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Abstract

Let M be a 2-torsion free prime I'-ring satisfying the condition aabfc = afbac,Va,b,c € M
and «, 8 € I', U be a Lie ideal of M and d be a Jordan derivation of U into M. Then we prove
the following results:

e d(uav) = d(u)av + vad(v),Yu,v € U,a € T, if U is an admissible Lie ideal of M.

e Every Jordan derivation on U is a derivation on U, if U is a commutative Lie ideal of M.
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1 Introduction

The notion of a I'-ring has been developed by Nobusawa [12], as a generalization of a ring. Follow-
ing Barnes [3] generalized the concept of Nobusawa’s I'-ring as a more general nature. Now a days,
T'-ring theory is a showpiece of mathematical unification, bringing together several branches of the
subject. It is the best research area for the Mathematicians and during 40 years, many classical ring
theories have been generalized in I'-rings by many authors.

The notions of derivation and Jordan derivation in I'-rings have been introduced by Sapanci and
Nakajima [13]. Afterwards, in the light of some significant results due to Jordan left derivation of a
classical ring obtained by Jun and Kim in [10], some extensive results of left derivation and Jordan
left derivation of a I'-ring were determined by Ceven in [4]. In [7], Halder and Paul extended the
results of [4] in Lie ideals.

In [8], Herstein proved a well-known result in prime rings that every Jordan derivation is a deriva-
tion. Afterwards many Mathematicians studied extensively the derivations in prime rings. In [2],
Awtar extended this result in Lie ideals. (U, R)-derivations in rings have been introduced by Faraj,
Haetinger and Majeed [5], as a generalization of Jordan derivations on a Lie ideals of a ring. The
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notion of a (U,R)-derivation extends the concept given in [2]. In the paper [5], they proved that if
R is a prime ring, char(R) # 2, U a square closed Lie ideal of R and d a (U, R)- derivation of R,
then d(ur) = d(u)r + ud(r),¥,u € U,r € R. This result is a generalization of a result in Awtar [2,
Theorem in section 3].

In this article, we prove if M be a 2-torsion free prime I'-ring satisfying the condition aabfc =
afBbac,Ya,b,c € M , a, € T and d be a Jordan derivation of U into M ,where U is an admissible
Lie ideal of M, then d(uav) = d(u)av + uad(v),Yu,v € U,a € T and if uau € U,Yu € U,a € T and
U is commutative, then d(uav) = d(u)av + uad(v),Yu,v € U and a € T.

Let M and T be additive abelian groups. If there is a mapping M x I' x M — M (sending (z,a,y)
into zay) such that

e (z+y)az=zxaz+yaz,z(a+ By =zay + 2By, za(y + 2) = zay + zaz
o (zxay)Bz = za(yfz),Vx,y,2 € M and a,f € T

then M is called a I'-ring. This concept is more general than a ring and was introduced by Barnes
[3]. A T-ring M is called a prime I'-ring if Va,b € M,al’ MTb = 0 implies a = 0 or b= 0 and M is
called semiprime if al MTa = 0 (with a € M) implies a = 0. A T-ring M is 2-torsion free if 2a = 0
implies a = 0,Va € M.

For any z,y € M and a € I, we induce a new product , the Lie product by [z,y], = zay — yaz.
An additive subgroup U C M is said to be a Lie ideal of M if whenever u € U,m € M and « € T,
then [u,m], € U.

In the main results of this article we assume that the Lie ideal U verifies uau € U,Vu € U. A Lie
ideal of this type is called a square closed Lie ideal.

Furthermore, if the Lie ideal U is square closed and U is not contained in Z (M ),where Z (M )denotes
the center of M ,then U is called an admissible Lie ideal of M.

Let M be a I'ring. An additive mapping d : M — M is called a derivation if d(aabd) = d(a)ab +
aad(b),Va,be€ M and a € T.

An additive mapping d : M — M is called a Jordan derivation if

d(aaa) = d(a)aa + aad(a),Ya € M and o € T

Throughout the article, we use the condition aabfc = afbac,Va,b,c € M and «, € I' and this is
represented by (¥*).

We make the basic commutator identities:

o [zay,z|s = [z, z]gay + z[a, fl.y + zaly, 2]z and

o [z,yaz|s = [z,y]gaz + yla, Blsz + yalz, 2], Ya,b,c € M and Vo, € T.
According to the condition (*), the above two identities reduces to:

o [zay,z|s = [z, z]pay + zaly, 2]z and

o [z,yaz]|s = [r,y]|paz + yalz, 2]z, Va,b,c € M and Vo, B € T.
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2 Jordan Derivation on Lie Ideal

2.1 Definition: Let M be a I'-ring and U be a Lie ideal of M. An additive mapping d : U — M is
said to be a Jordan derivation on Lie ideal of M if d(uau) = d(u)au + uad(u),Vu € U and « € T.

2.2 Example: Let R be a ring of characteristic 2 having a unity element 1.
Let M = M, 5(R) and T = {( n.1 > :n € Z ,n is not divisible by 2}.

n.1l
Then M is a I'-ring.
Let N ={(z,z) :x € R} C M.

Now V(z,z) € N, (a,b) € M and ( Z ) € T, we have

(z,2)( )" )(ab) = (@ b)( ), z)

= (zna — bnz,xnb — anx)

= (zna — 2bnz + bnz, bnr — 2anx + zna)
= (zna + bnz,bnz + zna) € N.
Therefore, N is a Lie ideal of M.

2.3 Example: Let M be a I'-ring satisfying the condition (*) and let U be a Lie ideal of M.
Let a € M and a € T be fixed elements.

Define d : U — M by d(z) = aax — zaa,Vz € U.

Now Vy € U and g € ', we have

d(zfy) = aaxfy — zfyaa

= aazxfy — xaafy + raafy — xPyaa

= (aaz — zaa)By + zfaay — zfyaa, by using (*).

= (aaz — zaa)fy + zB(acy — yaa)

= d(z)By + xBd(y), for every z,y € U and B € T).

Therefore d is a derivation on U.

2.4 Example: Let M be a I'-ring and let U be a Lie ideal of M.
Let d: U = M is a derivation.

Let My ={(z,z) :x € M} and T'; = {(o, ) : « € T'}.

Define addition and multiplication on M; as follows:

(z,2) + (y,y) = (z +y,z+y)

and (z,z)(a, a)(y,y) = (zay, zay).

Then M, is a I';-ring.

Define Uy = {(u,u) : u € U}.

Now (u,u)(a,a)(z,x) — (x, z) (o, a)(u,u)

= (uax,uar) — (rau, vau)

= (uvax — zau,uazr — zou) € Uy for uax — xau € U.

Hence U; is a Lie ideal of M;.

Now define a mapping D : U; — M; by D((u,u)) = (d(u),d(u)). Then it is clear that D is a Jordan
derivation on U which is not a derivation on U.

2.5 Lemma: Let M be a I'ring and U be a Lie ideal of M such that uau € U,Yu € U and

a € I'. If dis a Jordan derivation of U into M, then Va,b,c € U and «a,f € T, the following
statements hold:
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(i) d(aab + baa) = d(a)ab + d(b)aa + aad(b) + bad(a).
(ii) d(aabfa + aBbaa) = d(a)abBfa + d(a)Bbaa + aad(b)Ba + afd(b)aa + aabfd(a) + aBbSd(a).

In particular,if M is 2-torsion free and if M satisfies the condition (*), then
(iii) d(aabpfa) = d(a)abfa + aad(b)fa + aabBd(a).
(iv) d(aabBc + cabfa) = d(a)abfc + d(c)abfa + aad(b)Bc + cad(b)fa + aabfd(c) + cabfd(a).

Proof: Since U is a Lie ideal satisfying the condition aca € U,Va € U,a € T'. For a,b € U,a €
T, (aab + baa) = (a + b)a(a + b) — (aca + bab) and so (aab + baa) € U.

Also, [a,b]o = aab — baa € U and it follows that 2aab € U.

Hence 4aabfc = 2(2aab)fBc € U,Va,b,c € U,a, 5 € T.

Thus d(aab+baa) = d((a+b)a(a+b) — (aaa+babd)) = d(a+b)a(a+b)+ (a+b)ad(a+b) —d(a)aa—
aad(a) — d(b)ab—bad(b) = d(a)aa+d(a)ab+ d(b)aa+ d(b)ab+ aad(a) + aad(b) + bad(a) + bad(b) —
d(a)aa — aad(a) — d(b)ab — bad(b) = d(a)ab + aad(b) + d(b)aa + bad(a).

Replacing a8b + bfa for b in (i) we get
d(aa(afb+bpa) + (afb+ bfa)aa) = d(a)a(afb+ bfa) + aad(afb+ bfa) + d(aBb+ bBa)aa + (afb+
bBa)ad(a).

This implies that

d(aaa)pb + (aaa)Bd(b) + d(b)B(aaa) + bfd(aca) + d(aabfa + afbaa) = d(a)aapb + d(a)abfa +
aad(a)fb + aaafBd(b) + aad(b)fa + aabBfd(a) + d(a)fbaa + afd(b)aa + d(b)Baca + bBd(a)aa +
afBbad(a) + bfaad(a), by using (i).

This implies that
d(a)aapb+aad(a)fb+aaalBd(b)+d(b)faca+bBd(a)aa+bBaad(a)+d(aabfa+afbaa) = d(a)aafb+
d(a)abfa + aad(a)Bb + aaafd(b) + aad(b)fa + aabBd(a) + d(a)Bbaa + afd(b)aa + d(b)Baca +
bBd(a)aa + afbad(a) + bfaad(a).

Now canceling the like terms from both sides we get the required result.
Using the condition (*) and since M is 2-torsion free, (iii) follows from (ii).
And finally (iv) is obtained by replacing a + ¢ for « in (iii).

2.6 Definition: Let M be a I'-ring and U be a Lie ideal of M and let d be a Jordan deriva-
tion of U into M. We define
¢a(u,v) = d(uav) — d(u)av — uad(v),Yu,v € U and a € T.

2.7 Lemma: Let M be a I'-ring and U be a Lie ideal of M and let d be a Jordan derivation
of U into M, then

Vu,v,w € U and o, 3 € I':

(i)¢a(uav) = _¢a(v7u)

(11) (z)oz(u + w,v) = ¢a(uav) + (boz(wav)

(iii) ¢o¢(uav + w) = Qo (u,v) + o (u:w)

(iv) dats(u,v) = ¢a(u,v) + ¢s(u,v)
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The proofs are obvious by using the definition 2.6
Remark:1t is clear that ¢, (u,v) = 0 if and only if d is a derivation on U.

2.8 Lemma: Let M be a 2-torsion free I'-ring satisfying the condition (*) and U be a Lie ideal of
M. If d is a Jordan derivation on U then ¢, (u,v)Bwy[u,v]s + [u, v]aBwyds(u,v) = 0,Yu,v,w € U
and a, 3,y €T

Proof: Let = 4(uavfwyvau + vaufwyuav).

Then by using Lemma 2.5(iv), we have

d(z) = d((2uaw)fwy(2vau) + (2vau) fwy(2uav))

= d(2uaw) fwy(2vau)+2uavdBd(w)y2vaut2ucy Swyd(2vau)+d(2vau) fwy(2uav) +2vaufd(w)y2uav+
2uaufwyd(2uav),

On the other hand, by using Lemma 2.5(iii),we have

d(z) = d(ua(dvpwyv)au + va(dufwyu)av)

= d(u)advpwyvau + uad(4dvfwyv)au + vadvfwyvad(u) +
d(v)adufwyuav + vad(dufwyu)av + vadufwyuad(v)

= 4d(u)avfwyvau + duad(v) Swyvau + duavfd(w)yvau +
duavfwyd(v)ou + duavfwyvad(u) + 4d(v)aufwyuav +
dvad(u) fwyuav + dvaufd(w)yuav + vaufwyd(u)av +
dvaufwyuad(v).

Comparing the right side of d(z) and using the definition 2.6,we obtain

4(¢a(u,v)Bwyvau + ¢q (v, u) fwyuav +
Uowﬁwwﬁa (’U, u) + Uauﬁw7¢a (u7 U)) =0

Using Lemma 2.7(i),we have

4o (u,v)Blu, v]ayvau — ¢o(u,v) fwyuav —
= —4(pa(u,v)pwy(uav — vau) + (uav — vau) fwypy(u,v)) =0
= 4(¢a(u7v)6w7[uvv]a + [uav]aﬂw7¢a(uav)) =0

Since M is 2-torsion free and by using (*), we have
o (u,v) fwylu,v]q + [u, v]afwyde(u,v) = 0,Yu,v,w € U,a, 5,7 €T

2.9 Lemma: Let U be a Lie ideal of a 2-torsion free prime I'-ring M and U is not contained
in Z(M). Then there exists an ideal I of M such that [I, M]r C U but [I, M]r is not contained in
Z(M).

Proof: Since M is 2-torsion free and U is not contained in Z(M), it follows from the result in [1]
that [U,U]r # 0 and [I, M]r C U,where I = IT[U,U]|rT'M # 0 is an ideal of M generated by [U, U]r.

Now U is not contained in Z (M) implies that [I, M]r is not contained in Z(M); for if [I, M]r C

Z(M), then [I,[I, M]r]r = 0, which implies that I C Z(M) and hence I # 0 is an ideal of M, so
M =Z(M).
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2.10 Lemma: Let U be a Lie ideal of a 2-torsion free prime I'-ring M satisfying the condition (*) and
U is not contained in Z(M). If a,b € M (resp.b € U and a € M) such that aaUBb = 0,Va, 8 € T,
then a =0 or b= 0.

Proof: By Lemma 2.9, there exists an ideal I of M such that [I, M]r C U and [I, M]r is not con-
tained in Z(M). Now take u € U,c € I,m € M and «, 3,7 € T', we have [caaBu,m]r € [I,M]r CU
and so

0 = ad[caafu, m],pb,Vo,u € T

= ad[caa, m],fupb + adcaafu, m],pub, by using (*)
= ad[caa, m|,fupb since af[u, m],pub € afUpb =0
= ad(caaym — mycaa)Buub

= adcaaympPuub — admycaafuub

= adcaaymPBuub, by using assumption afSuub =0

Thus adlaayMBU b = 0. If a # 0, then by the primeness of M, Upub = 0.
Now if u € U and m € M, then [u,m], € U,Va € T.

Hence [u, m],fb = 0,Vp € I'. Since maufb = 0,uamfb = 0.

Since U # 0, we must have b = 0.

In the similar manner, it can be shown that if b # 0, then a = 0.

2.11 Lemma: Let M be a 2-torsion free prime I'-ring and U an admissible Lie ideal of M. If
a,b € M (resp. a € M and b € U) such that aaz8b + baxfa = 0,YVx € U and «,f € T, then
aaxfBb = baxfa = 0.

Proof: For z,y € U and using the relation

aazffb = —baxrfa three times, we obtain

aazxfbyydaarfb = —4baxBayydaczSb = —ba(dxBavyy)daa(xSb)
= daaxPayydbaxr b = daaxSbyydaczSb.

Thus 8aazfbyydaazfb = 0.

By the 2-torsion freeness of M, we have

(aazpb)yyd(aazfb) = 0.

By Lemma 2.10, we have aaz b = 0.

Similarly, it can be shown that baxzfa = 0.

2.12 Lemma: Let M be a 2-torsion free prime I'-ring and U an admissible Lie ideal of M. Let
G1,Gs, ..., Gy, be additive groups, S : Gy X Ga X ... X Gy > M and T : Gy x Gy X ... x Gy = M
be mappings which are additive in each argument. If S, (a1, ...,a,)B2vTa (a1, -..,a,) = 0, for every
x€Uya; € G,i=1,2,...n,a,8,v € T, then Sy(a1, ..., an)BxyTs(b1,-..,b,) =0

Proof: It suffices to prove the case n = 1.

The general proof is obtained by induction on n.

If Sy(a)BxyTa(a) =0, for every u € U,a € Gy, we get
(To(a)BrySy(a))pyv(Te(a)BxySy(a)) =0, for all z,y € U and p,v € T.

Then by Lemma 2.10, T,,(a)BxvSs(a) = 0, for every « € U,a € Gy and 3,7 € I.
Now linearizing Ty, (a)B2yS,(a) = 0 we obtain

So(a)BxyTy(b) + Sa(b)BzyTy(a) = 0, for every z € U,a,b € G.
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Hence (Sa(a)BzyTa (b)) pyv((Sa(a)BzyTa(b))

= —Sa(a)BzyTy (b) pyvSa(b) fayTu(a) = 0,Vz,y € U.

By Lemma 2.10, S, (a)BxyT,(b) =0

Similarly we can prove that T, (b)BzvSs(a) = 0,Va,b € Gy and o, 3,y € T.

Putting a + ¢ for « in the equation S, (a)BzyT,(b) = 0 and using Lemma 2.7(iv), we have
Sa(a)BzyTs(b) + Ss(a)BzyT,(b) = 0.

Therefore, we have (S, (a)BxyTs(b))uyv(Sy(a)BxyTs(b))

= —Sa(a)BzyTs(b)pyv(Ss(a) BayTu(b) =0

Hence by Lemma 2.10, S, (a)BzvTs(b) = 0.

2.13 Theorem: Let M be a 2-torsion free prime I-ring satisfying the condition (*) and U an admis-
sible Lie ideal of M. If d : U — M is a Jordan derivation, then d(uav) = d(u)av + uad(v),Vu,v €
Uael.

Proof: By Lemma 2.8, we have

¢a(uav)ﬂw7[u)v]a + [U,U]QBW’Y(f)a(U,U) =0,Vu,v,w € U and Oéaﬂﬁ er.
Using Lemmas 2.11 and 2.12, we have

Ga(u,v)pwylz,yls = 0,Yu,v,w,z,y € U and o, 3,7, € T.

Since U is an admissible Lie ideal of M, [z,y]s is not contained in Z(M).
Therefore, by Lemma 2.10, we get ¢, (u,v) = 0.

2.14 Theorem: Let M be a 2-torsion free prime I'-ring satisfying the condition (*) and U a
commutative Lie ideal of M such that uau € U,Vu € U and a € I'. Then every Jordan derivation
on U is a derivation on U.

Proof: Suppose U is a commutative Lie ideal of M.

Let a€ U and z € M.

Then [a,z], € U,Va € T and so commutes with a.

Now for z,y € M, we have af[a, zvylo = [a, zVYy]aPa,Ya, B,y € T.

Expanding [a, zvy], as [a,z]ovT + 27[a, y]o and using the fact that

a commutes with this, with [a, x], and [a, y]a, we have 2[a, z]47[a, y]o = 0 and so [a, x]4Y[a, y]o = 0,
as M is 2-torsion free.

Replacing y by afz in [a, z]47[a,y]a = 0 and then using (*)

we have [a, z]oyMpBla,z]o = 0,Vz € M and o, € T.

Since M is prime, [a,z], = 0 and so U C Z(M).

Hence by Lemma 2.5(i),we have 2d(aab) = 2(d(a)ab + aad(b)).
By the 2-torsion freeness of M, we get d(aab) = d(a)ab + aad(b).
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