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Abstract

In the present paper, we construct the analytical solutions of some Space-Time nonlinear fractional order systems
involving Jumarie's modified Riemann-Liouville derivative in mathematical physics : such that Space-Time
fractional Whitham-Broer-Kaup equations, Space-Time fractional Breaking Soliton equations, Space-Time
fractional Coupled Boussinesg- Burgers equations and Space-Time fractional Coupled Burgers Equations by
using The fractional sub-equation method . this method is very powerful mathematical technique for finding
exact solutions of nonlinear ordinary differential equations.

Key words: fractional sub-equation method, modified Riemann-Liouville derivative, Mittage-Leffler function.

1 Introduction :

Fractional differential equations are generalizations of classical differential equations of integer order. In recent
years, nonlinear fractional differential equations (FDES) have been attracted great interest. It is caused by both
the development of the theory of fractional calculus itself and by the applications of such constructions in various
sciences such as physics, engineering, and biology [1-7]. For better understanding the mechanisms of the
complicated nonlinear physical phenomena as well as applying them in practical life, the solution of fractional
differential equation is much involved  [8-15].

Recently, Zhang and Zhang [16] introduced a new method called fractional sub-equation method to look for
traveling wave solutions of nonlinear FDEs. The method is based on the homogeneous balance principle [17] and
Jumarie’s modified Riemann-Liouville derivative [18-19]. By using fractional sub-equation method, Zhang et al.
successfully obtained traveling wave solutions of nonlinear time fractional biological population model and (4 +
1) dimensional space-time fractional Fokas equation. More recently, Guo et al. [20] and Lu [21] improved Zhang
et al.’s work [16] and obtained exact solutions of some nonlinear FDEs.

In the present paper, the fractional sub-equation method will be employed on some systems involving Jumaries

modified Riemann-Liouville derivative to find the exact solution for some Space-Time nonlinear fractional
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systems, such that Space-Time fractional Whitham-Broer-Kaup equations, Space-Time fractional Breaking
Soliton equations, Space-Time fractional Coupled Boussinesq- Burgers equations and Space-Time fractional
Coupled Burgers Equations .The fractional sub-equation method is very powerful mathematical technique for
finding exact solutions of nonlinear ordinary differential equations.

The rest of this paper is organized as follows. In Section 2, we will describe the Maodified Riemann-Liouville
derivative and give the main steps of method here. In Section 3, we give four applications of the proposed
method . In Section 4, some conclusion are given.

2 Descriptions the Modified Riemann-Liouville Derivative and the Proposed Method.

The Jumarie's Modified Riemann-Liouville Derivative of order tt is defined by the expression [18]:

X . et P
[ —g (5 — (0} )ds a=<0

Fit—a~0
By — 1 d rx, o A e L T
]}:{ flx) = lr — E-Ii (x — t_.,' “'.‘l"\t_.ﬂ —fin) f.'dt_. 0= =1 (1)
[0 Gopiem n=E=agzn+laonz=l

Some properties of the proposed Modified Riemann-Liouville Derivative are listed in [18] as follows:

8) Dix'= oy =0 2
b) Di(FCxg()=f(=1 D5 (9(x)+ (=D (F(x)) @)
c) Dgflgx)] = f[g(x) IDEg(x) = DEFlgx)](g(x) ) 4)

d) DgM = 0, where M is any constant.

These equations play an important role in calculus.

We present the main steps of the generalizing fractional sub-equation method as:

Step 1: Give nonlinear FDEs with independent variables X= (x;,x4,x5,....,%5, t) and dependent variable u :

Pluupuy  ug g, ety DfuDfuuDgw...Df ul=0 0<a<l (5)

Where DELLDféiu.D;?: L1.D:§‘3u and are modified fractional Riemann-liouville derivative of u with

23


http://www.iiste.org/

Mathematical Theory and Modeling Www.iiste.org
ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) Jin 3y
Vol.10, No.2, 2020 I E

respect to t ,x;,%; ,¥z1,...,%y respectively and u=(x,%; ,%z,...,%,t) is unknown function , P is polynomial in u

and its various partial derivative , in which the highest order derivatives and nonlinear terms are involved.

Step 2: By using the traveling wave transformation:

U, %z Xa ¥ D=UE) kst Hhaxa+ oL X, +ct (6)

Where c,kq, ko kg0, Ky, are constants to be determined later, the FDE (5) is reduced to the nonlinear fractional

ordinary differential equation (FODE)for U= U( £ )
P(wcu.k,u .k u ., kgu.c®Dfuk, *Dfuk,*Dfu..... k.r_,_‘ﬁ‘DE‘u::' =0,0=a =1 (7)
Step 3: Suppose the reduced equation obtained in Step 2 has a solution in the form

U(E)=Zicai ¢’ ®)
Where 3 (i=0.12,...n} are constants to be determined later, n is a positive integer

Determined by balancing the highest order derivative and nonlinear terms in Eq. (5) or

Eqg.(7)and ¢ = @{Z) satisfies the following fractional Riccati equation:
Dfg =c+ 4.0 = = 1, where o is a constant 9)

The following solutions of fractional Riccati equation (9):

—+ —gtanh, (v—0oE Lo= 10
——geothylv—ocf ) .o=0
plEl =4 v Utani'.j Ut_.:.'_ ‘ g =0 (10)
—vocotylvoi Lo=0
[i+od

= —.w = constant.o = 0

Where the generalized hyperbolic and  trigonometric functions are defined by the Mittage-Leffler

function :
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. E wm—E_ —in® . E_:I):_ _E_ —in®
sing(x) =— ” , cosg(x) = — -
oo Bifg (X) o Ly . cosh g ()
tan (x) = ——— , cotylx) =——— , cothy(x)=—]"—
- COEg [X) = Eing (X R zinh (%)
Remark:

We define the degree of u(; ) as D[u(Z )] = n, which gives rise to the degrees of other expressions, as
follows:
_d3u rd3uy "
Dz l=n+qD [uP |3/ ]:np +r(g+n).
So, the value of n can be obtained for the equation (5 or7).
Step 4: Substituting Eq.(8) along with Eq.(9) into Eq.(7), we can get a polynomial
in @(Z) setting all the coefficients of ka(k =0.1...nlto zero, vields aset of overdetermined nonlinear

algebraic equations for ¢,k; and a(i= 0.12,...n} .

Step 5: Assuming that the constants c, k,3;(i = 0.1.2....1} can be obtained by

solving the algebraic equations in step 4, substituting these constants and the solutions

of Eq.(9) into Eq. (8) we can obtain the explicit solutions of Eq.(5) immediately.

3 Application of the Method:
In this section , we want to solve some systems of non-linear fractional derivative differential equations by

applying the technique of generalizing fractional sub-equation method.
1. Space-Time (1+1) fractional derivative Whitham-Broer-Kaup equations (WBK): [22,23]

We consider fractional derivative Whitham -Broer- Kaup equations in the form:

( DFu+uDSu+ D¥v+pDIfu=10
{ ﬂt - - A B X o oo 1 (11)
\Div+ DRluv) — BD v+ yD;"u=10
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By considering the traveling wave transformation,
u(x,t)=uU(#), v(x,t)=V(§), where &=kx+ct
Eqg. (11) can be reduced to the following nonlinear fractional ODE:

[ CSDEU + KSUDEU + KSDEV + BKHDHU = 0 .-
|C*DEV+ KD E(UV) — BK?®DI*V + yK**DI*U = 0 =

I

1 (12)

We suppose that Eq.(4.2) has the following general solution:

n
s =3 s e
) |:_-,.
h@=2m@
j=i

By balancing the highest order derivative term and nonlinear term
DV, UDfUandDZ%U. DE(UV),we have m+1=2n+1 then n=1,3+n=n+m+1 then m=2.
Then we suppose that Eq.(12) has the following formal solution:

{( Ul =2, + 2,9
v

(&) = byt+b,pt+b, ¢’ (13)

Where i Eisatisfies fractional Riccati equation
Dig =0+ ¢
(14)
Substituting (13) along with (14) into (12) and setting the coefficient of Lp{E_ji(i:O,l,Z,S)
to zero, we can obtain aset of algebraic equation for ¢,k by, b, b2, 35 and a;  as follows
From the first equation of previous system (13):
@D C%a, 0+ K*apa, 0 + Kb, =0
PO 2k .0+ 2Bk a0 + k%3, "20 =0
@)% Ca, +b, K3, k%, = 0
P05 k%2, "2 + 2k, + 2k Ba, =0

From the second equation of previous system (13):
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©(5)% 0c®h, + k%a(h.a, + boa. ) + 2yk™%a, 02 — 2Rk ®h,0"2 = 0
gDt 20c%h, + K% (2hoa,0 + 2hya,0) — 2Bk h,o0 =0

@l %y + k% (aph, + 23, b0+ bpa ) + Svk* a0 — 8pk b0 = 0
@57 2%, + 2k haa, + 2k%a,b, — 2Bk3h, =0

By using Mathematica:

Case 1:{a; — 0.b; — 0. b; — 0} , where zgand by are arbitrary.

o,
|
s
S

Case

{ap = —c®k™%a; — 2k*/B + 1. by — 2(~k* BP0 —k**yo ~ k**ByB? +v0). b, ~ 0.b;
5. 2( kB — ¥y — k¥R, BT+ )]

Where o= 0, &=xk+ct

( U, = —c%k~%— 2k%/B? + y(v'—o tanh (V=0 £ J)

v, =2 (—k*B%0 — k®yo — kBT + yo) + 2(—Kk**B? — k*y — k™B,/B? + y) o tanh, *(v—o% )

U; = —c®k™%— 2k%,/B? + y(v—o coth, (V=0 £ )

;=2 (—k™B%0 - k*®yo — kBB + yo) + 2(—k*8% — K™y — kBB 1 v) o coth, *(v o)

Where o= 0, &= xktct

U, = —c®k™%+ 2k% BT + y(votan, (Vo £ )

|;-.-'4 =2 (kB0 — k*yo — kBB + yo) + 2( k™R — Ky — kB /BT + v) o tang (Vo t)

|f Us = —c%k%— 2k% B2 + y(Wocoty (Vo £ )

Vs =2 (—k™B%0 — k®yo — k®B/BT + yo) + 2(—k™B? —k*y — kBB + v) 0 coto*(vat )
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Where o =10, &=xk+ct, w is constant.

Up = —c®k™® = 2k& B £y ()

SR

Iem Ly

V, = 2( kT — kioy — k2R BE £ )

Cases:

fay = —c®k~%a, = —2k% /B + v.by = 2(—k** B0 — k®ya + k**By/B? + yo). b, = 0,b; —
2( -k — k¥ + kBB + )

Where o = 0, E&=xk+ct

|f U, = —c®k™ 4 2k%,/B? + y(v—otanh, (v=0&))
[V, =2 (—k*®B%0 — k®yo + k®B/BT + yo) + 2(—k**B? — k*y + kBB + v) (v tanh, *(v=0% )
|f Us = —c®k ™ 4 2k%,/B% + y('—o coth, (vV=0% ))

Ve =2 (~k*B%0 — ko + kBT + yo) + 2(—k**B* — Ky + k™8BT +v) (o coth? (V=0 t)

Where o= 0,&=xk+ct

| Uy = —c®k™% — 2k%,/B% + y(Votang (Vo £ )
Vv, =2 I:;_R:‘ﬁ‘l?f:l: —kyo+ kmﬂfﬁﬁ] +2( —kp kY + kBB + "f'x] (o tang*(Va5)

.

= —c%k ™% + 2k B + y(Vo cot (Vo E))

( U,
|;-.-':: = 2( kBP0 — k™*yo + kB /BT + yo) + 2 (—k™R — k®y + kBB + v) (o cot®,(voE)

Where @ =0, &=xk+ct, w is constant.

-J:: = —r ﬂ-k—..“.. 1 Ekﬂ-\:ﬁrr.:_a!]

R

V., = 2,::_1_{::‘.'3_' _ l{::‘..ll_. _ R:aﬁ‘\:ﬁﬁlrr.:_aﬁ:

11 Mem g

1.1 Figures of Space-Time (1+1) fractional derivative Whitham -Broer- Kaup  equations:

Case 2:

Where ¢ =0, Leta=c=k=F=1o0=-1Lv=0 then:
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Where ¢ =0 Lleta=c=k=F=oc=1,v=10, then:

U && 1y

Where ¢ =0, leta=c=k=RF=1Lw=y=20,the
Case 3:

Where o= 0 | Leta=c=k=F=10=-1v =10, then:

Lol 1=
CfeseSe Ti
|

Where o=0, leta=c=k=F=0o=1Lvy=10 then:
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Lo&e& 1g

Llo0&& Tre

Where o =0 leta=c=k=8 =1y =w =0 then:

Tia&e& Ty

2:Space-Time (2+1) fractional derivative Breaking Soliton equations:[18]

We consider the Space-time (2+1) fractional Breaking Soliton equations:

(Dfu+ aDi*Dju + 4auDfv + 4avDiu =0
L Diu—DIv=10

l<a=1 (15)

By considering the traveling wave transformation
ux,D=UE) ,vxt)=V() , Where &=k x+ ky+ct
Eq.(15), can be reduced to the following nonlinear fractional ODE:

(C°DEU+ 2k, ™k "DEU + 4ak “UDEV + 4ak SVDFU=0
( k,“DEU -k, “DEV = 0 '

A
=]
1

=1  (16)

We suppose that Eq.(16) has the following general solution:
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n
P@=Zmﬂ

By balancing the highest order derivative term and nonlinear term in Eq.(16),
Di*U,UDEVandD £U andD £V, we have n+3=n+m+1 then m=2 ,1+n=m+1 then m=n=2.

Then we suppose that Eq.(4.6) has the following formal solution:

i

{-J':E-:' =3+ 3 pta g

V(D) = byth, prba g’ (17)
Substituting (17) along with (14) into (16) and setting the coefficient of (] i (i=0,1,2,3,4,5) to zero, we can obtain

a set of algebraicequation for c,k,b;. by, ;. a5, 3;and a; as follows:
From the first equation of previous system (15):

@(5)% c%a, 0 + 2ak, "k, %a,0"2 + 4k, "a(b, 08, + 3,08,) =0

@5 :2c%a,0 + 16ak, *k,%a,0° + 4ak,“(2b,03, + 23, ob, + 2byoa,) =0

@5 c%a, + Bak, "k, "3, 0+ 4ak,“(ah, + 3a, b0+ 33, b0+ bya, ) =0

(5% 2a, 0% + 40ak, "k, 3,0 + 4k, “a(?b, 3, + b3, + 2a,b,0 + Zhya, + 23, b0 =0
@(E)*: Bak, "k, %3, + 4k, “a(3b,a, + 3b,3,) =0

P

@(E)%: 2423, k, k. + 4k, %a(4a,b,) = 0
From the second equation of previous system (15):
@(E)" ok "a; —byok,"=0
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P52k, a0 — 2k, "b.o =0
@D ak," —k,"b, =0

p(E)%: 23, k,™ — 2k, %h, =0

By using Mathematica :

Casel:{a, — 0,3, — 0,b, — 0.b, — 0}

——
"
4
|
[
3
|

Case2:{a, — 0.3, — —2ki® by = —TkFkEb, — 0,b, — — S TEEIRE S

43

Where o = 0, E=xk,+vk, +ct

U; =2, —ski®otanh, (V=03)
[{_:_"H‘I:cr‘—433:&?—_Eﬂﬁkéak?:l - 1
V, = — —skikiotanh, "V —0ot )

(
L :
(
‘L

3. fe -
U; =3, — 5 kifgcoth, " (vV—oi )
k%(e™ +4az kY + 8ac kI%kE)

V= — ™ - ;kf‘k?ﬁcntha:h —gi )

4

kr%0e® +4aa kY + Sacki®ky) 3 =
To— — ;k.:_‘k_‘:‘n: tan, “lvo &)

(
1 T 4a 2
(
1

U, =3, —ski% tan, (Vo £ )

Uz =3 _;REF‘G ':':'ta:'::\EE::I
k7®(c® +4aa,k§ + BackP®kE) 3

Vs = — " - ;k.f‘k.?‘ﬁ coty (Vo k)
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Where o = 0 E=xk,; +yvk, +ct

O & RN
Uy = 3y ——ki® (——F
& v 7 1 :\EI+.I_‘|..- .
v L TP < B k"k"’ri“ﬂ‘"
S —_— -k kY ——
& 4a 7L =t ERsw

2.1: Figures of Space-Time (2+1) fractional derivative Breaking Soliton equations:

Case 2:
Where ¢ = 0Llet ay=a=c=k=10=-1,v =0, then:

[h&& 15

et REr T

______

Where ¢ =0, Leta=c=k=F=a=g=1v=0then:

[ && T

Where ¢ =0,leta=c=k=0F=1w =y = [, then:
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faded 1y

3: Space-Time (1+1) fractional derivative Coupled Boussinesq-Burgers equations:

We consider the Space-Time fractional Coupled Boussinesg-Burgers equations:
0<eo=1 (18)

By considering the traveling wave transformation
ux,)=U#), v(x,H)=V(f) , Where &= Ex+ct
Eq.(18) can be reduced to the following nonlinear fractional ODE:

( C*DfU - %}C“DE“"F— 2KEUDFU =0
L P o =zm=1 (19)
|__|:“D§ﬂ*r_ ; ],,::..DE:...'J_ EK"Dé'I:LFp?:I =10

We suppose that Eq.(19) has the following general solution:

n
P@=Zmﬂ

1=0

m
l =Y o

=t

frr

By balancing the highest order derivative term and nonlinear term in Eq.(19) IfV ,UDFU and

DZ*U DF(VU), we have n+3=n+m+1 then m=2 , 1+2n= m+1 then n=1.

Then we suppose that Eq .(19) has the following formal solution:

[ U =a, + a4
b = baosn (20)

(&) = botb @+b,9°
Substituting (20) along with (14) into (19) and setting the coefficient of Lp{iji(izo,l,z,3,4) to zero, we can

obtain a set of algebraic equation for ¢k, . by, B4, 3 and a; as follows:
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From the first equation of previous system (19):

'lP':E:'::':a"H:"G—;hl-{ahh;hﬁ—zhk_‘ﬂ‘hﬂ:hﬂ:hﬁztl

'.'PI:E:I::_RPL" h: "‘G—zl{_ahﬁhﬂi: =
"-P':E.:'::':a"ﬂ:—;"l{ahh:—Ehl{“hg: w3, =0

PlE) =k b, + 2+ k% =3,"2 =0

From the second equation of previous system (19):

@l % o — ks a » 0" 2+ 2k (ay =y o+ hy =a, =0) =0
@2 g=ctsh, +4a, =0k« hy + 2k = (a, =hy =0+ h, =a, =a) =0
@l %, — 4™ sa, =0+ 2k% = (3, = by +3hy sa, so+ by =a) =0
(%2 by + 4k s b w3, + 4k%=a, = h, =0

@E)*: =3k w2, + 6k% =2, =h, =0

By usingMathematica:

Casel:{b, — 0.3, — 0.b; — 0}

——
=t H
=
-
[
3
|

- =

Case2:{b; — 0,1y — 2k™®a,3; — —= a3y ——c%k™%b;

Where o = [, & =xk+ ct

1 - s
MM, = — — GG _ fai —=E
(J_ 5 © k 5 O gtanh |+ —g &£ )]

1 -~ k_:i‘. n i —
V. = B k™ o+ ——o tanhy "\ —of )
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R f—_
(J; = —;c“k “—7\—Ucntha'.~\ —ag)

L ke ()
— K0+ —0o coth, " \vW—0 !
2 7 ke '\." t.'.'

L
¥

Where @ = 0 & =xk+ ct

1 ke PR
= - I i F |
Uz ¢ k 5 O gcotglvo g )

2 2 o
iy S S
Ve = 5 W 1)

Case3: {b; — 0.by — *k™a,3, — =35 — — ¢k by —

Where o= 0, &=xk+ct

1 — f—
= — =R — = [+ —g DN
1 5 © k 5 O gtanh |+ —g &£ )]

1 . k= s —
'.__Ek- E—Tﬁta?lha WW—og )

1 R - —_
‘ “—7'\—Gtﬂt|:‘13'.\\—ﬁt..._.'

1 l{:_i‘. e .
Vg = 2 E*%c+—o coth,“(v—0E )

Where @ = 0 & =xk+ ct
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1 B —
U—:—;E“R_“——'\'Etaﬂn{‘\ﬁg:‘
) 1 . l_[:.."'. [_‘-:I
1-;—51{ E-I-Tﬁtaﬂ.. ok
1 k% { =2
U::__EE k +?|\~\Ucutaxﬁ;,
1 ke —
Vig =5k™e+—-a cot, 2V £ )

1 . _. W [lien),
U__——;l: k +T'~»E: —
. B Tli+al, . 5

Vi, =—1(( - 1)

3.1 Figures of Space-Time (1+1) fractional derivative Coupled  Boussinesg-Burgers equations:

Case 2:

Where ¢ =< 0leta=c=k=10=—1w= 0 then:

Lh&& 1

Where 0= 0 let a=c=k=F=0=1v =0, then:
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Ladede s

Where ¢ =0, letg=c=k=§ =1, w =y = 0, then:

Lo&& T

Case 3:

Where o = 0, Letw =c=k =10 = —1.,then

(_[{;ﬂ: & Tg

Where cxlleta=c=k=f=c=Lv=10
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Do&& L
Lak& bo

the

Where ¢ =0 leta=c=k=F=1w=y =0 then:

IH&&Th,

4: Space-Time (1+1) fractional derivative Coupled Burgers Equations.
We consider Space-Time fractional coupled Burgers Equations:
[Dt'""u— DXy + 2uDfu + pDEuv) = 0 Deca<i 1)
By considering the traveling wave transformation u(x,t)=U(§), v(x,t)=V(&), and &=xk+ct

Eq.(21) can be reduced to the following nonlinear fractional ODE:

{C“D?U— K*®Di*U + 2K*uDfU + pK*DMUV) =0, 0 <a =1 22)
22

CoDEV— K**DF*V 4+ 2KSVDEV + gk DE(UV) = 0

We suppose that Eq.(22) has the following general solution:
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n
P@=Zmﬂ

By balancing the highest order derivative term and nonlinear term in Eq.(22)D:*U,UD§Uand VD #V, D%V, we have

n+2=n+n+1 then n=1,2+m= m+m+1 then m=n=1.
Then we suppose that Eq.(22) has the following formal solution.

{“'J(E,:I Saptag

LV = by+b, ¢

(23)

Substituting (23) along with (14) into (22) and setting the coefficient of LPI:E:Ii(i:0,1,2,3)
to zero, We can obtain a set of algebraic equation for ¢,k,b2;. b, 3 and a; as follows:
From the first equation of previous system (22):

g% c%a, 0 + 2k%a, 05, + pk®aph. o + pk®hyoa, = 0

gl —2k™a, 0+ 2k%0a,° + 2pok®hya, = 0

PE) 7 c%a, + 2k%a, 3, + pk®agh, + pk®hga, =0

@l =2k s, + 2k%af + 2pk®hya, = 0

From the second equation of previous system (22):

w55 %, 0+ 2k, oby + qk%bpa, o + gkPayoh, =0
@)t —20k™h, + 2k%bio + 2k%gh,a,0 =0
w05 %y + 2k%byb, + qk®h,a, + qkBhpa, = 0

@(E)F: —2k*®b, + k*2b, "2 + 2k%qa,b, =0

By using Mathematica:
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Casel: {b, — 0,2, — 0

——
"
4
'
(S
=]

Case2: {h; —= k% b, — —i_c‘“‘k'“.a: - 0.3, — U}

Where o = 0 ,é=xk+ct

i U, =0

!\".-'; =— ;c“k_“— k% —gtanh, (v —a &)

i U; =0

1 - f—
|".-'_ =— ;clk_':‘ — k™ —gcoth,|v—gZ)

Where o=0 ,E=xk+ct

i u, =10

|";'» =-— ;Eak._a— k“(\Etana 'L‘-,EE_ J

i U. =10

|v._-_ — o o, [
\Vs ¢ k k% ocoty\vo k)

Where o =0 ,&=xk+ct, wis constant.

( Ug =0

e L oo o KEM(L4m)
W _—TC“l{ oh_ - -

e 2 £= s

Case3:{hi = 0.b, =02 — k%2, — —%Eﬂli_ﬁ}

Where o= 0 ,E=xk+ct

1 - f—_
U, =—3 ¢k — k% —gtanh, (V-0 %)

L ":.‘Z"_ = |:|
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r - f—_
U, = -3 c®*k™ — k™ —ocothy vV —0 &)

Where =0 ,E€=xk+ct

=-3 R+ Ra(\Et&Z‘la ':;-,E £l

V.=10

i — o — -
|;r,: =——ct*kTt = k" ocotylvoeg )
L

2
‘:I':"' : = l:l

Where o= 0,§=xk+ct,wis constant.

I 1 o Dol

J:: :_zc..k—.._k_ "

L V.. =10

=k -1+g)

k™= —1+q) £
Case 4: {hy - —— q-h;—— —
-1+pg 2(-1+pg)

Wherea = 0 JE=xk+ct

[ kTR 14+ KU1+

2(=1+pq] —1+pq
kTR -1+ kER-14+4q)

\ 2(=1+pq) -1+pg
f kT —-1+p) KR-1+p)

2(—1+pql —1+pq
kTR —14+q) kER-14+q)

L 2(-1+pq) {(—1+pq)

Where o= 0 E=xk+ct

( k"% (-1+p) k%(-1+p)
. (-1+p) K'(-1+p

T 2-1+pg) | -1+pg
kTR —-14+q) KY-1+4q)

L 2(—1+pq) —1l+pq
('__[ %k~ —-1+p) k(-1 +p)
77 20-1+pg)d ~ -1+pg

ekt -1 +q) k(-1+g)

|
£

- |i_‘_|_ 4 F"-.ll

-

L ¥ 2-1+pg)

—_ -

Vocotylh

Vo g )]
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V,, = — + (votanglvo & )

(Wacotylva§ )]

.. = — - (v—otanh_ (v—0o k&)

V.. =— — {(v—otanh, (v —cE )

. == - {(v—ocoth, (v —0E )

Ve = — —(v—ocoth, (v —of)
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Where w = constant, o =0 and g=xk+ct

SPETE(_gep) KR (—iep) [lied),

U. = — - - - — [ }
16 Z—i+pg) _itpg S ERaw-
. kTR —1+g) KP(-1+g) Tlisad,

Ve=-—C o )
- Zl-1+pg! L-1+pg) &% +w

4.1: Figures of Space-Time (1+1) fractional derivative Coupled Burgers Equations:

Case 2:
Whereo = 0,Llet c =c=k=1,0=—1,then

[a&e& 1}

G&& 1

[ R
i
Dot
-0.5]
.|n!|
st

! |}

-1 "

Where 5 = 0, Letx = c = k= o = 1,then:

Where o = 0. Llet a =c = k= 1,w = 0 then:
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[N;

TH&& Ty

Case 3:

Vhere g = 0, Leto=c=k=1o0c= -1, w = 0, then:

(R&& T

Cglele g

Where ¢ = L leta=c=k=0o= 1w = (0, then:

Tio&& 150

Where ¢ =0, let e =c=k =1, w =0, then:
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Ih&& T

Case 4:

Where o= B leta=c=k=1log=-1.p=q=05&&pg =1, then:
L &e& 1

[ha&& 13

Where 0= 0L Let @ =c =k = ¢ = 1. &&pg = lthen:

Ligdede Tig
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Where o= 0,Let a=c=k=1w=0.p

=q = 0.0 &&pg = lthen:

Lheo&eds b

ST AT

Conclusions

In this paper, we proposed generalizing fractional sub- equation method to construct exact solutions of
space-time nonlinear fractional derivative systems: Whitham-Broer-Kaup equations, Breaking Soliton equations,
coupled Boussinesg-Burgers equations and coupled Burgers equations. As this method is based on the
homogenous balancing principle, so it also be applied to other space-time nonlinear fractional derivative systems
where the homogeneous balancing principle is satisfied. We conclude that the fractional sub-equation method is

powerful, effective and convenient for nonlinear fractional PDEs.
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