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Abstract

For a smooth fibre bundle F = (T,p,P,L) and a vertical subalgebra of By(T), it is shown that an

isomorphism g: Bx(T) @+ Bx(T) i>B(T) of graded algebras is given by the multiplication mapw Q Y —
wAY. Ifn and w are two n-forms in B*(T) and their induced forms are ixn, ixyw in B"(L,), then the
orientations of F = (T, p,P,L) by n and w are identical if and only if the orientations of X, by iyn and iyw
are identical. Finally, if the bundle F = (T, p, P, L), the manifolds P and T are oriented by an n-form w, dp €
BT (P) and the (r + s)-form d = p* dp A w, respectively, then d depends on w and dp.

Keywords: Smooth fibre bundle, manifold, vector bundle, bundle isomorphism, bundle orientation, graded
subalgebra.

1. Introduction

Consider the manifolds T and P such that p: T — P is a smooth map between them. If the smooth map p
has the local product property for a manifold L, then there exists an open covering {X,} of the manifold P and a

family of diffeomorphisms {y,}, where y, is given by
YaiXa XL = p_l(Xa)

such that py,(a,B) = a fora € X,, B € L. For the manifolds T, P,L and the smooth map p: T — P, a four-
tuple (T, p, P, L) is said to be a smooth fibre bundle if p has the local product property.

Let F=(T,p,P,L) and F' = (T',p',P',L") be two vector bundles. Also, suppose that f:T > T’ is a
smooth fibre-preserving map, then the map f: F — F'is said to be a bundle map if fi: Ly > L'y is
linear for x € P and the smooth map g: P — P’ induced by the map f. The composition of two bundle maps

is also a bundle map ([2], [7]).

If a bundle map f: F - F'is a diffeomorphism, then it is said to be a bundle isomorphism and its

inverse is also a bundle isomorphism. If there exists a bundle isomorphism f: F — F’ between

the vector bundles F and F’, then they are called isomorphic ([8], [9]).

Let K; be a subbundle of i;. Assume that F = (T, p, P,L) is a smooth fibre bundle. If i; = K; @ Xy, then
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the subbundle K is called horizontal. For a smooth fibre bundle F = (T, p, P, L), let Z € Yx(T). Suppose that
w € K(T)is a differential form. Then, w is called horizontal if f(Z)w = 0. All these horizontal
forms are a graded subalgebra of B(T) as it is obvious that each f(Z) is a homogeneous antiderivation.

This kind of algebra will be called the horizontal subalgebra and will be denoted by B, (T) ([1], [3],
[11]).

Now we define the vertical subalgebra of B(T). For this, we choose a horizontal subbundle K; of iy.
The U(T)-module of horizontal vector fields on T is Y4 (T). Let us define a graded subalgebra By (T) c
B(T) by

Bx(T) ={w € B(T) : f(X)w = 0},

where X € X5 (T) and Bx(T) is dependent on the choice of K;. Then, the graded subalgebra By (T) is
called the vertical subalgebra of B(T).

Assume that dimP =r, dimL =s and F = (T,p,P,L) is a smooth fibre bundle. Let o, denote the

inclusion given by
oy Ly —T,
where x € P, and L, is the fibre at x. Also, L, is a submanifold of T.

Let w be a differential s-form in BS(T). For each w € BS(T), and x € P, oyw is a differential r-form in
B"(L,). Since oyw € B"(L,), S0 oyw orients the fibre at x € P, i.e., L,. If w;, w, € B*(T), then o;w,, o0;w, €
BT (L,). If, for every x € P, the orientations on L, induced by o;w, and g;w,, respectively, are identical, then

the differential forms w; and w, are called equivalent ([5], [12]).

Consider the smooth fibre bundle F = (T, p,P,L) and an r-form w on T. For every x € F, the r-form w
indeces an r-form g;w € B"(L,). Then, the smooth fibre bundle F = (T,p,P,L) is orientable if o;w

orients L, for every x € F. In this case, an orientation for F = (T, p, P, L) is an equivalence class of the r-form w.

Let P be an oriented base, then the vector bundle F = (T, p,P, L) is an oriented bundle over P. Let w €
B5(T) and dp € B"(P). If the orientation of the bundle F = (T,p,P,L) is represented by w and the
orientation of the oriented base P is represented by dp, then the orientation of the manifold T is

represented by p*dp A w. The orientation represented by p*dp A w is said to be the local product orientation ([4],

[6], [10]).

For the oriented bases P and P, let us consider the oriented vector bundles F = (T,p,P,L) and F =
(T,p,P,L) over P and P, respectively. Assume that g:T — T is a fibre-preserving map and h:P — Pis
a local diffeomorphism induced by g. Then the map g is called a local diffeomorphism if g is restricted for z €

P to the local diffeomorphism
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gz L, » Eh(z)-
2. Main Results

Theorem 1. Assume that w € K(T) is a differential n-form and Bx(T) is the vertical subalgebra of

B(T). Then, an isomorphism

9: Bg(T) @7 By(T) — B(T)
of graded algebras is given by the multiplicationmap w @ Y » w A Y.

Proof. Consider the decomposition i; = K; @ X;. The following maps are the projections induced by

this decomposition:
Ky: T (T) = Ky (T)
and
X My (T) = X(D).
For X € X, (T), the graded subalgebra By (T) < B(T) given by
Bx(T) ={w € B(T) : f(N)w = 0}

is the vertical subalgebra of B(T), which depends on K, so it is obvious that the map from

By (T) ®r Bx(T) to B(T) is a homomorphism of graded algebras, that is, the map g given by

9: Bx(T) ®r Bx(T) — B(T)
is a homomorphism of graded algebras.
Now, we have to show that the homomorphism given by

9: Bx(T) ®r Bx(T) — B(T)

is bijective. Since the decomposition i; = K; @ X induces K,: T, (T) » K,(T) and X,: M.(T) — X,(T), so

there exist isomorphisms hy and hy given by
hg : Sec AK7 =, By (T)
and

hy : Sec AX: —— By(T).
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The isomorphisms hy and hy are of U(T)-modules. Thus, if w € K(T) isadifferential form and ¢; € T,.(T),

then we have the following relations:

hew(x; t, - ty) = olx; K.ty, - ,K.t,),
and

hyY(x; tg, - ,tn) = Y(z; K tq, -, Kity).

The map from AK; @ AX7; to Air is a bundle isomorphism and this bundle isomorphism induces another

isomorphism h. That means h is induced by
AK: @ AX: —— il

Since the map from Sec AK} @+ Sec AX7 to B, (T) ®+ B(T) is also an isomorphism, we have the following

commutative diagram:

Sec ANK; @71 Sec AXy

I

h

By(T) & B(T) p > B(T)

Consequently, the map g: Bx(T) ®1 Bx(T) =, B(T) of graded algebras given by the multiplication map

0 ®Y - w AY is an isomorphism. .

Theorem 2. Assume that F = (T, p, P, L) is a smooth fibre bundle and w is a differential form in BS(T). Let
iyw € Sec A°X7. Then the vector bundle X; is oriented by iyw if F is oriented by w. Consider two
differential formsn and w in B5(T) and their induced forms iyn, iyw in B"(L,). Then, the orientations of

F = (T,p,P,L) by n and w are identical if and only if the orientations of X; by iyn and iyw are identical.

Proof. Suppose that F = (T, p,P,L) is a smooth fibre bundle. Let dimP =r, dimL =s. For x € P, let

us consider the inclusion g, given by
oy Ly —T,
where L, is the fibre at x and is a submanifold of T.

For each w € B5(T), o,w is a differential form in B"(L,), where x € P. Since gyw € B"(L,), SO gyw orients

the fibre L, at x € P. If w,, w, € B°(T), then w4, o5w, € B"(L,). If the orientations on L, induced by o;w,
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and o;w, are identical for every x € P, then the differential forms w, and w, are equivalent.

For every x € F, the r-form w indeces an r-form o;w € B"(L,). If o;w orients L, for every x € F, then the
smooth fibre bundle F = (T,p,P,L) is orientable. In this case, an orientation for F = (T,p,P,L) is an

equivalence class of the r-form w.

The bundle F = (T,p,P,L) is oriented by w. If we choose an element y in the fibre L, and x € P, then we

have
(o7w)(y) #0.

Since the differential form w in B¥(T) induces the differential form iyw in B"(L,), consequently, fory € T, we

have
(ixw)(y) # 0.
Therefore, X, is oriented by iyw.

It is obvious that for y € T, the nonzero scalars j, are unique. Since the bundle F = (T, p, P, L) is oriented

by n and w, then for x € P, y € L, and the nonzero unique scalars j,,, we have

(oxw)(¥) = jy ~ (axm) ).

The both conditions are equivalent to j, > 0, y € T, since in this case we have

(ir@)(¥) = jy - (ir@)(¥).

Therefore, the orientations of F = (T,p,P,L) by n and w are identical if and only if the orientations of X

by iyn and iyw are identical. =

Lemma 1. If F = (T, p, P, L) is a smooth fibre bundle, then the map iyw: F - X is bijective.

Proof. Consider the smooth fibre bundle F = (T,p,P,L) and an r-form w onT. For every x € F, the r-
form o;w € B"(L,) is induced by the r-form w. Then, the smooth fibre bundle F = (T,p,P,L) is
orientable if oyw orients L, for every x € F. It is obvious from Theorem 2 that the map from orientations
of the smooth fibre bundle F = (T,p,P,L) to orientations of X, is one-to-one, that is, the
correspondence w ~ irw is injective. Let us consider an element T' € Sec ASX7. Suppose that X is
oriented by I'. Let Bx(T) c B(T) be the vertical subalgebra corresponding to a particular horizontal
subbundle. Then, there is an isomorphism i which maps B (T) onto Sec AX7. Consequently, there exists a

unique element in B3(T), say w, such that
iXa) =
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Therefore, F = (T, p, P, L) is oriented by w. Thus, the map iyw: F — X; is bijective.
O

Theorem 3. Consider a connected base P and a smooth fibre bundle F = (T, p, P,L) over P. Assume that
F = (T,p,P,L) is oriented by two elements n, w € B(T) and their induced maps are o;n and o;w for a fixed
¢ € P. Then, the orientations in F = (T, p, P, L) represented by n and w are identical if the orientations in L,

represented by o n and o w are identical.

Proof. Let us consider any component U of T. For U, Ly is the union of components of L. Then, there
exists a smooth bundle (U, py ,P,Ly) if p is restricted to U. Let us choose two elements n and w in
B5(T) such that they orients F = (T, p, P, L). Let L, be the fibre at ¢ € P and be a submanifold of T, then o,

denote the inclusion given by
o.:L.—T.

Also, the maps induced by n and w are a2n and o w, respectively. Since the orientations in L, by ¢/n and o;w
are identical, so the orientations in (Ly). by o;n and ow are also identical. As a result, we can conclude

that T is connected.

Again, let us consider T to be connected. For n,w € B(T), the vector bundle X, is oriented by the
induced maps iyn and iyw. If we choose a map h € U(T) such that h has no zeros, then it follows

immediately that
in] = h . ix(l).

Since T is connected, so we have either h > 0 or h < 0. In this case, we will show that h > 0. Fory € L,

and x € P, we have
(ocw)(y) # 0.
Since iyw is the map induced by w, so, for y € T, we have
(ixw)(y) # 0.

Since n and w orient the bundle F = (T,p, P, L), then forx € P, y € L, and the nonzero unique scalars j,,

we have
(ocw)(y) = jy - (aen) ().

Thus, (irw) () = jy - (irw)(y). As a result, we have j, > 0, y € T. Equivalently, there exists j, > 0andy €
L. such that

(aem ) = jy - (acw) ().
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Therefore, h(y) = j, > 0, that is, h > 0. Hence, we can conclude that the orientations of F represented by n

and w are identical if the orientations of L. represented by o1 and o w are identical. O

Lemma 2. Let g:T —» T be a fibre preserving map for the smooth fibre bundles F = (T,p,P,L) and F =
(T,p,P,L). Assume that if P is connected, then F and F are oriented bundles. The bundle
orientations are preserved by g if g, is orientation preserving, where z € P and g, is restricted to the

following local diffeomorphisms
9: Ly = L.
Proof. Consider the smooth fibre bundles F = (T, p,P,L) and F = (T, p, P,L). Let the map
h:P —> P

be induced by a smooth fibre-preserving map g:T — T. For z € P, the map g:T — T is restricted to the

following diffeomorphism
gz ¢ Lz - Zh(z)-

Here, g, is local diffeomorphism. The map g preserves the bundle orientations if F = (T,p,P,L) and F =

(T,p,P,L) are oriented and g, is orientation preserving.

Consider a differential form w in BS(T). Let the orientation of P be represented by w. Then, g*w orients

F if for each z € P, we have
0, §°W = g50h,HW.
Therefore, the bundle orientations are preserved by g if F is oriented by g*w.

Equivalently, let g, be orientation preserving. If the orientation of P is presented by w and the
orientation of F is presented by n, then the orientations of L, presented by a:n and o7 g*w are identical.
Therefore, the orientation of F is presented by g*w, that is, the bundle orientations are preserved by g if g, is

orientation preserving. O

Theorem 4. Let T be a manifold. Assume that an r-form w orients the smooth fibre bundle F = (T, p, P, L),
dp € B"(P) orients P and the manifold T is oriented by the (r +s)-form d; = p*dp Aw. Then, d;

depends on w and dp.

Proof. Assume that P is connected. Consider the smooth fibre bundle F = (T, p, P, L) such that the r-form w

orients F. Also assume that d, € B"(P) orients P and the manifold T is oriented by the (+ + s)-form

dT = p* dp/\(})
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Let us choose a fixed element ¢ € P such thatd, = o;w. Then, L is oriented by d;. Since P is connected,

we have to consider the case T = P x L. Then, the orientations of F presented by w and 1 x d; are identical.

Assume that F = (T,p,P,L) is a smooth fibre bundle and w is a differential form in BS(T). Let iyw €
Sec A°X7. Then, the vector bundle X; is oriented by iyw if F is oriented by w. Consider two
differential forms n and w in B*(T) and their induced forms iyn and iyw in B"(L,). Then, the orientations of

F = (T,p,P,L) by n and w are identical if and only if the orientations of X;- by iyn and iyw are identical.

Let h € U(P x L) such that h > 0. If the orientations of F = (T, p, P,L) by n and w are identical, then the
orientations of X, by iyn and iyw are also identical. Therefore, the orientations in X represented by iyw

and iy(1 x d;) are identical. In this case, we have
iyw=h-iy(1xdp).
If a € P,b € L, then we have
(6lw)(a) = h(a,b) - d,(b).
Consequently, it follows immediately that
p'dp ANw =h-p*dp Ap;d;.

The orientation presented by the form p*dp ApjA4, orients P X L. Since dp and d, represent the
orientations of P and L, respectively, hence the orientation represented by p*dp A p;4, depends on
the orientations represented by dp and d,. Since the manifold T is oriented by the (r + s)-form d; =

p*dp Awand h > 0,s0,d; depends on w and dp. O
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