
condition

d(A%,By) < a d(%,y) + B [d(X,AX) + d(J,By) + vy [d(X,BY) + d(¥, AX)]
+ e max{d(¥, AX) + d(y,By)} + h max{d(X, BY),d(y,AX)}

d(%,A%)+d(¥,By)+d(%,By)+d(y,A%)
+o [ 1+d(%,A%)d(9,By)d(%,By)d(7,A%) [22.1]
Forevery %,y € Xand a,5,7,e,h,6 = 0suchthat0 < (B +y + h + 26) + (“7“3) < ; Then

A, B has communal invariant point in X.
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Proof:For any chance X in X, we have to choose x7, %5 € X such that
Ax, = x] and Bx] = X,

Also, in general we can define a classification of elements in X we have

Xon+1 = AXop and Xpnyy = BXgnga

Now, d(Xzn11, Xant2) = d(AXz,, BXoni1)
From [2.2.1]

d(Ax;p, BXont1)

< a d(Xap, Xons1) + B [d (45, AXy) + d(Xani1, BXoni)] +

Y [d(25, BXon1) + d(ony1, AXon)] + e max{d(f;l, AXzp), d(x2n+1,Bx2n+1)}

+hmax{d (%2n, BXzn+1), d(Xons1, AX2n)} +

[d(X3n, AXy) + d(Xony1, BXong1) + d (K55, BXgni1) + d(Xon1, A%op)]
1+ d (X3, A%z d(Kons1, BXon+1)d(X2p, BXony1)d(Xani1, AXon)

d(Xzni1) Xon+2)
< a d(Xgp, Xzne1) + B [d (o, Xoni1) + d(Koni1, Xonr2)] + v [d(F2n, Xoni2)]

+e max{d (X2, X2n+1), A(Xani1, Xon+2)} + A {d (Xzn, Xony2)}

5 [d(E2nXong1)+d(Xons 1, X203 2) +d(om, Xang2) +d (Xoni1.X2n51)]

1+d (G X2nr1)d (X2t 1.X2n+2) 4Oz X2n+2)d(C2nt1.X2n+1)

Consider case I:

Let d(Xon, Xons1) > d(Xons1, Xons2)
So, max{ d(Xzp, X2n41), d(X2n11, Xans2) } = d(Xon, Xons1)
d(Xzn+1 X2ni2)
< a d(Xgn, Xzn41) + B [d(Xon, Xzni1) + d(Xony1, Xons2)] + v [0, Xont2)]

+e d(Xzn, Xonv1) + hmax{d (Xzn, X2n+2)} + 26[d (Fon, X2ns1) + d(Xznz1, Xonv2)]

<(@a+pB+y+teth+26)dizm tams1) + (B+y +h+26) d(Xni1, Xoni2)

(A=B—y—h—=28)d(Xns1,Xm12) S (@ + B +y +e+h+26) d(Xzm, Xani1)

(a+B+y+e+h+25)
1-B—-y—h-26)

d(Xzni1, Xont2) < d(Xzm, X2n+1)

Similarly we can show that

(a+B+y+e+h+25)
1-B—-y—h—-20)

d(Xzn, Xons1) < d(Xzn=1, X2n)

In general we can write,
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(@+B+y+e+h+20)]""

(1-p—-y—h-26)

—_—

d(%r xl

d(Xznt1, Xont2) =

(a+B+y+e+h+26) _

On taking - pyn2s - P

. 2N+l e
d(Xon+1, Xons2) < P1 d (Xg, X1
Case II:

Let d(X2nt1, Xont2) > d(Xon, Xont1)

So, max{ d(¥zn, Xzn+1), d(Xont1, Xant2) } = d(Xont1, X2nt2)
d(Xzni1) Xon+2)
< a d(fopn, Xont1) + B 1A, Xont1) + d(Coni1, Xons2)] v [A(Xgm, Xon12)]

+e d(Xgnt1, Xon+2) + hmax{d(X2,, X3n42)} + 26[d (K20, Xont1) + d(Xons1, Xont2)]

S(@+pB+y+h+26)d(om,, Xone1) +(B+y+e+h+26)d(Xpni1, Xoni2)

A=-B—-y—e—h—26)d(Xmi1, Xom+2) < (@ + B +y +h+26) d(Xz, Xani1)

(a+B+y+h+25) .
d(Xon+1, Xont2) < A—f—y—ec—h—20) d (X3, X2n+1)

Simillaraly we can show that

(@+B+y+h+26)

d(X2n, Xons1) < (1—B—-y—e—h—25) d(Xzn—1,X27)

In general we can write,

2n+1

(a+B+y+h+26) o
d(xOfxl)

(1-f—y—e—h—-20)

d(Xpnt1, Xont2) =

(a+B+y+h+26) _
1-B—y—e—h-26) B ¢2

On taking C

. 241 g —
d(Xznt1 Xonz2) < @27 d (%o, X1

Let, ¢ = max{¢,, .}

For n < m we have

d(Xzn, Xom) < d(Xgn, Xons1) + d(ons1, Xong2) +ooveeennn +d(Xpm—1, X2m)

< (" + P+ P2 4+ L. +¢™) d (X5, X7)

n
A (s Xm) < T A%, %y

- ¢

n
Il d (o, %) I ji—¢r I d(x5, %) llasn — oo
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lim |l d(G %57) | — 0O
n—oo

Hence {X;} is Cauchy classification in which ¥ touches to X.

Hence a metric (X,d) space is complete soft cone. Therefore for X, — ¥ as n — o0, AX,, —
¥ and BX;,;; — ¥ as n — oo then ¥ is invariant point of A and B in X, since AB=BA this
gives U = BU = BAU = ABV = AV = 7.

Uniqueness:Let us suppose that W be a new invariant point of A and B in X which is distinct
from W, then

B¥ = vand BW = W also AV = ¥ and AW = W
d(B, W) = d(AD, BW)
From [2.1.1]
d (AT, BW) < a d(D, W) + B [d(D,AD) + d(W, BW)] + y [d(, BW) + d (W, AD)] +
e max{d (7, AV), d(w, Bw)} + h max{d (¥, Bw),d(w, AD) +

d(?,AD) + d(w,Bw) + d(¥, Bw) + d(w, AD)
1+ d(#, AD)d(Ww, BW)d (¥, BW)d (W, AD)

<ad® W) + 8.0+ 2y d®, W) +h max{d(®, W), d(W, D)} + 2 5d (D, %)
< ad®,W) + 2y d@,W) +h d(5, W) + 2 8d (D, W)
d(AD, BW) < (a + 2y +h + 28) d(D, W)

Which gives a contradiction. Thus ¥ is an communal fixed point of A and B in X.

Theorem 2.3:Let (X,d) be metric space is complete soft cone (Q,A) is regular through r as
regular constant. Suppose that the map representing A, B and C from X into itself satisfies the
condition

d(ABX,CBy) < ad(X,y) + f [d(X,ABX) + d(y,CBy) + y [d(X,CBY) + d(J,ABX)]
+ e max{d(¥, ABX) + d(y,CB¥)} + h max{d (%, CBy),d(y,ABX)}

d(%, ABX) + d(3,CB¥) + d(%, CB¥) + d(§, ABX)
1+ d(% ABX)d (5, CBY)d(%, CBY)d(§, ABX)

[2.3.1]

ate

For every %, € X and @, 8,y,e,h,6 = 0suchthat 0 < (8 +y + h + 26) + (T) < ; Then

A, B and C has communal invariant point in X. Furthermore either AB=BA or CB=BC then it
has communal invariant point in X.

Proof:For any chance X in X, we have to choose ¥7, %, € X such that

AB%; = % and CBX; = %5
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Also, in general we can define a classification of elements in X we have

Xgni1 = ABXon and Xy, = CBXgpiq

Now, d(Xzn11, X2nt2) = d(ABXz,, CBXg511)

From [2.2.1]

d(ABxzm, CBXny1)

< a d(Xom, Xan1) + p [d(X2n, ABX3,,) + d(X3n11, CBXony1)] +

Y [d(d2n, CBXnt1) + d(pns1, ABX2,)] + e max{d(f;n, ABx3y), d(x2n+1' CBx2n+1)}

+hmax{d (%2, CBXzn31), d(Xoni1, ABXp)} +

[d(Xzn, ABX ) + d(Xpnt1, CBXony1) + d(K2n, CBXony1) + d(Konv1, ABXz,) ]
1+ d(%2n, ABX2n)d(Xpni1, CBXons1)d (X, CBXp 1) d(X2ni, ABX2p)

d(Xzn+1, X2nt2)
< a d(fopn, Xont1) + B 1A, Xont1) + d(Koni1, Xons2)] v [A (X, Xon12)]

+e max{d (25, Xzn+1), d(Xznt1, Xon2)} + h {d (X, X2ns2)}

5 [d(onXon+1)+d(Xont 1, X2n+2) + A0 X2n+2) +d(Xont1,X2n+1)]
1+d (X2, X207 1)d (Xons1.X2n12)d (20 X2n12)d(Xzns1,X2n+1)

Consider case I:
Let d(X2n, Xont1) > d(Xzns1, X2ntz)
So, max{ d(Xzn, Xan+1), d(Xont1, Xan+2) } = d(Xon, X2n41)
d(2n+1, X2n+2)
< a d(Xon, Xone1) + B [d(n, Xons1) + d(Xons1, Xon2)] + v [d(X20, Xone2)]

+e d(Xgn, Xon+1) + hmax{d (X35, Xpni2)} + 26[d(X2p, X2nr1) + A(oni1, Xont2)]

<(a+p+y+te+h+28)diz, Xoni1) + (B+y +h+26) d(Xpni1, Xons2)

(A=B—y—h—=28)d(Xns1, Xm12) S (@+ B +y +e+h+26) d(Xz, Xani1)

(a+B+y+e+h+25)
1-B—-y—h-20)

d(Xzni1, Xont2) < d(Xzn, X2n+1)

Similarly we can show that

(a+B+y+e+h+25)
(1-B—-y—h-20)

d(Xzn, Xons1) < d(Xzn=1, X2n)

In general we can write,

(@+B+y+e+h+20)]""

1-B—-y—h-26)

—_—

d(%r X1

d(Xznt1, Xont2) =

73


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) DOI: 10.7176/MTM !'H.i.l

Vol.9, No.4, 2019 IIS E
. (a+p+y+e+h+26)

On taking B = ¢,

(1-B-y—h-20)
. 241 g
d(Xzn+1, Xons2) < P1 d (Xq, X1

Case Il:

Let d (X211, X2nt2) > d(Xon, Xont1)

So, max{ d (%25, Xon+1), A(Xoni1, Xoni2) } = d(Xani1, Xoni2)
d(Xzn+1, X2nt2)
< a d(fopn, Xons1) + B 1A, Xont1) + d(oni1, Xons2)] v [A (X, Xon12)]

+e d(Xans1, Xon+2) + hmax{d (X5, Xon2)} + 26 [d (X0, Xont1) + d (Kot 1, Xont2)]

<(@+pB+y+h+28)dzmXmi) + (B+y te+h+26) d(Xni1, Xoni2)

(A-B—-y—e—h—26)d(Xni1, Xom42) < (@ + B +y +h+26) d(Xz, Xon11)

(a+B+y+h+25) .
d(Xon+1, Xont2) < A—f—y—e¢—h—20) d (X3, X2n+1)

Simillaraly we can show that

(a+B+y+h+25)

d('@;’l)xzn+1) < (1 _ﬁ —y—e _h_26) d(x{Z?:/lle;'L)

In general we can write,

(@+B+y+h+28 ™!

1-B—-—y—e—h—-25)

—_~

d(%r X1

d(Xzni1) Xont2) =

(a+B+y+h+26) _
1-B-y—e—h-26) B ¢2

On taking C

. 2N4H1 g e —
d(Xzne1 Xonr2) < @27 d (%o, X1

Let! ¢ = Mmax {¢)1' ¢2}

For n < m we have

d(Xgn, Xom) < d(Xgp, Xons1) + d(Gpns1, Xone2) +ooveeeenn +d(Xpm—1, X2m)

<(Pp"+ P+ P2 4+ L. +¢™) d (X5, X7)
n
d(5on, Xom) < - d (g, X1

n
I d (o ) 1< 27 1 (%, 7) Has n — oo
lim || (55, X5,) | — 0
n—>oo

Hence {X, } is Cauchy classification in which ¥ touches to X.
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Hence a metric (X,d) space is complete soft cone. Therefore for x,, — ¥ as n — oo, ABX,, —
¥ and CBx5,;; — ¥ as n — oo then ¥ is invariant point of A and C in X, since AC=CA this
gives 7= CU=CAV = ACV = AV =7.

¥ is communal invariant point of A and C.

Uniqueness:Let us suppose that W be a new invariant point of A and B in X which is distinct
from W, then

N

Cv=vand Cw=w also AT = U and Aw =

From [2.1.1]
d(AD,CW) < ad(D,w) + B [d(T,AD) + d(W,CW)] + y [d(T, CW) + d(W, AD)] +
e max{d(¥, AD), d(W,CW)} + h max{d(¥, Cw),d (W, AD) +

d(B, AD) + d (W, CW) + d (¥, CW) + d(iw, AD)
1+ d(D, AD)d(w, Cw)d (7, Cw)d(w, AD)

< ad(®,w)+ 8.0+ 2y d@,W) +h max{d (D, W), d(@W, D)} + 2 5d (D, W)
< ad® W) + 2y d@, W) +h d(D, W) + 2 8d (D, W)
d(AD, CW) < (a + 2y +h + 28) d(D, W)

Which gives a contradiction. Thus ¥ is an communal fixed point of A and C in X.

Theorem 2.4:Let the metric space (X,d) be with complete soft cone has (Q,A) is regular
through r as regular constant. Let the map representing G, H, A and B from X into itself
satisfies the particular condition as:

i) G(X) € B(X), H(X) € A(X)

ii) [G,A] and [H,B] are inadequately compatible

iii) A or B is unceasing

iv) d(G% HY) < a d(A%,By) + B [d(Ax, G%) + d(By, HY) + v [d(A%, HY) + d(BY, G%)]
+ e max{d(Ax, G%) + d(By, Hy)} + h max{d (A%, H¥),d(By, G%)}

d(A% G%) + d(By,Hy) + d(A%, HY) + d(BY, GX)
1+ d(A%,G%)d(By, Hy)d (A%, Hy)d(By, GX)

[2.4.1]

ate

For every %,7 € X and @, 8,7, e, h,§ = 0 such that 0 < B+y+h+28)+(—

G, H, A and B has communal invariant point in X.

) < % Then
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Proof:Let us designate a sequence {x;;} and {¥,,} in X such that

G?Z};l = Bx2n+1: }75;1 and Hx2n+1 = Ax2n+2 :y2n+2 y V n = 0,1,2,
Now, d (Y2, Yant1) = d(GXzp, HX3n11)

From [2.4.1]

d(Gxon, HX3n11)

<a d(AxanBx2n+1) + B [d(A%Xgy, GXgy) + d(AXppiq, HXopi)] +

Y [d(AXzp, HX i) + d(BXgpyq1, GXop)] + € max{d(A@}, GXon), d(Bx2n+1, Hx2n+1)}

+h max{d(Ax,,, Hégnr1 ), d(Bims1, Gi3n)} +

[d(A%Xzy, GX2n) + d(BXgny1, HXony1) + d(AXop, HXgny) + d(BXgniq, GX2n)]
1+ d(Axp, GX50)d(BXony1, HXgny1) d(AXzn, HXgny1)d(BXgn11, GXon)

d(y;n; y/ﬂ:l)
< ad(Yan—1,Y2n) + B [d(Van—1,Y20) + d(Vzn Yant )] + ¥ [d(Vzn—1, Yzne1)]
+e max{d(¥2n_1, Y2n), dVzn, Yan+ 1)} + R {d(V2n1, Yans 1)}

5 [d(Von—1,Y20)+d(VanYont1) +d(Van—1,Y2n+1)+dY2n.Y21)]
1+d(Vzn=1,Y2n)dVznYzn+1)d Vzn—1.Y2n+1)dVan.Y2n)

Consider case I:

Let d(Vzn—1,Y2n) > d(V2n, Yan+1)
So, max{ d(Yzn-1,Y2n), d(Vzn, Yan+1) } = d(Van-1, V2n)
d(Vzn, Yan+1)
< a dVzn-1,Yzn) + B [dVzn—1,Y2n) + dG2n Yanr )1 + v [d(Van—1, Yzns1)]
+e d(Vzn—1,Y2n) + hmax{d(Vzn—1, Yan+1)} + 26[d(Yon—1, Y2n) + d(zn, Yzn+1)]
<(a+B+y+e+h+28)dm—1,V2n) + (B+y+h+26) dVon Yonet)
(1-B-y—h—-28)dYon Yons1) S (@+ B +y+e+h+268) dVzn—1,V2n)

(a+B+y+e+h+25)
1-B—-y—h—-20)

d(y;;’u y2n+1) < d(yZn—lJ y;;l)

Similarly we can show that

(a+B+y+e+h+25)
1-B—-y—h-20)

dWen—1,Y2n) < d(Von-2,Yan-1)

In general we can write,

2n+1

. (a+B+y+e+h+25) o
d(Van Yan+1) = A—F—y—h=20) d(Vo, ¥1
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On taking B = ¢,

(1-B-y—h-25)

dTan Yams1) < 6171 d (T, 77)

Case IlI:

Let d(Vzn Yant1) > d(Van—1, Yzn)
So, max{ d(¥zn-1, ¥2n), dWzn Van+1) } = dVzn Yone1)
d(Van Yan+1)
< a d(Yon—1,Y2n) + B [d(Van—1,Y20) + dVzn Yant )] + ¥ [d(V2n—1, Yzne1)]
+e d(Van, Yan+1) + h d(Von=1, Yane1) + 26[d(Yon—1, Yan) + d(Vz2n, Yans1)]
<(@a+B+y+h+26)dym—1,9m) + (B+y +h+e+26) d(yzm Yont1)
(A=B-y—e—h=28)d s Yons1) < (@+ B +y +h+26) d(yzn_1,Y2n)

(a+B+y+h+25)
—pB—y—e—h—26)

d(Vzn Yone1) < a d(Ven—1,Y2n)

Similarly we can show that

~ (a+p+y+h+26)
o <
d(Yan-1,V2n) < (1—f—y—e—h—28)

d(Von=2,Y2n-1)

In general we can write,

(@+B+y+h+28) """

—-B—-y—e—h-26)

—_~

d(%) Y1

d(y-;’l' y21’l+1) = (1

(a+B+y+h+26) _
1-B-y—e—h-26) B ¢2

d(%ﬂ y2n+1) < ¢22n+1d(%' 5;;)

On taking C

Let! ¢ = max {¢)1' ¢2}

For n < m we have

dVzn Yam) < Aon Yon+1) + AWani1, Yang2) + oo +dVem=1,Y2m)
<(Pp"+ P+ P2 4+ L. +¢™) d(¥s, V1)

n

— ¢ —
d(yZn;yZm) < 1— ¢d(y0’y1

Iz, Vo) 1< 2o 1 55, 7) Nl as m — oo
lim 1 (7, Y3m) | — 0

Hence {9, } is Cauchy classification in which # touches to X by stability of A and B.
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Correspondingly the classification {y,} is also convergent classification in which ¥ touches to
X

Hence a metric space (X,d) is complete soft cone and ¥ is an invariant point of G, H, A and B.
Since {G,A} and {H,B} are inadequately compatible which gives that ¥ is communal
invariant point of G, H, A and B.

Uniqueness:Let us suppose that Z be a new invariant point of G, H, A and B in X which is
distinct from ¥, then

Gv=vandGZ=ZalsoHV =V and HZ = Z
d(0,w) =d(Gv,HZ)
From [2.4.1]
d(GV,HZ) < a d(AV,BZ) + B [d(AV,GV) + d(BZ,HZ)| + y [d(AD,HZ) + d(BZ,GV)] +
e max{d(Av, G¥),d(Bz,HZ)} + h max{d(A¥, HZ),d(BZ, G¥) +

d(AD,GD) + d(BZ, HZ) + d(AD, HZ) + d(BZ, GD)
1+ d(A®,GD)d(Bz HZ)d(AD, HZ)d(BZ, G¥)

<ad(®2) + 2y d@, %) +hd(#,2) + 2 6d(¥, 2)
d(GD, HZ) < (a + 2y +h + 28) d(¥, %)

Which gives a contradiction. Thus ¥ is an communal fixed point of G, H, Aand B in X.
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