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Abstract

In this paper we study the rough set theory by defined the concepts of rough regularity and rough normality in
the topological spaces which we can consider them as results from the general relations on the approximation
spaces.
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1. Introduction

In [3] pawlak introduced approximation spaces during the early 1980s as part of his research on classifying
objects by means their feature. In [1] rough set theory introduced by Pawlak in 1982, as an extension of set
theory, mainly in the domain of intelligent systems. In [4,5] m. Jamal and N. Duc rough set theory as a
mathematical tool to deal with vagueness and incomplete information data or imprecise by dividing these data
into equivalence classes using equivalence relations which result from the same data. This paper study the rough
set theory by defined the concepts of rough regularity and rough normality in the topological spaces which are
results from the general relations on the approximation spaces.

2. Preliminaries

In [4] pawlak noted that the approximation space ¥ = (X, R) with equivalence relation R defined a uniquely
topological space ( X, t,) where t, is the family of all clopen sets in (X, 7,.) and X/R is a base of t,. Moreover
the lower ( resp. upper ) approximation of any subset A € X is exactly the interior ( resp. closure ) of the subset
A . In this section we shall generalize Pawlak’s concepts to the case of general relations. Hence the
approximation space k¥ = (X, R) with general relation R defines a uniquely topological space (X, 7,) where 7,
is the topology associated to k (i.e. 7, is the family of all open sets in (X,7,) and X/R={xR: x € X} isa
subbase of 7, , where xR = {y € X : xRy}). We give this hypothesis in the following definition.

Definition 2.1 [4]. Let k = (X ,R) be an approximation space with general relation R and 7, is the topology
associated to k. Then the triple K = (X, R, T ) is called a topologized approximation space.

The following definition introduces the lower and the upper approximations in a topologized approximation
space K = (X, R, Ty ).

Definition 2.2 [4]. Let K = (X,R, 7, ) be a topologized approximation space and A € X. The lower
approximation (resp. upper approximation ) of A is defined by
RA=A"where A"=U{GSX:G<SAandG € 1}
(resp. RA=A" where A" =N{F S X:AC FandF € t*}).

In the following proposition from [4] we introduce some properties of the lower and upper approximations
of a set A.

Proposition 2.3 [4]. Let K = (X, R, ;. ) be a topologized approximation space. If A and B are two subsets of X,
then

1) RA S A C RA.

2)RO=RP=0and RX =RX = X.

3)R(AU B)=RA URB.

4)R(ANB)=RANRB.

5)If A € B, then RA € RB.

6)If A € B, then RA € RB.

7Y)R(AU B)2 RAURB.
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8) R(A N B) S RA N RB.
9) R(A)°= [RA]".

10) R(A)€ = [RA]".

11) R RA=RA.
12) R RA = RA.

Definition 2.4. Let K = (X, R, 7, ) be a topologized approximation space and x € X. A subset N of X is said to
be rough closed neighborhood of x iff, there exists a subset G of X such that x € G € RG S N.

Theorem 2.5. Let K = (X, R, ;) be a topologized approximation space and G C X, then G = RG iff, G a rough
closed neighborhood of each of its points.

Proof. Let G = RG and x € G, then x € RG S G and G S G, therefor G a rough closed neighborhood of each of
1ts points.

Conversely. Let G be a rough closed neighborhood of each of its points. Let x € G. Then there exists Ny € G
such that x € RN, € G, therefore G = U,e; RNy = R[Uyeq Ny] = RG, because Vx €G3 Ny S G, so
Uyee Ny = G. Hence G = RG.

Definition 2.6. Let K = (X,R, 7)) be a topologized approximation space and Y € X. Then Q = (Y,R,0y)
where g, ={GNY|G €1} is a topologized approximation space ofY, called the relative topologized
approximation space for Y. The fact that a subset of X is being given this topologized approximation space is
signified by referring to it as a subspace of X.

Theorem 2.7. Let Q = (Y, R, 7, ) be a subspace of a topologized approximation space K = (X, R, Ty ), then:
1) IfH cYthenRyH = Hiff H =G NY where RyG = G.
iiy IfF CY thenRyF = F iff F = B NY where RyB = B.
iiiy if A C Y, then RyA =Y N RyA.
Proof. By definitions of subspace of a topologized approximation space and upper approximation, the proof is
obvious.

Theorem 2.8. Let Q = (Y, R, 7q ) be a subspace of a topologized approximation space K = (X, R, 7y ). Then for
A,B €Y we have:

i) IfRyA=Aand RyY =Y then RyA = A.

i) IfRyB = B and RyY =Y then RyB = B.
Proof. By Theorem 2.7 the proof is obvious.

Definition 2.9. Let K = (X,R;,7) and Q= (Y,R;,, 04 )be two topologized approximation spaces. Then a
mapping f: K —» is said to be rough continuous at a point x of X iff, for each subset V contains f(x) in Y,
there exists a subset U contains x in X such that f (ﬁl U) C R,V. The mapping f is said to a rough continuous iff
it is rough continuous at every point of X.
Theorem 2.10. Let K = (X,Ry,7x)and Q= (Y,R;,09) be two topologized approximation spaces and
f: K—»Q be a mapping, then the following statements are equivalent:

1) f is rough continuous.

ii) For each subset F of Y, R f "1(R,F) = f~1(R,F).

iii) For each subset E of X, f(R,E) € R,f(E).

iv) For each subset B of Y, R,f"*(B) < f~!(R,B).
Proof. (i)=) (ii). Let F be a set in Y. We are going to prove that Elf_l(EZF) = f~1(R,F). For this purpose, let
p be a point in f~1(R,F). Then f(p) is a point in R,F. Since f is rough continuous at the point p, there exits a
subset U of X such that p € U and f(ﬁl U) CR, [EZF], then by (12) of Proposition 2.3 we have f(ﬁlU) C R,F.
This implies that R;U S f~*(R,F). By Theorem 2.5, it follows that for each subset F of Y, R;f 1(R,F) =

f (R F).
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(ii)c=>  (iii). (1) of Proposition 2.3 implies f(E) € R,f(E). ThenE € f~! (EJ(E)), thus again by (5) of
Proposition 2.3 we have R\E € R,f ' (Ezf(E)). Then from (i), we have R,f ! (ﬁzf(E)) =f-1 (Ezf(E)),
therefore R,E € f1 (ﬁzf(E)). Hence f(R,E) S R,f (E).

(iif) = (iv). Let B be a subset of ¥. Then by (iii), we have f (R, f—l(B)) S Rof(f1(B)) € R,B, therefore

f (Rif '(B)) € R,B. Hence Ry f~*(B) < f(R;B).
(iv)=) (i). Let p be a point of X and let V be a subset of Y such that f(p) € V. Our hypothesis (iv) and (12) of
Proposition 2.3 lead to R, f ~*(R,V) < f~1(R,R,V) = f1(R,V). So

RifYRV) S fFYRYV). ... (1)
On the other hand (1) of Proposition 2.3 implies

FHRV) SRifFTURYV). ... (2
From (1) and (2) we obtain
Rif"Y(R,V) = fY(R,V). Then p € Rif"*(R,V) and f (ﬁlf‘l(ﬁzV)) C R,V , therefore f is a rough
continuous at p. Hence f is a rough continuous.
Definition 2.11. Let K = (X, R, 74 ) and Q = (Y, R,,0¢ ) be two topologized approximation spaces. Then a
mapping f: K —»Q is said to be a rough closed mapping iff, f (EF ) =R,f (ﬁlF ) for each subset F of X.
Definition 2.12. Let K = (X, R, 74 ) and Q = (Y, R,,0¢ ) be two topologized approximation spaces. Then a
mapping f: K —»Q is said to be a rough open mapping iff, f(BIG) = Bzf(& G) for each subset G of X.
Definition 2.13. Let K = (X,R;, 74 ) and O = (Y, R,, 0 ) be two topologized approximation spaces. Then a
mapping f : K —Q is said to be a rough homeomorphism iff:

1) f is bijective.
i) f is rough continuous.
iii) f~1 is rough continuous.

In this case, we say X and Y are rough homeomorphic.

Theorem 2.14. Let K = (X,R;,7,) and Q = (Y,R;,05) be two topologized approximation spaces and
f: K —Q be an onto mapping, then f is rough closed iff f is rough open.

Proof. Assume that f is rough closed and F is a subset of X, with f(X - &F) = Ezf(X - &F), by (9) and (10)
of Proposition 2.3, we have

f(RiF) =Y =Rof (X = RiF) =Y =R, (f(0) — f(R,F)) =Y =R, (¥ - f(R,F)) = (R, (f(BIF))C)C =
R ((f(RiF))) = Rof (RsF)

Conversely. Similarly to the first part.

Theorem 2.15. Let K = (X,R;,7,) and Q = (Y,R;,05) be two topologized approximation spaces and
f:K—» Q be a bijective mapping, then f is rough homeomorphism iff f is rough continuous and rough
closed.

Proof. Assume that f is a bijective and f is a rough homeomorphism, then by Definition 2.12, we have f is
rough continuous. To prove f is a rough closed, let g be the inverse mapping of f, therefore g = f~! and f=

g™, since f is bijective, then g is bijective. Let F be a subset of X, then by Definition 2.12, g is a rough

continuous, therefore g~*(R,F) = R,g~*(R,F), since f= g™, then f(R,F) = R,f(R,F), Hence f is a rough
closed.

Conversely. Assume that f is a bijective, rough continuous and rough closed. To prove f is a rough
homeomorphism, we must show that £~ is a rough continuous. Let g be the inverse mapping of f, therefore
g=/f"land f=g™!. Let F be a subset of X, since f is a rough closed then f(ﬁlF) = ﬁzf(ﬁlF), thus
g‘l(ﬁlF ) =R, g_l(ﬁlF ), therefore g is a rough continuous. So f ™! is a rough continuous. Hence f is a rough
homeomorphism.

Theorem 2.16. Let K = (X,R;,7,) and Q = (Y,R;,05) be two topologized approximation spaces and
f: K— Q be a bijective mapping, then f is rough homeomorphism iff f is rough continuous and rough open.
Proof. From Theorem 2.14 and Theorem 2.15 the proof is obvious.

Definition 2.17. A rough property of a topologized approximation space K = (X, R, 1) is said to be a rough
hereditary iff, every subspace of the topologized approximation space K has that rough property.
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Definition 2.18. A rough property of a topologized approximation space K = (X,R,t;) is said to be a
topologized approximation rough property iff, each rough homeomorphic space of K has that rough property
whenever K has that rough property.

3. Rough Regular Spaces

We define rough regular space and introduce several theorems about rough regularity in topological spaces
which are results from the general relations on the approximation spaces.
Definition 3.1. Let K = (X, R, T} ) be a topologized approximation space. Then K is said to be a rough regular
space if, for every subset F of X and x & RF, there exist two subsets 4 and B of X such that x € RA, RF € RB
and RANRB=0.
Definition 3.2 [4]. Let K = (X, R, 7} ) be a topologized approximation space. Then K is said to be a rough k,
space (briefly k; — space), if for every two distinct points x,y € X, there exist two subsets 4 and B of X such
that x € RA,y € RAandy € RB, x € RB.
Definition 3.3 [4]. Let K = (X, R, 7, ) be a topologized approximation space. Then K is said to be a rough k,
space (briefly k, —space), if for every two distinct points x,y X , there exist two subsets 4 and B of X such that
x€RA,yeERBand RANRB=0.
Theorem 3.4 [4]. Let K = (X, R, ;) be a topologized approximation space. Then K is a k; — space if and only
if {x} = ﬁ{x} for every x € X.
Definition 3.5. Let K = (X, R, 1} ) be a topologized approximation space. Then K is said to be a rough kzspace
(briefly k;-space) if, it is both rough regular space and k;-space.
Theorem 3.6. Every k;-space is k,-space.
Proof. Let K = (X, R, T} ) be a k3—space (i.e. K is a rough regular k,-space). Let x,y € X such that x # y, then
by Theorem 3.4, we have {x} = R{x}. Since y & {x} = R{x} and K is rough regular space, then there exist two
subsets 4 and B of X such that R{x} € RA,y € RB and RA N RB = @, thus x € RA, y € RB and RA N RB = Q.
Hence K is k,-space.
Theorem 3.7. Rough regularity is rough hereditary property.
Proof. Let K = (X, R, T, ) be a rough regular space and let Y be a subset of X. To proof Q = (Y, R, gy ) is rough
regular space. Let H be a subset of Yand y & RyH,Vy €Y. But by Theorem 2.7, we have RyH = RyHNY,
y & RyH, so we get that y & RyH. Now, K rough regular then there exist two subsets 4 and B of X such that
y € RyA, RyH € RyB and RyA N RyB= @. Therefore y € RyANY and RyH NY S RyB NY, thus RyH S
RyB NY. Also by Theorem 2.7, we have (RyA NY) and (RxB NY) are subsets of Y such that BY(BXA n Y) =
(RxA nY) and Ry(RyBN Y) = (RyBNY). Then by (4) of Proposition 2.3, we have Ry(RyANY)n
Ry(RxBNY) = Ry[(RxANY)N (RxBNY)] = Ry[(RxAN RyB)NY]=Ry[®NY]=Ry®= Q. Therefore
Q is rough regular space. Hence rough regularity is rough hereditary property.
Theorem 3.8. Rough regularity is a topologized approximation rough property.
Proof. Let K = (X, Ry, T, ) be a rough regular space and let O = (Y, R,,04) be a rough homeomorphic image
of K = (X,R;,7;) under a map f. Let F be a subset of ¥ and y be a point of ¥ which is not in R,F. Since f is
bijective function. There exits x € X such that f(x) = y. Now f being rough continuous, f ~*(R,F) is a subset
of X such that f "1(R,F) = R,(f "*(R,F)). Since y & R,F thenx = f~1(y) & f~1(R,F) = Ry (f "1 (R,F)), thus
x & R,(f *(R,F) and since K is rough regular, then there exist two subsets M ,N of X such that x € R;M,
R.fY(R,F) CSR,N and RyMNRN=0. Therefore f(x)€ f(R\M), R,Fcf(f (R, F)) =
f (ﬁl(f‘l(ﬁzF))) C f(RyN), thus R,F S f(R,N). Since f is rough homeomorphism, then f is rough open,
therefore f(ﬂlM) = Bzf(ﬂlM) and f(&N) = Ezf(ﬂlN). Moreover by Proposition 2.3 Bzf(ﬂlM) n
R,f(RiN)= R,f(RyM NR;N) = R,f (@) = R,® = @. Therefore Q is rough regular space. Hence rough
regularity is a topologized approximation rough property.
Theorem 3.9. Let K = (X,R, 1) be a topologized approximation space. Then the following statements are
equivalent:

1) K is rough regular space.

ii) For every subset F of X and x € RF, there exist two subsets 4 and B of X such that x € RA,

RF € RB and RRAN RB = 0.
iii) For every subset F of X and x & RF, there is a subset A of X such that x € RA and RRA N RF=
@.

10
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iv) For every subset G of X and x € RG, there is a subset Bof Xsuch that x € RB S EBB C RG.
V) For every subset F of X, we have:
RF =n{RRB : B subset of X and RF S RB}.

Proof. (i) ==X(ii). Let x € X and F be a subset of X such that x ¢ RF, since K is rough regular, there exist two
subsets A and B of Xsuch that x € RA, RF € RB and RA N RB = @. Then by Proposition 2.3, we have RA €
RBC¢, 50 RRA € R RB® = RB€. Hence RRA N RB = 0.
(ii) = (iii). Let x € X and F be a subset of X such that x & RF. By (ii), there exist two subsets A and B of X
such that x € RA, RF € RB and RRA N RB = @. Since RF € RB. Then RRA N RF = @.
(iii) ——=> (iv). Let x € X and G be a subset of X such that x € RG. Then by (9) of Proposition 2.3, we have
x & RG®. By(iii), there is a subset B of X such that x € RB and RRB N RG°= @. Therefore x € RB € RRB S
RG.
(iv)==> (v). Let y € X and F be a subset of X such that y ¢ RF. Then by (10) of proposition 2.3, we have
y € RF€. By (iv), there is a subset B of X such that y € RB € RRB € RF¢. Then RF € RRB® € RB® and
y & RB. Let RW = RRBC, then RF € RW since RW € RB® then by (5) of Proposition 2.3, we have RRW €
RRB€=RB°¢, thus RRW S RBC, therefore y ¢ RRW . This implies that that
yEN {EBW : W subset of X and RF C RW}. Then
N {RRW : W subset of X and RF < RW} C RF. But
RF €N {RRW : W subset of X and RF S RW}. Hence
RF=n {ﬁBW : W subset of X and RF € BW}.
(v) = (). Let x € X and F be a subset of X such that x ¢ RF. By (v), there is a subset B of X such that
RF S RB and x ¢ RRB. Put RA = RRB®. Then x € RA. Moreover, RB N RA = @. Hence K is rough regular
space.

4. Rough Normal Spaces

We define rough normal spaces and introduce several theorems about rough normality in topological
spaces which are results from the general relations on the approximation spaces.
Definition 4.1. Let K = (X, R, 7 ) be a topologized approximation space. Then K is said to be a rough normal
space if, for every two subsets G and H of X such that RG N RH = @, there exist two subsets A and B of Xsuch
that RG € RA, RH € RB and RA N RB = @.
Definition 4.2. Let K = (X, R, 7, ) be a topologized approximation space. Then K is said to be a rough k, space
(briefly k4-space) if, it is both rough normal and k,-space
Theorem 4.3. Every k,-space is k3-space.
Proof. Let K = (X, R, 7} ) be a ky—space (i.e. K is a rough normal k;-space). Let F be a subset of X and x € X
such that x & RF, then by Theorem 3.4, we have {x} = R{x}, therefore R{x} N RF= @. Since K is rough normal
space, then there exist two subsets A and Bof Xsuch that R{x} € RA ,RF € RB and RA N RB = @. Thus x €
RA, RF € RB and RA N RB = @. Therefore K is rough regular space, since K is k;-space. So K is ks—space.
Theorem 4.4. If K = (X,R, 1) is a rough normal space and Y is a subset of X such that ¥ = EXY. Then
Q = (Y, R, oq )is rough normal.
Proof. Assume that A and B are subsets of Y such that RyA N RyB = @. Since Y = RyY, then by Theorem 2.8,
we have RyA = RyA and RyB = RyB. Therefore RyA N RyB = @. Since K rough normal space, then there
exist two subsets G and H of X such that RyA € RyG, RyB S RyH and RyG N RyH = @. Therefore RyA S
RxG NY and RyB S RyH NY. Also by Theorem 2.7, we have RyG NY and RyH N'Y are subsets of ¥ such that
Ry(RxGNY) = (RxGNY) and Ry(RxH NY) = (RyH NY). So by (4) and (2) of Proposition 2.3, we have
[Ry(RxHNY) N Ry(RxG NY)] = Ry[(RxHNY) N (RxGNY)] = Ry[ (RxH N RxG)NY]=Ry[@NY]=
Ry® = @. Hence Q is rough normal space.
Theorem 4.5. Rough normality is a topologized approximation rough property.
Proof. Let K = (X,R;, 7 ) be a rough normal and let Q = (Y, RZ,TQ) be a rough homeomorphic image of
K = (X,R;, 1) under a map f. Let G,H be two subsets of Y such that R,G N R,H =@. Since f is rough
continuous, then f ~1(R,G) =Ry (f"1(R,G)) and f~*(R,H) = Ry (f “1(R,H)). Then by (v) of Theorem 2.10 and
(12) Proposition 2.3, we have Ryf1(R,G) S f~*(R,R,G) = f~1(R,G) and R f"*(R,H) S f(R,R,H) =
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f1(RyH), therefore Ry f ™" (R,G) N Rif T (R;H) € 71 (R,G) N fTH(R,H) = f 71 (R,G N RyH) = (D)=,
hence R, f"'(R,G) N Ry f~Y(R,H) = @. Since K is rough normal, then there exist two subsets M , N of X such
that R.f'(R,G) S R\ M, R.fY(R,H) S RN and R:Mn RN = 0. Therefore
fF 1 R6)) = fF(Rif T (R26)) € f(RM) and f(f"*(R,H)) = f(Rif *(R,H)) E f(R\N), thus R,G <
f (&M) andR,H S f (&N) Since f is rough homeomorphism, then f rough open, therefore f (&M) =
Bzf(&M) and f(BlN) = Bzf(ﬂﬂv)- Moreoverby (2) and (4) of Proposition 2.3, we have Bzf(ﬂlM) n
Bzf(&N) = Bzf(&M n &N) = R,f(®) = R,® =@. Therefore Q is rough normal space. Hence rough
normality is a topologized approximation rough property.

Theorem 4.6. Let K = (X,R, 1)) be a topologized approximation space. Then the following statements are
equivalent :

i) K is rough normal space.

ii) For every two subsets G and H of X such that RG N RH = @, there are two subsets 4 and B of X
such that RG € RA, RH S RB and RRA N RB = @.

iii) For every two subsets G and H of X such that RG N RH = @, there is a subset A of X such that
RG € RAand RRANRH = @.

iv) For every two subsets G and H of X such that RG € RH, there is a subset B of X such that

RG S RB € RRB € RH.
Proof : (i)c—) (ii). Assume that G and H are subsets of X such that RG N RH = @, since K is rough normal,
there exist two subsets A and B of X such that RG € RA, RH € RB and RA N RB = @. Then by (9), (5), (12) of
Proposition 2.3, we have RA € RB¢ and RRA € R RB°= RB°. Hence RRA N RB = Q.
(i) =) (iii). Assume that G and H are subsets of X such that RG N RH = @. By (ii), there exist two subsets A and
Bof Xsuch that RG € RA, RH € RB and RRAN RB = @. Since RH € RB,then RRANRH = Q.
(ili) == (iv). Assume that G and H are subsets of X such that RG € RH, Then RG NRH = @. By (iii), there
is a subset 4 of X such that RH® € RA and RRA N RG = @. Then by (10) of Proposition 2.3, we have RG €
RRA® € RA° € RH. Let RB = RRA€ thus, RG € RB € RR B € RA° C RH.
(iv) =) (i). Let G and H be subsets of X such that RG N RH = @ and satisfies (iv). Then RG € RH¢. Now by
hypothesis (iv) there exist a subset M of X such that RG € RM and RRM € RH€, then RH S RRM°€, also RM N
RM¢=@. But by (1) of Proposition 2.3 RRM¢ € RM€. Thus RM N RRM®= @ . Hence K rough normal space.
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