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Abstract

Stochastic volatility models have become common in pricing options due to their ability
to capture the changes in the asset’s volatility with time. The information based asset
pricing framework proposed by Brody, Hughson and Macrina referred to the BHM model
or BHM approach i an improvement to the existing stochastic volatility models as it
incorporates information in determining the option price dyvnamics. The objective of this
study is to extend the application of a non-linear filtering approach used in volatility
extraction in the Heston model to the BHM model. The measurement and transition
equations obtained in the state space model are used in the extended kalman filter to
extract volatility. The BHM model from a Black-Scholes perspective updated in the
results of the Ganssian Integrals is referred to the BS-BHM Updated model. The option
price 1= obtained using this model and the parameters which cannot be observed directly
in the model are estimated using the method of moments,
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1 Introduction
The Black Scholes model as proposed in the landmark paper by Black and Scholes(1973)

15 a fundamental model in derivatives pricing. A derivative 1s a financial contract whose
value depends on an underlying asset such as stock. An option is a financial derivative
contract which gives the holder the right but not the obligation to buy or sell a particular
asset at an agreed price at a specified future date. A European call option gives the
holder the right but not the obligation to buy a particular asset at o stated price at a
spectfied future date.

The assumption of constant volatility in the Black Scholes model has been shown by
empirical studies not to match the economical phenomenon in reality. It 15 found that for
call options in particular, the changes i volatility for the strike prices vary significantly
as compared to the spot price of the asset, this feature 1= referred to as the volatility
smile. The Black Scholes model therefore does not capture the volatility smile.

To address this weakness of the Black Scholes model, stochastic volatility models(SVMs)
were developed in the 1980s when Hull and White(1987) and others generalized the
model. SVMs are able to capture the volatility smile by allowing the volatility of the
underlying asset to evolve according to its own stochastic dynamics. They are useful
hecause they explain in a consistent way why call options with different strikes and time
to maturity have different Black Scholes implied volatilities.

The Heston model as mtroduced in Heston(1993) 1= a popular stochastic volatility model
used 1 dertvative pricing. Its vanance process follows a version of the square root process
described by Cox, Ingersoll and Ross(1985). The model offers a practical method to
account for stochastic volatility as a closed form solution to the model exists and 1=
therefore seen as an improvement to the Black Scholes model.

However, the Heston model suffers from the weakness of specifving on an ad hoc basis
the volatility dynamies. The information based asset pricing framework as proposed by
Brody, Hughson and Macrina(BHM) addresses this weakness by generating a natural
explanation for the origin of stochastic volatility in financial markets without the need
for the dynamics of the volathity process being specified on an ad hoe basis.

In the BHM model, the concept of noisy information about the future cash flows 1s
used to derive the corresponding price processes. In this framework, an asset 1s defined
by 1tz corresponding cash flow structure. Each cash flow 15 modelled by a random
variable which can be associated to a market information process consisting of a sum
of two terms: one containing the noisy mformation and the other containing the true
information about the value of the hnked market factor.

In their paper, Brody et al{2008) show that the Black Scholes model can be derived
from an mformation based perspective, this model is referred to the BS-BHM model.
Later, Mutijah et al(2013) updated the model in the results of the Guassian mtegrals,
spectfically in the analysis of the algebra trick of completing square. The updated Black
Scholes model from an information based framework i1s referred to as the BS-BHM
Updated model.

In this study, the focus 13 on the estimation of parameters used in determining the
price of a European call option under the BS-BHM Updated model. The approach to
estimation used will be based on the method of moments. Hall(2005) shows that the
method involves matching the moment of the population with the empirical moments
s0 as to obtain estimators of the parameters of interest. The parameter estimators are
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obtained by solving a system of equations of the form:

py = E[X]
1 i

= -3 X/ j=1l..k
nf:l

where k denotes the number of parameters to be estimated.

In the BS-BHM Updated model, two parameters will be estimated: the volatility param-
eter, v and the information flow rate parameter, & which cannot be directly observed.
This study looks at the estimation of these two parameters using the method of mo-
ments.

This work i= not the first attempt in estimation of parameters in the BS-BHM Updated
model, Mutijah et al (2013) have previously looked at the estimation of parameters in
the BS-BHM Updated model using Monte Carlo Estimation and the Method of Mo-
ments. This study attempts to update the result obtained by Mutijah et al(2013) using
the method of moments. In particular, the equation of the population moments to
the empirical moments in the method of moments is updated and a different result is

obtained.

The study starts by reviewing the BHM model in section 2 which derives the asset
price dynamics by modelling the market information. Information is then incorporated
to the Black Scholes model to obtain the BSSBHM model which is later updated by
Mutijah({2013) to obtain the BS-BHM Updated model. The price of the European call
option under the BS-BHM Updated model is obtained under the risk neutral measure.

In section 3, the method of moments is applied to the BS-BHM Updated model and two
estimators are obtained for the volatility parameter and the true information flow rate.
Numerical results are then given in section 4 followed by a conclusion in section 5.

2 The BHM Model

The BHM model as presented in Brody, Hughson and Macrina(2008) views asset price
movements as an emergent phenomenon. The model’s basis is pricing of assets by
modelling the Hlow of market information. The market information in this case relates
to the given assets expected future cash flows. The BHM approach is different from the
other methods used in pricing assets mainly because the stochastic process governing the
underlying asset price dynamics is deduced rather than being imposed in an arbitrary
way.

The BHM approach is first studied where the Brownian motion that drives the price
process is obtained. The asset price dynamics from the BHM approach are then used
to determine the asset price dynamics in the BS-BHM Updated model. The BS-BHM-
Updated model as presented by Mutijah, et. al(2012) uses Gaussian integrals to deter-
mine the equation of the asset pricing model. The result obtained is different from that

of BSSBHM model due to an imprecision made in the Gaussian Integrals by BHM.

Consider a single cash flow occurring at time T, represented by a random variable, Xr.
The value of this variable will be revealed at time T. The flow of market information
available to market participants is assumed to be contained in a process {£; }o<ioT given
by:

£t = otX: + Ber (2.1)
£¢ denotes the market information process, its also known as the information process.
ot X7 contains the ‘true information’ about the value of the cash flow X+. 7 denotes the
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rate at which the true value of X7 is revealed to the market participants. {3 locicT
denotes a standard Brownian bridge over the interval [0, T with Sor = 0 and By = 0.

b (0 220

X7 and Byr are assumed to be independent in the information-based framework.
From the market’s point of view, it is the process W} that drives the asset price dynamics.

According to Brody, Hughson and Macrina(2008), the dynamics of the price process are
given as:

dS:_ = T:S;dt + r-r]'dH'I:

In this study, an assumption will be made that r; is a constant which implies that r, = r.

Thus;

dS{ = TSgd-ll- + r[‘]’dH’r{ [2‘.2:]
where [y denotes the absolute volatility process:
ol .
Ler = Pr,TT — Ei-f: (2.3)

P, denotes the discount factor and vy denotes the short rate.

By using Gaussian integrals, the equation of asset pricing model is presented as in

Mutijah, et. al{2012) in the BS-BHM-Updated model as follows:

(2.4)

1 oir oy crnlxﬂ'__ {;)
)

I +t[a'9’r+l

where T = T‘%

v is the asset price volatility parameter. o and v cannot be observed directly and
are the subject of estimation in this work. The equation above gives a different final
result as compared to that of BHM's Black-Scholes Model from an Information-Based
Perspective;

(2.5)

St _ .Pf]’Sﬂ E;IP(TT— %‘L‘ET-F 1 ':I.I\F'I'T D‘T'L—"\.I"I'T Ef)

2ot +1 + todr + 1)

The difference arises due to an imprecision done by BHM using Gaussian Integrals.

Mutijah et al(2013) show that the BS-BHM Updated model in equation 2.4 follows a
lognormal distribution:

S 1o 1 /T aroyT
E_E‘TF(TT_E"“ Ty T e+ ‘)
Si B 1 a 1 w/T ooy T
fﬂ'ﬂ(s—u) I R 1= = Ty

2 . 2 B
log S:w;"h’(.iug So+rt— 2T 7T (—”‘*"’T ) (gﬂgh_‘ﬂr ”))

3o+ 1 U \ieEr 1 1) g

1 o?r 5
E'[S;] = Sgerp(rt B 7Y T)

Var(s] = 56 (exp 2(rt-oreor) ) (eon( (723200 ) (22 22 )
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S 1 o2 5
E[IGQ(FD)] = rf — a5 11" T

. S WT 3 5 T —t)
vorlio(5)] - () (%)
Thus;

S: - 1 JE‘T @ EI‘T‘I.'\!"T : Qg E{T—t}l

2
Let A = rt — L2 02T and B2 — (:agaﬁf ) (ggi-} L HT—1) )

This implies that

fog(:gu) ~ N [A._B?] (2.7)
S~ N [Soe*_, SpZe2A (Eﬂ’ —~ 1)}
S, = SpettB2 (2.8)

where 7 denotes a standard normal random variable.

The European call option price under the BS-BHM-Updated model at time t with
expiration date T and strike price K takes the form

C = Eg[maz{S, — K,0}] (2.9)

where {} is the risk neutral probability and C denotes the European call price. Following
a similar approach to Macrina (2006), the existence of an established pricing kernel and
the absence of arbitrage is assumed. These two assumptions ensure the existence of a
unique risk neutral probability measure (3. In addition, an assumption of a default-free
deterministic interest rate is made.

C— fmf.ﬂm.—c{st — K, 0}f(s)dse
i

~ [15- K.op(soas
K
Using the result from equation 2.8 and making ¥ to be the subject;

log(4:) — A
7 _ log(s)

B
Thus, for the lower limit, when 5; = K;

K
2o 109[3‘;} —A

C= fm{ﬁ (Soe*+BE — K)f(2)dz

~ () o S0z~ [(s) K SG):
~ fes(g) o AT — K gl 1 S2)d

90


http://www.iiste.org/

Mathematical Theory and Modeling Www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) DOI: 10.7176/MTM J-“#I.l
Vol.9, No.5, 2019 ||S E

1 _22
fl-r"] - EE 2
i) s ]
_ A BE - ) —E .
C — Spe j:@(H (T K () 4z T
- gz-= 1 - _=
= Spe }:ﬁg{f} - 3 _E_rd.: K tog(4) -4 5= T dx

il iz 1 i —
= SUEA-'_ ] /:I:'H('E:T}—"‘ [ 2 Trl'l-r:- - .F'L ”‘5":%::'-*‘ TE‘ 2 d:-
Y8 - T : B -

- Eug(%‘;—) - A Iag(?‘;%) - A
= Sue"""'TP{."'-"{E, 1) = T] - HP{N{EI__ 1) ———+

g (oo ) (o5

B

B B
fﬂg(%‘iﬁj+ﬂ . !ﬂg(%) + A
=5Dq:( 5 +3) Ke (4+2]¢( i
log| 32 |+4
Let dy = 5 + 8B and da=d; - B
h(x) = — gy
o] _E ]:m £ T du

Thus, the information based asset pricing formula takes a similar form to the Black-

Scholes Model: L
C = Syd(dy) — Ke W) d(dy) (2.10)

From equation 2.7, the random variable I:'?‘T;;I has a lognormal distribution with a density
function given as follows:

I(g_;) B zi.[gg E'IP( - %[Eﬂg%} __Ar) (2.11)
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3 The Method of Moments

Suppose that 5, denotes the historical asset price at time #;.

Let

U, = Iog[ Sty ] (3.1)

Following the approach by Higham(2004), the [/;’s are assumed to be independent of
each other and denote the log of the ratio of the underlying asset prices.

Given that t; denotes the current time, 5;, denotes the current asset price and the asset
prices for the most recent M + 1 time periods are given as:

(an-u-'s*n-uu'- Sﬂn-:'— Sﬂn}
The corresponding asset log ratio data will be given as:

ELf:n_H_,U;n_HH._ s Ut s U
The first sample mean which denotes the sample mean is given as:

1 M+1
my=— 3" Unyie (32)
m n=1

Similarly, the second sample moment is given as:

1 M+1 5
mg = — Z (Uns1-1) (3.3)
n=1

Suppose that gy and ps denote the first and second moments respectively for the BS-
BHM Updated model. It follows that:

p1 = Efp]
-
T 3e%r 1 (3-4)
and
pa = Eluf]
= Varlp] + (Elpd)”
2 2
B aruT a,a T —1t) 1 T P -
B (c(air+ 1}) ('” S R b (3:5)
The next step is to equate the sample moments to the moments from the model as
follows:
my = i (3.6)
1 oir 5 _
. 30

Making ©? to be the subject:

2 _ 2rt — my )(o2r + 1)
v o2 (3:8)
_ rt —my) N Hrt —my)

T oirT

(3.9)
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Similarly:
My = 3

p—y 5 HIT —t oot o
() (- 2) + ()
5 (ma— mi)t(o*r +1)?
o (otT + (T —t))
Equating equation 3.8 and equation 3.10 yields:
2(rt — my (o + 1)  (ma — m?]E{JiT +1)?

(3.10)

a2rT a2 a2T + (T —t))
2rt —my)  (mg— mi)t{oir + 1)
T - (@2t + (T - 1)

Making &2 to he the subject:
27 (rt — my )(@*T + (T —t)) = tT(mg — m}) (o1 + 1)
2ratTirt — my) + 2r(rt —m (T — t) = tTa r(ma — m?] + tT'(ma — m'f}
g tT(ma — m?_‘.l + 2rirt — g )T — )
a (20T (rt —my) — tTT(ma — m}))
(3.11)

Thus:

(3.12)

. [tT(mg —mi) 4 27(rt —my )(T — 1)
N (2riT(rt — m1) — tTr(ma — m2))

Substituting equation (3.12) into equation (3.9), an estimate for v can be obtained as
follows:
s 2rt—my)  2(rt —my)[2t(rt — my) — t{ma — m7)]

v T * tT (ma — my) + 2r(rt —my )(T — t) (3:13)

Thus:

5 \/E[TE —my)  2{rt —my) :E‘E{r! —my) — t{mn — m?}] (3.14)

T ' tT(mz —md) + 2r(rt — m)(T — 1)

4 Numerical Results

The data used in this study relates to SPX eall options daily data obtained from yahoo
finance. The data covers the period from 1Tth February 2019 with a maturity date of
17th May 2019 with a total of 53 observations. The summary of the data is given in
table 1.

Strike Last Price Log Ratio

Min. - 2300 Min. - 0.01 Min. : 0L6T0
IstQu. : 2705  1stQu. : 33.53  IstQu. : 1.090
Median : 2830 Median : 1001.70 Median : 1.450
Mean : 2808 Mean : 139.07 Mean : 1.806
3rdQu. : 2920 3rdQu. : 21860 3rdQu. @ 1.940
Max. : 3300 Max. : 486.12 Max. : 5.520

Table 1: SPX Call Options Data Summary

93


http://www.iiste.org/

Mathematical Theory and Modeling Www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) DOI: 10.7176/MTM ,llli,l
Vol.9, No.5, 2019 lIS'E

The method of moments is used to estimate the volatility parameter, v and the infor-
mation How rate, & of SPX call options for daily data. An assumption is made that the
data corresponds to equally spaced points in time.

Estimation using the method of moments produces an estimate for the volatility param-
eter, ¥ = 0.005047805 and the true information flow rate, & = 0.0T104789.
Figure 1 shows the increase in the rate of the information fllow rate parameter as time

increases. This is due to the fact that as the maturity period of 91 days approaches, the
rate at which information about the underlying asset is revealed increases.

EI'.!_ [=]
=]
: !
x M~
o o
=
f~
5 -
w
[Er) &
. i
= _ .-."‘:'d;
™ DGDG
o

88 &T 88 8% 90
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Figure 1: Information flow rate increase with time

5 Conclusion

The BS-BHM Updated model is an extension of the BS-BHM model as presented by
Brody Hughson and Macrina where infromation is incorporated in the Black Scholes
model. The price of a European call option iz derived based on this model. The volatility
parameter and information flow rate parameter which as required to determine the price
cannot be observed directly from the data.

Thiz study finds an estimate for these two parameters using the method of moments.
A different result is obtained as compared to that obtained by Mutijah et al(2013)
for the equation used to estimate the wvolatility parameter and the information fow
rate parameter. This is as a result of an imprecision made in equating the population
moments to the sample moments.

The values of these two estimators can then be used in the pricing equation of the model
inorder to be able to obtain the price of a European call option. Further works that
can be done in this area include considering the case where these parameters depend on
time. The assumption that the interest rate is constant can also be relaxed in future
studies.
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