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Abstract

In this paper, the possihility of stopping the spread of zika vims disease by introducing wolbachia-mfectad
modes seryptl mosquitoes in the zika endemic area s shown, A system of 14 nonhinear ordinary differential
equations 18 constructed, which models the transmission dynamics of the disesse in the human and
medes acgypt] populations, including the population of wolbachis-mfected aedes aepypti used for control.
The expression for the control reproduction number R, was derived usimg the next generation matrix.
Numerieal evaluation of R. at the baseline parameter values shows that Re = 01206 as against the value
for the basic reproduction mumber Ry = 1.123. This result shows thas in the presence of wolbachia-
infected mosquitoes, the reproduction mumber 1= reduced to below unity, which 1= the necessary condition
for the disease eradication.
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1 Introduction

Zika virus diseaze is & mosquito-borne disease caused by a favivirus. The zika virus is transmitted to humans

through the bites of infected female aedes aegypti mosquitoes (9], Zika viros ean equally be transmittoed
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from man to man through sex, blood transfusion and mother-to-fetus [21).

Zika has been confirmed to canse microcephaly in infants born to mothers who were infected with the virus
during pregnancy ([19],[3]). In the recent outbreak of zika in Brazil, there have been over 5000 confirmed
cases of microcephaly(D]. In addition to microcophaly, Zika has been linked to the neurological disorder,
Guillain-Barre Syndrome{GBS) [1]. These associations of zika with these health conditions, prompted the
WHO to declare zika virus discase a Public Health Emergency of International Coneern in February 2015
|29]. Zika virus disease was first reported in Nigeria in 1954, during investigation in Afikpo, Eastern Nigeria,
of an outhreak of jaundiee suspected of being yellow fever, [16]. In 2007, zika outbreak occurred in Yap
Island, Federated state of Micronesia, in the North pacifie ([12], [7]). There was a severe outhreak of zika
virus disease in French Polynesia between 2013 and 2014, with over 30,000 reported cases [1]. From French
Polynesia, the disease spread to New Caledonia, The Cook lslands and Eastern Islands [22]. This recont and
still-ravaging outbreak of zika began in April 2015, in Bragil [10], and has spread to many other countries
in south and central Americas and the Caribbean, with over 140,000 suspected and confirmed cases by the
end of February 2016, In the United states, Zika has been detected in Florida, New York eity, Texas, and
other places ([4], (18], [8]).

At present, there is no known cure for zika virus disease. Only treatments are administered based on the
symptoms for which the disease iz known. Also, the idea using bed nets to reduce mosquitoes bites cannot be
applicd in this ease because acdes asgypll mosquitoes are day-biters. Also, the use of physical and chemical
control methods is not advisable since they have not been effective in controlling other moequito-borne
diseases such as malaria and dengue. Henee, it seems that the only feasible option is to apply biological
control method to reduce the spread of the disease.

Reasonable number of models have heen proposed recently on the study of zika virus disease. There are
medels that focus on nnderstanding the transmission dynamics of the disease, as can be seen in [20], [24],
[}, [15] and others. There are also models which incorporate sexual transmission in the dvnamics of the
dizease, as in [25], [9] and {26]. A model that is based on biologieal control of the disease can be found
in [28], where the use of wolbachia-infected acdes aegypt] mosquitoes was adopted as bio-control for the
disease. This method has been cffectively applied in controlling similar mosquito borne Aavivirus diseases
such as dengue and West Nile, for example sec [23). Our model in this work is also based on this innovative
mosquito control method.

The rest of this work is organized as follows: In section 2, we present the idea behind using wolbachia-
infected mosquitoes as agent for controlling the spread of zika virus disease. This 18 followed by section 3
where we presented our model with its basic assumptions. In seetion 4, we estimated the control reproduction
number of the disease and showed that it i3 below unity. Finally, in section 5, we solved the model and

obtained simulation results, The results were also discussed in this seetion.

25



Mathematical Theory and Modeling WWW.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) DOI: 10.7176/MTM m
Vol.9, No.9, 2019 l E

2 Wolbachia, Aedes Aegypti and Zika Virus Disease

Wolbachia i3 a group of bacteria maturally found in reproductive tissses of some arthropods like some
mosquitoes, They are transmitted matemally through the eytoplasm of eges of their hosts. Some strains
of wolbachia such as whlel reduce the ability of the host insects to transmit disease-causing pathogens to
humans. This is the idea behind using wolbachia-infected mosquitoes a8 bio-control for zika virus diseasze.

Aedes acgypti i3 not known to be a natural carrier of wolbachia. The mosquitoes have to be manually
infected with the bacteria in the laberatory and released in the zika-endemic area in order to fight zika virus
disease [13]. Wolbachia helps to fight zika virus disease by increasing the incubation period{or reduces the
incubation rate) of the virus in the infected mosquitoes. Sinee the adult life of the mosquito is short (about
14 days), most of the mosguitoes carrying the virus die before they become infectiouz. Henee, the infected
walbaehio-carrier mosquitoes may not transmit the virus to humans through their bites. Also wolbachia
induces eytoplasmic incompatibility{CI), which helps its host mosquito to eliminate the wolbachia-free
aodes acgypti mosquitoes in the wild [14]. CI is a phenomenon that prevents the formation of embryos
of egg (nom hatching of eggs) when wolbachio-carrier male mosquitoes mate with wolbuchie-froe fomale
mosquitoes or mate with female mosquitoes that carry a different welbachia strain [17]. The effect of CI on

the mosquitoes' reproduction proeess is summarized below,
» wolbachia-free males mate with wolbachia-free females to produce wolhachia-free offspring.
» wolbachia-free males mate with wolbachia-carrier females to produce wolbachia-carrier offspring.
» wolbachia-earrier male mate with wolbachia-free females to produee non-viable eggs.
» wiolbachia-carrier male mate with wolbachia-earrier females to produce wolbachia-ecarrier offsrpring.

Henee, with cytoplasmic incompatibility, more wolbachia-carrier mosquitoes are produced [11], and these
wolbachia-carrier mosquitoes will have very low probability to transmit the virus to humans, therefore

limiting the spread of the disease.

3 THE MATHEMATICAL MODEL

Humans may contract zika virus when bitten by infectious female Aedes gegypii mosquito or when infected
human passes the vires to uninfected human through onsafe sex, unsafe blood transfusion or perinatal
transmission from mother to child. Omn the other hand, transmission of Zika virus from human Lo mosquito
oeeurs when an adult, uninfected female Aedes aegypti mosquito bites human to suek blood. IF the human
is already infected with the virus, he may pass it to the mosquito. The mosquite onee infected, remains so

and continues to infect humans throughout its life time. The model is made up of three major populations;
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human population, adult female wolbachia-free aedes aegypti population and adult female wolbachia-carrier

aedes aegypés population wsed as control.

3.1  Fika Dynamics in Human Population

The total human population, Ng(t), at any time, ¢, is divided into 8 compartments or classes, namely, (i)
the susceptible class, Sy (t), (ii) the latent or the exposed class, Eg(t), (iii) the symptomatically infectiouns
class, Tgg(t), (iv) the asymptomatically infectious class, Tgeg(t), (v) the treatment class, Iy(#). (vi) the
non- treatment class, Ing(t), (viijthe partially recovered class, Rp(t), (viii) the totally recovered class,
Rpait). The following assumptions are made on the transmission dynamies of zika virus discase in the

human population:

Individuals in the human population are recruited into the susceptible elass either through migration

into the zika endemic arca at the rate, g, or through birth of zika virus-free offspring at the rate pgy .

» The suseoptible elass acquires zika virus either through infectious wolbachia-free mosquito bites, with
probability, ayrg, or through humans in the infectious classes; treatment class, non-treatment class

and partially recovered class, with probability, agsg, to move to the exposed class,

» The susceptible humans may also contract the virus through the bites of wolbachia-carrier mosquitoes

with & very negligible probability of infection, ayrws < oy -

o The exposed class becomes infectious at the incubation rate Gy, to become either asyvmptomatically

or symptomatically infectious, in the proportions v and (1 — v}, Tespectively.

s Due to transmission of zika virus from infected pregnant mothers to their offspring, we assume that
the proportion &, of the young ones does not carry the vires and, henee 18 transferred to the susceptible

class, Sg(t), while the infected proportion (1 — §), moves to the exposed class, Egy(t).

» The proportion, w of the symptomatically infectious class receives treatment at the rate +, to be in the
treatment class, Jr(t), whereas (1 — w) Teceives no treatment, and stays in the non-treatment class,

Iner{t).

« The treatment and the non-treatment classes recover partially at the rates, o, and e, respectively,

to move to the partially recovered class, Ryqlt).

o After some period of time, the partially recovered and the asymptomatically infoetious elasses recover
fully at the rates v and - respectively, to be in the totally recovered class, Rya(t). An individual
remains in the totally recovered class, and cannot be reinfected with the virus by any means until

natural death oceurs,
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o All the elasses in the human population benefit from the natural mortality rate oy, whereas only the

dizeased classes are affected by zika-induced death at the rate .::r"H. which is negligible.

3.2 Zika Dynamics in the Aecdes acgypti Population

The population of wolbachia-free adult fomale aedes aegypti mosquitoes 2 groeped into 3 classes namely;
{ijthe susceptible mosquitoes, Ser(t). (ii) the exposed mosquitoes, Far(t) and (ii)the infections mosquitoes,

Tar (t).

= The wolbachia-free male mosquitoes mate with their female counterparts in the wolbachia-freo and
wolbachia-carrier mosquito popualations to produee wolbachia-froe and wolbachis-carrier offspring,

respoctively.

o The female wolbachia-free mosguitoes join the susceptible class through migration at the rate Iy, or

through oviposition at the rate pyy.

» To model the effect of eytoplasmic incompatibility, we assume thatl the proportion g, of the eggs

produced by the fomale wolbachia-free mosquitees are viahle, while (1 — g} are non-viable.

» Suseeptible mosquitoes contract zika virus when they bite humans in the infeetions classes at the

hiting rate by, with probability of infeetion oy, and move to the exposed class,

o After some period of time (incubation period) in the exposed elass, the mosguitoes become infectious

and move to the infectious class at the rate, Sy
» The mosquitoes remain infectious throughout their hfetime until they die naturally at the rate, opy.

Similarly, the female adult wolbachia-carrier acdes aegypli mosquitoes are grouped in the same manner, with
the following compartments, the susceptible wolbachia-carrier elass; Sarw(t), the exposed wolbachia-carrier
class; Fyg(t), and the infections wolbachia-earrier elass; Turo(t),

The dynamics of zika virus disease in the wolbachia-cartier mosquito population is similar to that of the
wolbachia-free mosquitoes, except at the infectious stage where the probability of the wolbachia-carrier

mosquitoes Lo transmit the vires to the susceptible humans is negligible.
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Fig 1: Flow Diagram for the Disease Transmission and Control
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The assumptions above and the flow diagram( figure 1) lead to the following system of ordinary differential
equations as our model for the transmission and control of zika virus disease.

dSp (£}
dt
dEg(t)
di
dfh'n:{”
dit
dlat)
dt
drr(t)
di
dlwr(t)
i
Em;;:{t} =vily + valyy — (1 + of + o ) B, (1)
dR (i)
dt
dSy(t)
dt
dE s (t)
di
dly{i)
di
dS_“m{!}
dt
dExw(t)
ot
dlprwt)
dt

; Tag Iy
=n + dup N (&:cr.HH— + bravpws + AagaF{Ng) + D’H) Sk,

Nar "r.u

. I Ty
= (1 —d)psNg + (bLDMH% - bzﬁMmH.,lr— + Ao F "-'H]) Sy — 8y +on)En

= vBrEr — (72 + on + ol ) as,

=l —v)fuEr - (fw+1l-w+top +r.rf.;} I,

= rwly, — (v + oy + oy )7,

= {1 —w)lg; — (v2 + og + o4 U nr,

= 1R +v2lHes — e BR2,

= Myr + grpp Ny — bog Sy (HF (Ng ) — o Su(t),

= bl&HMSMI:f.!'F{J\rH} = [5.“ 4+ oar | Epgit],

= BuEy(t) — oudult],

= Mpry + AN aw — B2 se Suw(t)F (N ) — ou Suwlt),
= bror M wSMw(t)F (Ni ) — (Suw + ou JErrwlE),

= BuwEruw(t) — culuw(t),

where

F{Ny) = (fﬁ.u + Tha +JE+ Inr + Rm)

The initial conditions are Sg(0) = 8%, Ex(0) = EX, Inas(D) = 5, Ias(0) = 15, I0(0) = 13, Inr(0) =
I By (0) = B, Rya(0) = B, Su(0) = 83 Ey(0) = By Tae(0) = If. Sprw(0) = S5; . Bane(0) =
B Taw(0) = IEJE, which we assume to be all nonnegative quantities. From {1}, we soe that the total

populations of human, wolbachia-free and wolbachia-carrier mosquitoes, respectively, satisfy the equations

VY r i
d—:‘ =g+ (pg — o5 Ny — o Ni
d
% =ar + (grpar — mar) Nag @
dV,
dfw = Mg + (wpasw — oas ) Nagw

The domain of existenee of the solution to the system can be deseribed as

D=y UDa Uy
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where

Dy = {(St. Ent. Ittas. Iva- Inr I Ry, Rypa) € RS

|88 + Enr + Jax + Is + InT+ I + By + Baz < Ny} 3
|
D3 = {( S, Enr Tur) € BY|Sas + By + Ing = Nur}

D3 = {(Sutw, Ertw: It} € RY|Su + Entw + Itw < Natw}
IE,:?,}:-‘I —= '.'éf,'; and the product rule, we get the dimensionless form of (1):

dry g (HH r )

e Ty A | 23, SH (b - r

7 Ner + dppr — Flwa, 23, T o Ny +HE — OpTd | Ty

drg : O

— = (1 —8lug + flys.z3. 7251 — | By + —— +HE — o Ta | T2

dt Ny

. 1L

== vigI — ('rz = + o+ — U:‘}Id) T3

dt Ny

dr, 1T

—":[1—1.'],3;.;13— T;..l+1—u.l+—H+|:r};+pH—|:r"H.rd Ty

dt Ny

drg Mgy

T T — (w  : E-T— of + pHE — cr},rr.a) TE

EfIg 3 HH

— =(l—-whrg— | ta + — 'I-G’;f{'PH—ﬂ";}'Id' Ig

dt JHIH

dry My ' :

— =it — M+ —+op+ U —OxId | IT

ot Ne

(4)

CfJ.'a i I'IH ]

o S B i it S W

at HIT + V2T3 (NH R G"Hid) Ty

dyy D Tar

— = —— +gips — | apyTd + gepym + — |

it Nag Nur

dya My

— = bagyray — | B+ aspy +—— | ¥z

di Nug

dya Tas

¥ i By — (qm.uu I-E) u3

dzy  Tppy y Marw

b + Bpprw — | RogAMeTd + S + o £

d=z Tlar

— = bagywras — | Aue + Siae + —— | 22

it e

L G T

dt — P2 AMuw T 1""”"} =3
where o4 = £ 4 4 4 15 + x5 + o7 and f(ys, 23, 14) = haarpys 4 bowwerzs + Aogg Ta
The initial conditions are =;(0) = g, T2(0) = T2, T3(0) = zag, T4(0) = zy4p, £5(0) = 50, Te(0) = e,
x7(0) =z, 78(0) = Teg. 11 (0) = wan, ¥2{0) = yon, ¥s(0) = wap, 21(0) = =g, 22(0) = 220, =5(0) = za0.
which we assume to be all non-negative quantities.
The system (4) can also be written as

X'(t) = F(X(t) (5)
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where X = (zy, 3. Ta. Ty, Ts, Te. T7: Ts, V1. V2, Y3, 21,22, 2a)° . and

[ L 4 dum — flus, =3, Ta)71 - (%ﬁ- +pE — ﬂ':'-fl'd'} m )

(1 —d&jpg + flys, =g, Ta)ry — (55 + %ﬂ- by — QJHId)Ig
vfgza — {‘r‘z + %ﬂ + oy +pg— H-Id!) T3
{1 —w)Byzz — (TL:.'-I- 1 —u.'+%ﬂ-; T T —:r’Hrd}Jdl
TWI4 — l[:«': + %}} + -:r}.; + pE — n?}.,r.r.i) 5
(1 —wlry — (I!J‘g -I--E,ﬁ— + ot + p;.;—-:rf_f:,;) T3

. i T
pg + parg — ('."l + my + ok + i — E"HI::} Iy

FX{t) = (6)

AET 4 2T — (%ﬁ- + by — E"f;rd) T
-Erﬁ- + grpay — (biﬁHMId + gy + %ﬁ-) m
by e as Zatn — (.H_u + qipiar + %ﬂ-) ¥z
Ay — (qﬁ#.u - %%} L
%ﬁ‘: + KpMw — ('E'EEHM'EIJ + Kt - %rﬂ':) 21
baotp Mw Tzl — (.Suu- + Kpapw + %ﬁ-‘:} =z

\ Bawzz — (-‘Fﬂ.wm -+ %ﬂ-’:) za ),

4 Disease-Free Equilibrium and The Control Reproduction Number

From (5), the disease-free equilibrium of (4) is the point Ep such that f{Ep) = 0, when there is no disease
infection in the population. That is the solution to fF{X{t)) = 0 given that zy — 13 —xy — 5 =g — ¥y =
m=ym=z=33=0

Using this definition, we have that Fy = (1.0,0,0,0,0,0,0,1,0,0,1,0,0). Also, at disease-free equilibrium,
the total human, wolbachia-froe mosquitoes and wolbachia-carrier mosquitoes populations ean be obtained
s

11 I
i Nop — —M N =

Ngg = —, Ny —, Mg = ———

TH — BH TAL — GRS oM — K

respectively.

The bazie reproduction number is the average number of individuals that will be infected by a typical
infections individual throughout his infectious lifetime when introdoeed in a purely suseoptible population
[30]. Generally denoted by Rg, the basie reproduction number is considered as threshold parameter which
determines the potential for disease outhreak to continue or to fizzle out overtime. This is because if Rg < 1,
then on average, an infected individual produces less than one new infected person throughout the course
of its infectious period, and the disease infection eannot spread in the population. Conversely, if By = 1,
then each infected individual produces on average, more than one new infections persons and the disease

grows and invade the entire suseeptible population.

Wi shall determine the control reproduction number R, which i the basic reproduction number in the
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presence of the control measure. To determine R, we shall adopt the next generation matrix approach
introduced in [6],where reproduction number was estimated as the dominant eigenvalue or the spectral
radius of the next generation matrix.
If we write f(X(t)) in the form

FX(t)) = Filz) - Vilz) (7)
where F;(x) are the terms which have the rate of appearance of new infoctions in compartment. 1, while V;(x)
are the terms which have the rate of transfer of individuals into and out of compartment by any other means
including death, then the next generation matrix is given by & = FV L where F = %hgg and V =

%E:—HED and the control reproduction number is therefore the spectral radius of FV ' Ra = p(FV 1),

Theorem 1 The next generation matriz of the model (1) or equivalently (4} has the form
Kpy Kun Kuwr
K=\| Ky 0 0 (8)
Kiaw 0 0

arid the control reproduction number iz

Kin x.f'rk:?m + U EuaKay + Kywn K
="t = (9)

where

Ky = the number of humans that one infections human can infect throughoul his infectious lifetime, when
introduced i a purely susceptible human populotion.

Kiu= the number of wolbachia-free mozquitoes that one infectious human con infect throughout his infec-
tious hfettrme, when introduced in o purcly susceptible wolbachia-free mosquito population.

Khyme= the number of wolbachia-carmer mosquitoes that ome infectious human can wnfect throughout his
infections lifefime, when miroduced n o purely suscepiible wolbuchio-carmier mosquito population.

Karr= the number of humans thet one mfectious wolbachio-free mosquito can infect throughoud ils infec-
tious lifetime, when introduced in o purely suscepiible human populaiion.

Katwh = the number of humans that one infectiouws wolbachis-carrier mosquito can infect throughout its

infections Lfefime, when miroduced tn o purely susceptible human population.

Proof: The form of the next generation matrix (8) is informed by the following major assumptions made

on the transmission dynamics and control of the disease:
o throe populations are involved in the dynamics of the disease,

+ humans can transmit the virus to other humans in the human population through sexual relationship

and perinatal transmission,
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» humans can infect mosquitoes in the wolbachia-free and wolbachia-carrier mosquitoes populations,
» wolbachia-free and wolbachis-carrier mosquitoes can bite and infect humans, and
» there is no vertical transmission of zika vims from females mosquitoes to their offspring,

To derive (8), we first put (X (¢)) in the form (7}, where

(1 —&)uy + Flug. 73, 7a)z1 (.SH + gt p — E’E;Id} T3
] —vipra 4+ (‘r! + Tn\.':"; + ol +un —-I:l'}.‘rId')IS
1] —{1 —w)8gzz + .[.—-...u +1—w %ﬁ‘f— + ol +pg — 'E"r;.;fd') Ty
o —Twiry + (:q - %:—:— + cl';Jr + g — ﬂJHId) T
0 fl—wdra 4 (e T ot 4y — ey
Filz)} = JVi(x) = o '[ Wy 7 %H THH —OH d) &
o —VITE — M2TE + [:'rl +%ﬂ-+ oy + BE —:r'H:d) 7
By arcan [:ﬁ,u + gepay + %ﬂ-} 2
o —Buyz+ (-?Hf*.u + %ﬂ‘) Y3
by arwTaz {_.:r”u. + Kpage + %ﬂf} e
o | ] —Bawzz + (-'r.u.uw - %ﬁf} =3 ]
Therefore,
(o m m B F, I 0 B 0 F;)
0o o 0 L] o 0o o 0

F= (10)

=]
=]
=S o2 =2 =2 2
=
=
=]
=
=
=]

¢ o 0 0 0 0O
L]

0 Ff Fo Fio Fu F2 0 0 0
Db 0D 0 0O O @© D O O

0 Fi3 Fiy Fig Fig Fir 0 0 0

=]
=
=
=2
= N — R — NS — Y — I — I — R — A |

o

kDDD[I{I'[I[I[IG
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where .P‘ = .J\E!HH._T. = 1,2:3.-1_.5. f‘]:., = -!‘.llﬂ_“;f. F',' = ha_uwhr_. f} = 6]&;;3.1,}‘ =B, 9, 1|] 1| 12.

Fie = byopue, k = 13,14, 15, 16,17

(11)

0 0 0 ] 0 0 0 0 Vig O

L\G 0o 0 0 0 ] 0 0 -V L’]g}

whera

Vi=Br4op, Va=vig, Vi=mteagtopVi=(1-vjdy. Vi=rwil-witomtap,
Ve=tw,VW=m+eg+oah. ={1—-w), Vo =12 +r5 +o. Vio =1, Vi1 = w2,

Viz = {m +am + o). Via = Bu + o, Via = B, Vis = oar: Vie = Buw + 000 Viz = Burw:

Vig = o

The inverse of ¥V is non-negative and is given by

Ve 0 Ve Ve D il i 0 ] 0
W0 Vp 0 Vi 0 0 0 0 0
Vg 0 Vi Vi Vg Vg 0 0 0 0
¢ 0 0 0 © 0D V% D 0 O

¢ 0 0 0 © D VY V3

where
1 1, 1
= R A ol o=
(Br +on) (B +ow) vz +on + of) (2 +om +ok)
> (1 —v)8r el L
YT Buton) (rwtl—wrog o) ©  (rwt+l-wtoy+ay)
. {1 —v)Bmmw i Tt
- L? e

¥g = ;
¢ " Bu+on) (rwtl—wton +oy) (v +on+ag) (rw+1—wtog+aly) (vi+ o +0f)
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i 1 o Brr(l — w)(1 —w)
Ve = L [ ] ]
(o1 + o5 + o) B +on)wtl—wtog+oy) (m+oy+ok)
1 e 1

¥ =
(ro+l—wton+og) m+ont+ay) 1 [rton+ol)

Tuer(l — v)Be vz + o + nr}.!:l +ea(l —w}fn(l —w) (1 + o 4 G"IH }

'L.-" . &
= (B +o7m) [Tl +om+ a'f._}:l I:r;...' +1 —wdog+ G'H] [ug + g + Gr;fil [vl Y og + JL}
S (e + vgfrw S vy
i (1 +og+oy) (re+l —wtog +oly) (v +og+og)’ 1% (14 oy +oy) (1 + o +og)
Vi = =2 , Vi = : e
* mtogtoy)ttog+el) (ritem+op) " (Bu+ou)
= Aur = 1 = 1 24 Batw e 1
Vg=———Vy=—. Vy=—r——— W =—————— Vi =—
B Butomlow 2 oar T (Buwtou) O (Puwtoulow = ou

Then, the next generation matrix is

'I(ffu Ky Ky Ky Ky Ky Ky K Ky ﬁ'nn\I

D D O O 0 @ 0 o © 0
® o O © 0 0 0 © 0 0
o o O © 0 © 0 © 0 0
e_|® o 0o 0o 0o 0o 0o 0o 0 o0 13)
o O © 8 O 0 o 0 0
Kri K Koy Koy Ks Kg 0 0O 0 0
D 0 D O 0 0 0 a4 o o0
Ko Hox Kes Kai K K 0 0 0 0
\0 o 0o © 0o © 0 0 0 0

To get (8), we pre- and post-multiply (13) with an auxiliary matrix of the form

t
1 000 00D0O0COD0O0

A=|oD 00001 O0OODO

0000000010

The auxiliary matrix A will kelp to single out the rows and columns of (13) that are relevant in the
determination of the control reproduction number Re. The dimension of 4 is m xn, with » < m, such that
m i3 the mimber of disease states and n is the number of states at infection, with 1 in the eorresponding row
where there 8 state at infection, and zero elsewhere. Then, the reduced next generation matrix becomes
K} Ki; Ki
K:=|KY O 0 | which is equivalent to (8), where
Kiy, 0 1]

r 1 —w

Ky =Kppg=A T
i1 HH 1 (r+eat+ol)  (rwtl—wtow+ay)
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wrwl(l —v) (vg +og + o) + el —o){1 —w)(vg + o + o)
][Tl bopgtog)lrw+l —wdog +oly) (vt +og +ok) 2 +og +af)

‘A (1 —vprw . {1 —v)(l—w)
t I:.—m-{- l—wd o +oh) i1 +on -{-U}}]I I::.—:J;—' 1 —wton + o) [rfz +on + o)

+A

vprw(l —v) (a4 og +oh) +ea{l —wj(l —w){vy + o 4+ 0f)
(m+og+eoy)[fwtl—wtog+oy) (m+ogtoy) (vadoy +o})

.—..-43 [ I:] _II:I } z

K%l = fi.-ff_u = Ag

(ol —wtoy+ .:r}_j,} (12 +onw+ a‘rH:l

A {1 —v)rw " {1 —w)l—w)
- (rw+l—wtog+ol) i +op+ol)  [retl-wiog4+ol) (et oq+ol)

riTw(l —v) 2 + oH + cr;,r:l +ez(l — o)l —w) (7 + o + cr};]
|:"|-'|_ + om + u';f:l |::Tu.: +1—wtoy+ r:erJ I:Vj + o+ a}_l.} I::q + o+ -El'}j‘;l

I{é! = Kisw = As

e (1—uv) % v
i (rutl—wtog+oy) [(rtomtoy)

s |: {1 —vjrw 4 (1 -}l —w) :|
[rutl—wtogtoy) i ton+ol) (fwtl-wtogtoy)(atoy+ol)
K= = S = = ottt
where
g ).U:*HH Br _. _ hiBnopu | ﬁzfﬁffﬂff.um
By + o5 By + o) (B +og)

The eigenvalues X, of (&) satisfy the characteristie equation

A — KapA® — (Kua Ko + Kagon Kauw)A =10 (14)

Henee, we see that the control reproduction number is

-—!‘ - - .
K Kag M EarKaa + Karwi Ko} )
e = ’2”" + '“/ O (15)

2

MNote that in the absence of the wolbachia-carrier mosquitoes used for control, we have the basie reproduection

number,
KE o Ay K
[ HH AH PHM
Ho = g” - if = (16)

The aim of introducing the wolbachia-carrier mosquitoes is essentially to reduece the basie reproduction
number to below unity so that the disease will not spread in the population. Note that the difference between
Rp and R, iz the additional term 45 vy Kopr g prosent in R, Thig term does not necessarily inerease Ry,
rather the presence of the parameters in this term reduces the parameters in the term K Kgag, which
consequently reduces the basic reproduction number. The six parameters by, b, Sar, T, oary AN oy el
are considered more influential in the spread of zika virus disease and its control by wolbschio-carrier
mosquitoes. This is because in the absenee of the wolbachia-carrier mosquitoes, by is large, and the extrinsic

incubation period .SLM is small, such that the transmizsion probability oa.egy 15 high. Henee, the basic
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reproduction number Ry is larger than unity, and the disease can spread in the population. Omn the other
hand, after the introduction of welbachia-carrior mosquitoes, by reduces and b becomes large. Also the
extrinsic incubation period 3,:—1__ becomes high, hence very low probability of transmission oy, and the
reproduction number reduees to below one. In this ease, the infection cannot propagate. Therefore, we
choose Lthese parameters to reflect the specifications made above such that by < bs, E;-_u = Ei—l{that is the
ineubation period i doubled), and asws < cumy. Every other parameter in the model remains the same.
Using the values for these 6 parameters and other parameters (see Table 1), we see that B, — 0.1206, while
Ko = 1.1123, This shows that g has been reduced to less than unity when wolbachia-carrier mosquitoes

are introduced. Therefore, zika virus dizease cannot spread.

Parameter | Value | Source | Porameter | Value | Source
gy 0.8 | assumed oy 0.001 | assumed
M 0.002 | assumed Iy 0.5 | assumed

CER A 0.75 [9] Magew 0.5 | assumed
O M 05 assurmed My 0.81 | assumed
] 0.75 | assumed B 082 | assumed
B % [15] " 0.5 [23]
A 0.02 |28] by 0.05 | assumed
OHH 0.8 19] bz 0.7 assumed
v 0.8 9] By 1/9 |5]
T 0.5 assumed AMw 1/18 | assumed
w 0.85 | assumoed CATH 0.75 | assumed
1 .28 | assumed AL 0.001 | assumed
1 0.5 azsumed q 0.5 | assumed
7 0.5 assumed
] 0.25 | assumed
oK 0.005 | azsumed
T 0.15 [23]

Table 1: Parameter Values used in this model

5 Simulations

Here, we present the result of the model simulations, which is done to further show the efficacy of using

this biocontrol method. The matlab in-built oded5 is used to solve and simulate the model at the haseline
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parameter values{Table 1) with the assumed initial solutions 8% = 1000, EY, = 10,15, = 15, 1%

L= =

15,18, = 5, R0, = 0,R0, = 2,53, = 100, E, = 500,70, = 100,59, = 1000.E), = 0,0, = 0. The
result of the simulations is shown in figures (2-7). In figure 2, we see how the wolbachia-carrier mosquitoes
have sueeeeded in displacing the the wolbachia-free one=. Moreover, in figure 3, the susceptible wolbachia-free
mosquitoes have been stopped from further inerease and in fgure 4, the population of infectious wolbachia-
free mosquitoes have being reduced to the barest minimum. The resultant effect of the reductions in the
population of wolbachis-free mosquitoes on the populations of exposed, asyvmptomatically infections humans
and symptomatically infectious humans can be easily seen in figure 5, fipure 6 and fgure 7 respectively.
The reduction in the populations of wolbachia-free mosquitoes and infectious human population reduces

the reproduction number of the disease to below unity. Therefore, the disease cannot spread.

6 Conclusion

In thiz work, we have modeled the used of wolbachia-infected acdes acgyptl mosquitoes in the fight against
zika virus disease. We computed the control reproduction number, ®., of the disease using the next
generation matrix approach. The value of R, which is less than one shows that we can stop the spread of

zika virus disease by introducing wolbachia-infected mosquitoes in the area where the disease is ravaging
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