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Abstract

In this paper we introduce a new distribution that is dependent on the Exponential and Pareto distribution and
present some properties such that the moment generated function, mean, mode, median , variance , the r-th
moment about the mean, the r-th moment about the origin, reliability , hazard functions , coefficients of variation
,0f sekeness and of kurtosis. Finally, we estimate the parameter .
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Introduction

In the last years many researches based on the beta distribution and described as a new distribution like the
distributions: Beta-Pareto which is introduced by Akinsete, Famoye and Lee (2008), Barreto-Souza, , Santos,
and Cordeiro (2009) constructed Beta generalized exponential, Beta-half-Cauchy is presented by Cordeiro, and
Lemonte (2011), Gastellares, Montenegero, and Gauss derived Beta Log-normal , while Morais ,Cordeiro ,and
Audrey (2011) introduced Beta Generalized Logistic , Beta Burr 111 model for life time data is introduced by
Gomes, da-Silva, Cordeiro, and Ortega, the Beta Burr 1Il Model for Lifetime Data , Beta —hyperbolic
Secant(BHS) by Mattheas ,David(2007), Beta Frechet by Nadarajah, and Gupta(2004) by [8], Beta normal
distribution and its application Eugene, N., Lee, C. and Famoye, F. (2002) and Beta exponential by Nadarajah,
S. and Kotz, S., 2004. Exponential Pearson coming from the question that is, why the above distribution used
only Beta distribution? we propose another kind of this distribution as the form

F(x) = f:f(x)dx ,where b = oo such that o = T

, where F #(x) is any distribution like Normal , Exponential , or Gamma ....... atc. While the previous
definition of such distribution is as G(x) = fOF(x)f(x)dx , Where f( x) is the p.d.f. of Beta distribution , and
F(x) is the c.d.f. of any distribution.

1.The Probability Density Function of the EPD

The c.d.f. of the EPD is given by the form as

1

Fop() = [I77® £3(x) dx

[
where F#is the pareto distribution, F(X) = 1 — (3) ,and 3 is the exponential distribution,

X
F(X)=e™ .

so that

1

—1-(®)®
F,p(X;p,4,,0) = fol A=) ge-2% gy , where p is a constant of the pareto distribution

®’ r?
FX;p,4,0)=[7 e ™dx=1- e‘l(z)

0

So the c.d.f. of the exponential pareto distribution (E.P.D) is given by
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0
“Ep(Xp,4,0)=1- ) ()

Also the p.d.f. of this distribution is given by :

x\ 0

. 0-1 _ (%
replinit) 2607 GY oy @

fe_p(X;p,l,g) = dx p \p

Which is similar to Weibull distribution that is given as

f(x,0,B) = spxble=* I\ (x) (3) Thatis
equal where 8 = 8,p = 1,s = 1 .The plot of the p.d.f. and c.d.f. for the EPD is given in Figurel,2,..., 6.

2. Limit of the Probability Density and Distribution Functions

The limit of this distribution is given by the form as
limy o fop(X;p,4,0) =0 4
Because

X

limﬂ(z)"‘le—A(;) _ ﬁhm(z)"‘le—a(;) =E(2)9‘1 o6 — o

x-0 P \p P x-0 \pP P \p ﬁi_/
0
Also
. .20 (x\f1 /1(5)9
lim f(x;p,2,0) = lim 2 (2)" ™) =0x00=0 ®)
X—00 x—>00 P \p

Also since the c.d.f. of this distribution is:

N
Fe.p(X; p,A0)=1-— e_l(ﬁ)
So

lim,_, F, ,(X;p,4,6) =0 (6)

x\ 0
Because lirr(} [1 - e_’l(ﬁ) ] =1-1=0
x—

x\ 0 00
Where lime_A(E) = 3_1(5) =1
x—-0
Also

lim, o, Fo p,(X;p,4,0) = 1 )
Since

0\ 0 00\ 0
lim F, ,(X;p,4,60) = lim [1 - e"l(ﬁ) ] =1- e"l(?) =1-0=1
X—00 X—00

Proposition 1:

The rth moment about the mean of this EPD is as follows :

2 E(X — @) =Yoo CT (9%)} w7 (t+1),r =123,.. ®)
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And the r-moment about the origin is
T
ro_ r B _
EX (v’) r(+1) withr =123, (9)

Proof :-

The r-th moment about the mean is given by

=) = [ (o) fop (i, 2, 0)dx

So
® A0 /x\0-1 _1(2)9
px-w = [ - () e ax
0 P \p
Let
—A(E)G:d —’1—9(5)9_1(1 (0) = 0 and u(e) =
u= » u = v \p xX,U = anda u =

0|u
Alsox =p ( Z)
So we put the above formulas in the integration to have
0 r
s =55 [p (5) =] e

= 0 [—ue—u] “Udu

= [0 (?ue) (~W e du
p ] _i oo l _
= o CT (ﬁ) (~0) [ us e du
=370 (&) I+
Thus the r-th moment about the meat is
SEX =) =Y €] (ef) wrIr(L+1),r =123,..

Where u = EX , then if u = 0, thus the r-th moment about the origin is

EXT = (%)rr(§+ 1) r=123,..

Proposition 2:

The coefficients of variance, of skeweness and of kurtosis are given,respectively, as

r(Gea)-[r(Ee)

cv.=
VST
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3
5= {F(;+1) 3r(3 +1)r(§+1)+2£1/"2(%+1)] } a1
2

G
{—3(r($+1)) +6[1"(%+1)] r( +1)- 4r( +1)r( +1)+r( +1)}

CK.= -3 (12)

fr(G)-Irze)[)

Proof
For r = 2 in equation (8) ,we have

EX—-w?=0?=Var(X) = E(X?) — (EX)?
=) TG+ ) -l G+l = @) rG+)-[rG+ )]

o g _ A GG i)
TuE™ efr( +1) - rG+)

Now for r = 3,

E(X —u)® = E[(x* — 2xp + p*) (x — p)]
= (@) {rG+1)-arG+1)rG+)+2[rG+ )]

W E(X —p)? = (7)3{r(§+ 1) —3r(§+1)r(§+ 1) +2[r(§+ 1)]3}
r kgt {rGr)-3r(+1)r(+1)+2[r(3+1)]}

- frze)-rG)}

Andif r=4

CS.=

EX —@)* = E[Z)= ¢ x/ (=w)* ] = Tj=o ¢ (=1)* 7 E ()

= (-W)* + 40 =T (G+1)+6(-w? (6%)2 r¢+1)-au (9%)3 ri+1)+ (9%)4 r(+1)

:<9%1"(%+1)>4—4<\/_1"( +1))3;r( ) ror )] () T2+ 1) —akr (e
1)) rG+1)+(&) rG+)

g
et =[] (G o) ol G e D PG ar G e )G e ()

E(xX-u)*
0.4

CK.= -3

Where o is the standard deviation
_ G Gl o) wrryr)ortee)]
i (GG T _ -
The plot of the CS. ,CS. And CK. are given as follows in figure 7,8 and 9 respectively.
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Proposition 3

The mode and median of the EPD is given as :-

1

mode =p (6/1;91)5 (13)
ES

median = p (mTz)e (14)

Proof

The mode of the EPD is given as :
Mode = arg max (f(x))

So that

01 _ x\6
lnfe.p(X; p,/l,@) :ln{%(;) e A(p) }

=m(Z)+©@-m() —A(%)e

Sep(w20) _ 51y G) e (5)9—1

dx G »\
1

Afep(X;p.A0) _ _ @_A_H x 6-1 _
Do P22 =0 (8 1)(%) ,,(p) =0
6-1 _ 20x97t _ pb-1) _ 4
x pe 0 -

0 1
6-1\o
"x_p(w)

The median of this EPD is given by
05=J," fop(x;p,4,0) dx

6
m

m 0 m
05=1-¢%) 505=¢G) sm2= ,1(;)

[N

Reliability and Hazard Functions

The reliability function and hazard function is given as:

N
R(x) = e_/l(;) (15)
o -2 (3)" @
Proof :-
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The reliability function of the EPD is given by the form as :

"0 "0
Rx)=1-F(x)=1- [1 — ) ] =)

The hazard function is given by

0
28201 -A(%
h(x) = L2 = o) ¢ v = E(5)9_1
TR _,1(5)9 T p\p
e

The plot of the hazard function is given in Figures 12,13 and 14.

3. Estimate of the parameter
Using the MLE, we estimate the parameter of this distribution .

Since

foGopae) =22 (x)e_l -A(3)
x; /4 =—\— e
er P p \p

The likelihood function is given by :

6-1 n 0
ron (H?:1 xi> EEyd
- e p

L(x;p,4,0) = —; =

Then the natural logarithm of likelihood is

n ]
InL(x;p,1,0) =nlnA+nlnd —nlnp + (6 —DIn[[t,x; —n(@ —1)Inp — /12’;—19""

. NG .
DLCRAD) Ly In Ty~ nlnp —AZE () 1n (%)

a6 0 D
alnL(xpA8) _n ¥, xf

a2 T2 pf
alnL(xpAd) _ n n@O-1) , 03, xf

ap T p ) po+1

d1InL(x;p,A,0 dInL(x;p,A,0 dInL(x;p,A,0
For xpA0) _ (xpA0) _ xpA0) _ 0

a6 a1 ap

n n n (X o Xi
5+ln]'[l-=1xl-—nlnp — A% (;) ln(;) ..................... 1

To find the parameter theta using numerical method for solve above equation .

n_ Z?:lxie =0
A p‘9

Estimate the parameter lambda when

6

e n n
I=Pg=—"0 2
)
n n@O-1) , 03 xf 2030, %0 203 «f
—;—T+W—O=>—n—n9+n+—9—0=>n9 _p—9
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Estimate of parameter p when theta and lambda is know:

0 [7yn 20
p=EEL 3

4. Conclusion
We can construct new distribution based on other the beta distribution like Exponentional Pareto with
discussion some of its properties.
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Figure 1: plot the p.d.f. of the EPD with the parameters x0 = 1,2,3;m =2;th=0 =1
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Figure 2: plot of the p.d.f. of the exponential pareto distribution with the parameter x0 = 1;m = 1,th =60 =
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Figure 3: plot the p.d.f. of the EPD with the parameter x0 = 1,m = 1,2,3;th = 06 = 1.

Figure 1,2,3 show us that the shape of the p.d.f. of EPD based on fixed two parameters with change the other

parameter, which is similar to Weibull distribution.

Also the c.d.f. of the E.P.D is given by :

142



Mathematical Theory and Modeling

ISSN 2224-5804 (Paper)

Vol.3, No.5, 2013

ISSN 2225-0522 (Online)

www.iiste.org

[TTHT |

HSTE

Figure 4:plot of c.d.f of the EPD with the parameter x0 = p =1,23and m=A=1,th=60 =1
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Figure 5: plot of c.d.f. of the E.P.D with the parameter x0 =p=1m=A=1andth=0 =1
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Figure 6: plot of c.d.f of the E.P.D with the parameter x0 =p=1,m=1=1,th=0 = 1,2,3.
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Figure 7: plot of CV. Of the EPD .
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Figure 3.9: plot of CS of the E.P.D with the parameter just theta becose the CS donete dependent on another
distribution in figure 1,....,4 the CS is dicresing but with different biginiging in figure -1- bigining with
3.4581 x 10725 in subfigure 2 bigining with infinity ,in subfigure 3 bigine 8.8743 x 1079 and figure -4-
bigining with6.2048 x 10"4.
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Figure 3.12: plot of R(x) with the change parameter x0 = p.
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Figure 3.13: plot of R(x) with change parameter m = 4.
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Figure 3.14: plot of R(x) with change parameter th = 6

The Reliability funciton is dicreising with increasing of X that is take the same curve in the change of parameter
lembda and p but in the other parameter that is different of the chape .

3

le=1
28¢ le=2 ||

26} le=3 |4

24 1
221 1

2

1.8 E
16 E
141 B
121 E

1

0 1 2 3 1 5
Figure 12: plot of hazard fucntion with fixed point & = p = 1 and change the parameter le = 1 = 1,2,3
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Figure 13 : plot of hazard function of the EPD with fixed lambda and p that is equal to one and changing the
parameter theta.
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Figure 14: plot of hazard function with change parameterpand 8 = 1 = 1.

As we show that the shape of the hazard function is not similar to the plot of the p.d.f with some of represent by

ﬁ as weighted function, that it is taken the straight line in the Figures 12 and 14 with the parameter 6 = 1

but when the parameter 8 > 1the shape of the h(x) is increasing in each figure but when the parameter 0 < 6 <
1 the shape of the hazard function is decreeing with increasing of x .
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