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1. Abstract 

The theme of this study is to develop hybrid Euler’s method from the chain of Euler’s methods, 

to compute the numerical resolution of initial value problems (IVPs) of ordinary differential 

equations (ODEs). In this work number of (IVPs) are taken from literature to check absolute 

error and stability of method. It is observed that computed results from the proposed method 

are consistent and stabile under the circumstance of region. From the results it is concluded that 

the defined algorithm minimizes the error of computation for specified accuracy of solution. 

2. Keywords:  

Ordinary differential equations, IVP’s, Improved, Modified Euler’s,     

3. Introduction 

Mathematics is that tool, which uses for computing solution, at the same time it uses as the 

language of science and engineering. It contains a region that is thought as differential equations 

which is widely spread in various fields of science. As stated in [15] there is no unique method 

exist to solve every form of differential equations. The number of ODEs cannot be solved 

manually and computer languages have importance [8]. The scholars and researchers derived 

numerical schemes/techniques, when ODEs are divided into classes and furthermore subclasses 

[14]. The most use of mathematical models in planning and evaluation of experiment, 

understanding and developing the mechanism of complex systems including balance models in 

integrals and differential forms [3]. Differential equations play a very important role to interpret 

the physical phenomena into a mathematical model. It is categorized as ordinary and partial 

differential equations (PDEs). Whereas involve single independent variable in ordinary 

differential equations and is differentiable with relevancy of that variable and partial differential 

equations are differentiable with multi variables.  

The number of mathematical models haven’t proper solutions to explore better possible 

approximate resolution as described in [4]. The opinion of Cláudio Faria Lopes Junior, 

MATLAB is scientific methodology for solving numerical problems of ODE’s. As the ordinary 

differential equations are beneficial tool for modelling and learning the physical phenomena in 

terms of mathematics, moreover used to resolve real world problems of Science and engineering 

[6]. In the modern study of science, the scenario describes as the ordinary differential equations 

frequently arise to moderate all around the circle of physical Science.  Unfortunately, various 

types of differential equations cannot be solved exactly. For the sake of that the numerical 

methods have importance.  
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The greatest significant techniques frequently developed in continues time dynamic for 

numerical resolution of (ODEs). The procedure of numerical techniques is way to obtain 

information about solution. Various methods have been developed as well proposed to solve 

initial value problems like Euler’s, Improved Euler’s and Runge-Kutta schemes etc. Runge in 

(1901) developed 2nd order methods which gives best accuracy regarding to Euler’s method. 

Moses A. Akanbi proposed Euler’s third order method for better performance of numerical 

solution of ODE’s [6]. The most of present numerical schemes produce linear formula to resolve 

initial value problems of ordinary differential equation during this scope planed methodology 

is additionally linear implicit methodology to interpret the solution of IVPs of 

ordinary differential equations. The basic idea is taken from Euler’s method to develop 

planned algorithm. The planed methodology improves its ability to maintain the consistency of 

accuracy of IVPs as well overall performance. 

4. Methodology 

Here our interest is to study the general equation of first order 

ordinary differential equations of IVPs, it is defined as below, 

' ( , ) ( )o ou f t u u t u= =    (1) 

Therefore, the conditions for above equation are categorized as below, 

Where 𝑓 is a function, which used to satisfy all conditions in (1) have only one of kind solution, 

the subintervals 1[ , ]i it t +  with 0 0& ,it a t t i h= = +  from the interval [ , ]a b , where h  is step size 

subintervals, then the problem is solved up to it . 

As we know that the Euler’s developed as the foundation scheme for solving ODEs, to compute 

the solution of initial value problems using h  as a step size. As in [6] Moses A. Akanbi advised 

a third order method from the sequence of Euler’s method.    

In order to know about Euler’s method, it generate the simplest idea for numerically solving 1st 

order ODEs. Let the first order differential equation defined as like  

' ( , ) ( )o ou f t u u t u= =    (1.1)  

Whenever the resolution of first order differential equation is smooth, then to approximate the 

derivative 𝑢′(𝑡) by finite differences, 

 ( )
( ) ( )

'
u t h u t

u t
h

+ −
=  

Thus, let ,t h = here chose t as a time step size. Whereas 0nt t n h= +  and nt is time step. Then 

'( )nu t  is denoted by nu as for 𝑡𝑛 < 𝑡 <  𝑡𝑛 +  1, 𝑢(𝑡) is approximated by a linear function, thus 

it approximate ( ),
n n

u f t u =  and ( )
( ) ( )

,n n

u t h u t
f t u

h

+ −
= . 

Therefore, Euler’s method is defined as     𝑢𝑛 + 1 =  𝑢𝑛 +  ℎ 𝑓( 𝑡𝑛 , 𝑢𝑛)                  (2) 

Here lookout the method is known as Improved Euler’s method, the focused area of this method 

is to generate the numerical solution. The basic idea is taken from Euler’s methods to develop 

Improved Euler’s method.  As above, we have discussed Euler’s developed method, it generates 

a numerical solution for an initial value problems of the form, ( ) ( )' ,u t f t u=  
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Here is time for a confession, in shortly discussion the inaccuracy and illness of Euler’s method 

encourage to improve the Euler’s method. Although interesting point of discussion, it is simple 

for solving and understanding. The Heun’s method based on approximating the integral curve 

of (1.1) at (𝑡0 , 𝑢0) by the line through (𝑡0 , 𝑢0) with slope 

( )( ) ( )( )
( )

1 1, ,
3

2

i i i i

i

f t u t f t u
m

+ ++
=  

At the end point tangents to the integral curve, having 𝑚𝑖 average slopes of (𝑡𝑖 , 𝑡𝑖 + 1). The 

equation of approximating line as below 

 

Sort out 1i it t t h+= = +  in (3.1)   

 

By replacing &
2 2

i i i i

h h
t t u u= + = +  in ( )2  we get 

 

Whereas ( )4  is known as Improved Euler′s method and ( )5  is known as Modified Euler′s 

method or Improved Polygon method. The number of slope evaluations requires two per step 

for Huen′s and Improved Polygon method, While Euler’s method require only one. As in [6] 

defined by inserting missing values of 𝑦 in equation (5). Get different methods like, 

Here the equation (6) & (7) known as Improved Modified Euler′s Method whereas equation 

(8) is called Third order Euler′s Method because of equation (8) has three slope evaluation. 

As concern the current study to hybrid above method to propose the method is defined as below, 

Taking 𝑢𝑛 from 4 & 5 then equating, getting results 
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5. Absolute Stability  

Using accelerated Hybrid Euler’s method to Dahl-Quist’s model problem, as in (7) it gives, 

 

  Therefore, ( )1 2 3
2

i i

h
u u k k

+
= + +  
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Applying L-Hopital’s rule, gets 

0
lim ln

i i
h

u t 
→

=  

It indicates that 
0

ln lim ,
i i

h
u t 

→
=  and thus, 

0
lim it

i
h

u e


→
=  

Whereas, the approximate solution of 
i

u goes to be analytical solution of model problem

0h → . The ratio 
1

i

i

u
u

+

is knows as stability function R(z ) ,  

Whereas the stability function R(z) of Accelerated Hybrid Euler’s method is defined as, 

 

While that stability function R(z) for Third Order Euler’s method is defined as, 
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The stability region of proposed method discussed above, 

as shown in figure 1. The unshaded area defines the 

stability region for Accelerated Hybrid Euler’s method, as 

it falls in the interval (−4 , 0) in the complex plane. Hence 

on these grounds proposed method is stable.    

6. Numerical Computation 

In this part we consider some examples from literature to 

compute the absolute error of numerical results of 𝑢(𝑡) for 

the 𝐼𝑉𝑃′𝑠 and compare the accuracy of proposed hybrid Euler’s method with that third order 

Euler’s and modified improved modified Euler’s methods. These computations are carried out 

using varies step sizes of ℎ. 

Example 1. The Algebraic initial value problem is under consideration as given: 

Therefore, the exact solution is given as: 

It is displayed in table 1. As the number of integration steps are increasing, then the solution 

moving towards the exact solution at every step of integration on the interval  0,1  where 

0.05h =  as well the developed AHEM has a smallest error among all, it can be analysed by 

the blue line in the following figure 2. 

 

 

 

 

 

Fig 2. 

Fig 1 

Table 1. 
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Example 2. The trigonometric initial value problem is under consideration as given:  

cos
dy

y t
dx

=  The exact solution of this function is 
sin( ) ty t e=  

It is observed in table 2 the error of proposed method is more accurate in comparison to other 

methods. Whenever the steps are decreased, then the solution moving toward the exact solution 

on the interval  0,1  where 0.05h =  as well the developed AHEM has a smallest error among 

all, it is clear by blue line in the figure 3.  

 

  

 

Example 3. The another trigonometric initial value problem is selected as defined:  

sin(2 ) 20
dy

y t y
dx

= −  the exact solution of this function is 

( ) ( ) ( )203 30 104
( ) cos 2 sin 2 .

101 101 101

t
y t t t e

−−     
= + +     
     

 

Table 2. 

Fig 3. 
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From the displayed results in table, it is clear that the accuracy is better than other methods, as 

the number steps of integration increasing, the absolute error decreasing on the interval  0,1 , 

with step size 0.025h = , figured in fig 4.  

 

 

 

 

7. Results and Discussion 

The proposed accelerated hybrid Euler’s method is proficient to solve initial value problems of 

ODEs. In this scope the number of (IVPs) are under consideration from literature to test 

performance of (AHEM). Standard numerical schemes are selected for comparison having same 

order of accuracy. It is observed that the proposed method is stable under circumstance of region 

and the region is drawn in figure 1. As concern to accuracy, from table 1 to 3, presenting the 

computed results for various types of initial value problems along with various standard 

numerical methods. It is concluded that computed results by accelerated hybrid Euler’s method 

are closer to exact solution as compared to other methods, hence in this regards best accuracy 

observed. Whereas, another computation is made in terms of absolute error for the addressed 

problems related with defined and existing numerical schemes. From figs: 2 to 4, it is observed 

that the defined scheme has least error in comparison to existing methods. 

  

8. Conclusion 

The focused area of this paper is to modify the efficiency of TOEM by introducing the theme 

of hybrid existing Euler’s methods. The achievement of this method is due to least error and 

Table 3. 

Fig 4. 
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stable under the defined region, by the comparison the computed results with the existing 

methods. Hence, it is concluded that the overall performance of proposed method is efficient in 

sense of existing methods.   
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