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Abstract:- The purpose of this article is to prove coupled fixed point theorem for non linear contractive
mappings in partially ordered complete quasi - metric spaces using the concept of monotone mapping with a
Q — function q and (a — W) — contractive condition. The presented theorems are generalization and extension
of the recent coupled fixed point theorems due to Bhaskar and Lakshmikantham \cite(BL). We also give an
example in support of our theorem.
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Introduction and Preliminaries

The Banach contractive mapping principle [8] is an important result of analysis and it has been
applied widely in a number of branches of mathematics. It has been noted that the Banach contraction principle
[8] was defined on complete metric space. Recently, Bhaskar and Lakshmikantham [9] presented some new
results for contractions in partially ordered metric spaces. Bhaskar and Lakshmikantham [9] noted that their
theorem can be used to investigate a large class of problems and discussed the existence and uniqueness of
solution for a periodic boundary value problem.

Beside this, Al-Homidan et al [1] introduced the concept of a Q-function defined on a quasi-metric
space which generalizes the notions of a T —function and a w —distance and establishes the existence of the
solution of equilibrium problem (see also [2,3,4,5,6]).

Our aim of this article is to prove a coupled fixed point theorem in quasi-metric space by using the concept of
Q- function. We also extend and generalized the result of Bhaskar and Lakshmikantham [9].

Recall that if (X, <) is a partially ordered set and F: X = X such that for eachx,y € X,x <y
implies F(x) < F(y), then a mapping F is said to be non decreasing. Similarly, a non increasing mapping is
defined. Bhaskar and Lakshmikantham [9] introduced the following notions of a mixed monotone mapping and a
coupled fixed point.

Definition 1 :- Let (X, <) is a partially ordered set and F: XX X — X.The mapping F is said to have the
mixed monotone property if F is nondecreasing monotone in first argument and is a nonincreasing monotone in
its second argument, that is, for any x,y € X
X1, X2 € X, X3 < X3 = F(x1,y) < F(x3,y)
VY2 € X, y1 < y2 = F(xy1) = F(x,y,)
Definition 2:- An element (x,y) € X X Xis called a coupled fixed point of a mapping F: X X X — Xif
Fx,y) = x, F(y,x) = y.
Definition 3 :- Let X be a nonempty set. A real valued function d: X X X — R* is said to be quasi metric space
on X if
[((M)]d(x,y) = Oforallx,y € X,
[(My)]d(x,y) = Oifandonlyifx =y,
[(M)]d(x,y) < d(x,2) + d(z y)forallx,y,z € X.
The pair (X,d) is called a quasi- metric space.
Definition 4:- Let (X,d) be a quasi metric space. A mapping q : X X X — R is called a Q- function on X if the
following conditions are satisfied:

[(Q]forallx,y,z € X,

[(Q)]ifx € Xand (V,),»1 is @ sequence in X such that it converges to point y (with respect to

quasi metric) and q(x,y,) < Mforsome M = M(x),then q(x,y) < M;

[(Q3)]for any € > O there exists § > 0 such that q(z,x) <& and q(z,y) < & implies that

dix,y) < €.

Remark 5:- If (X, d) is a metric space, and in addition to (Q;) — (Q5), the following condition are also satisfied:
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[(Q4)] for any sequence (Xp)psq in X with limy, L ,sup { q(Xp, Xm):m > n} = 0 and if there
exista sequence (V,)ns 1 in X such that lim, ., q(X,, yn) =0, then lim,, o, d(X,,y,) = 0.
Then a Q- function is called T — function, introduced by Lin and Du [16]also in the same paper [16] they show
that every w — function, introduced and studied by Kada et al. [15], is a t — function. In fact, if we consider
(X, d) as a metric space and replace (Q,) by the following condition:
[(Q5)] for any x € X, the function p(x,.) — R™* is lower semi continuous,
then a Q- function is called a w — function on X. Several examples of w — functions are given in [15]. It is easy
to see that if (q(x,.)) is lower semi continuous, then (Q,) holds. Hence, it is obvious that every w — function is
T — function and every T — function is Q- function, but the converse assertions do not hold.
Example 6:- Let X = R. Define d: X X X - Rt by

0ifx=y
dxy) = {lyl otherwise
andq: Xx X -» Rt by
qxy)=I1yl, Vvxy€e X
Then one can easily see that d is a quasi- metric space and q is a Q- function on X, but q is neither at —
function nor a w — function.
Example 7:- Define d: X X X - R* by
y—xifx=y
dxy) = {Z(X —vy) otherwise
andq: XX X - Rtby
axy)=1x—yl Vxy€ X
Then one can easily see that d is a quasi- metric space and q is a Q- function on X, but q is neither a
T — function nor a @ — function, because (X, d) is not a metric space.
The following lemma lists some properties of a Q- function on X which are similar to that of a w —
function (see [15]).
Lemma 8 :-Letq: X X X — Rt bea Q - function on X. Let { X, }ne ny and { yp}ne v be sequences in X, and
let { ap}ne n and { Bplne n be such that they converges to 0 and X,y,z € X. Then, the following hold:

i if q(xy,y) < oy and q(x,,2) < By, for alln € N, then y = z. In particular, if q(x,y) = 0 and
q(x,z) = Othen y = z;

il. if Xy, ¥n) < o, and q(x,,2z) < B, forallx € N, then { y,}nen converges to z;

iii.  ifq(xp, Xn) < a, foralln,m € N with m > n, then { X}, n is @ Cauchy sequence ;

iv. ifq(y,x,) < ayforalln € N, then { x,},en is @ Cauchy sequence ;

V. ifq4,92,93 -..-qn are Q- functions on X, then q(x,y) = max{q;(x¥),q2(X,¥),-.... ,dn (X%, Y) }
is also a Q- function on X.

Main Result

In this section we introduced a new concept of coupled fixed point for (¢ — W) — contractive map in quasi
ordered metric spaces also we establish some coupled fixed point results by considering maps on quasi metric
spaces endowed with partial order.
Throughout this article we denote W the family of non decreasing functions W : [0, +00) — [0, 4+00) such that
lP"(t) < oo forallt > 0, where W™ is the n™ iterate of W satisfying,
L “t(foh = {0},
IL. ‘P () < tforallt > O,
iil. lim.,+W¥(®) < tforallt > 0.
Lemma 9:- If ¥ : [0,00] — [0, 0] is non decreasing and right continuous, the ¥"(t) = 0 asn — oo for all
t = Oifandonly if W(t) < ¢t forallt > 0.
Definition 10:- Let F:X X X - X and a: X? X X2 - [0,+) be two mappings. Then F is said to be
(a) — admissible if

(xy),@v) =1-a (( F(x,y),F(y,x)), (F(u,v),F(V,u))) >1

forall x,y,u,v € X.

Definition 11:- Let (X, <,d) be a partially ordered complete quasi- metric space with a Q- function q on X and
F:X X X — Xbe a mapping. Then a map F is said to be a (¢ — W) — contractive if there exists two functions
Y € Panda: X2 X X2 - [0, +) such that

a(xy), WW)a(Fxy),Fu,v) <y (w)

forallx > uandy < v.
Now we give the main result of this paper, which is as follows.
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Theorem 12:- Let (X, <,d) be a partially ordered complete quasi — metric space with a Q — function q on X.
Suppose that F : X X X — Xsuch that F has the mixed monotone property. Assume that y € W and a : X? X
X > [0, +00) such that for all x,y,u,v € X following holds,

a ( &, v), (u, V))q(F(x, y), F(u, V)) < Vv (M) 2.1
forallx < uandy = v. Suppose also that
[(@)]F is (o) — admissible
[(b)] there exist xy,y, € X such that

a ((XOrYO): (F(XOJYO)' F(YO'XO))) = 1 and « ((Yo: Xo), (F(Yo: Xo), F(XO:YO))) =1
[(©)] F is continuous.
If there exists Xy, Yy, € X such that

Xo < F(X0,¥0), Yo = F(y0,%o)
then there exist X,y € X such that

x = F(x,y), y = F(y,x) 2.2
that is F has a coupled fixed point.
Proof:- Let  Xoy0 € X be such that « ((Xo,yo), (F(Xo,yo), F(yo,xo))) =1 and
a((YO: Xo), (F(Yo: Xo)'F(Xo:Yo))) > land xo < F(Xq,y0) = x_.1and y, = F(yo,Xo) = yi.Let x,,y, €
X such that F(x4,y,) = x, and F(y;,X;) = y,. Continuing this process, we can construct two sequences { x,,}

and { y,} in X as follows,

Xn+1 = F(Xn'Yn) and yp41 = F(Yntxn)
for all n > 0. We will show that

Xn < Xn+1 and Yn = Yn+1 23

for alln = 0. We will use the mathematical induction. Let n = 0. Since x5 < F(Xq,yy), and y, =
F(yo,Xo) and asx; = F(Xq,¥0), and y; = F(yy,%0). We have xy < x; andy, = y;. Thus (2.3) holds for
n = 0. Now suppose that (2.3) holds for some n > 0. Then since x, < x,4q and y, = y,;¢ and by the
mixed monotone property of F, we have

Xny2 = F(Xn+1'Yn+1)

\%

F(Xn'Yn+1) 2 F(Xn.yn) = Xp+1
and

Ynt2 = F(Yn+1ﬁxn+1) < F(Yn'Xn+1) < F(Yntxn) = ¥n+1
From above we conclude that

Xn+1 = Xn+2 and Yn+1 = Yn+2
Thus by the mathematical induction, we conclude that (2.3) holds for n = 0. If for some n we have

Fn+1Vnr1) = (X ¥n), then F(x,,v,) = x, and F(y,, X,) = ¥, that is, F has a coupled fixed point. Now,
we assumed that (Xp41,Vn+1) # (Xp, yn) foralln = 0. Since F is (o) — admissible, we have

a((xo'}’o)' (X1'Y1)) = a((XO'YO)'(F(XO'YO)'F(YO'XO))) =1

which implies o ((F(Xo' ¥o), F(yo, Xo))' (F(Xp y1), F(y1, Xl))) = a((Xp y1), (X2, Yz)) =1
Thus, by the mathematical induction, we have

O(((Xn, Yn)' (Xn+1' Yn+1)) =1 2.4
and similarly,

a((Yn'Xn)r (Yn+1an+1)) =1 25
foralln € N.Using (2.1) and (2.4) , we obtain
q(xn'xn+1) = q(F(Xn—lﬁ}In—l)'F(Xn'Yn))
< a ((Xn—lﬁ Yn—l)ﬁ (Xn' Yn))q(F(Xn—lt Yn—l)' F(Xn' Yn))

<y (Q(Xn—lixn)‘;q(}’n—ern)) 26

Similarly we have
q(Yn' Yn+1) = q(F(Yn—lr Xn—l)' F(an Xn))
(yn-1.%n)+ 9(xn—1,Xn)
o ((YH—llxn—l)' (Yn: Xn))q(F(Yn—li Xn—l): F(Yn: Xn)) < v (q Yn-1% ;q Zn-12 ) 27
Adding (2.6)and (2.7), we get

9GnXn+1)+ 9@nyn+1) <y (q(Xn—1,xn)+ q(yn—1.yn))
Repeating the above process, we get ’ :

9EnXn+1)+ AWnYn+1) < yn (q(xO.xl)+ q(yo,y1)>
foralln € N.Fore > 0 there exists n(os)2 € N such that ’
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n (9&ox1)+ q(yo,y1)> €
ann(e)lp ( 2 < 2

Letm,n € Nbesuchthatm > n > n(e). Then, by using the triangle inequality, we have
4G&nXm)+ 9(yn,ym) m-1 (A&kXk+1)+ aAV0Yk+1)
Lonm? Sndmd < 37)

2
< z:]r(nz—%l pk (Q(XOVX1)+ a(yoy1)

2
<3, e yn (Q(XOVX1)+ Q(YOVY1)) <

€
2 2

This implies that q(X,, X)) + q(Vn, Ym) < €. Since
d(Xn, Xm) < qXn,Xm) + 40, ym)) < €
and
d(yn Ym) < 9&nXm) + 4, ym) < €
and hence { x,, } and { y, } are Cauchy sequences in X. Since (X, d) is complete quasi metric spaces and hence
{xn}and { y, } are convergent in X. Then there exists X,y € X such that
lim, , X, = X lim,_, yn, = V.
Since F is continuous and x,4; = F(X,,y,) andy,,, = F(y,, X,), taking limitn — oo we get
X = lim, | X, = lim, oF(X,,yn) = FxY)
and
y = lim, oy, = limy L o F(yy, x4) = F(y,x)
that is, F(x,y) = xand F(y,x) = y and hence F has a coupled fixed point.
In the next theorem, we omit the continuity hypothesis of F.
Theorem 13:- Let (X, <,d) be a partially ordered complete quasi- metric space with a Q — function q on X.
Suppose that F: X X X — X such that F has the mixed monotone property. Assume that ¥ € W and a:
X? X X? - [0, +) such that for all x,y,u,v € X following holds,

a((xy), (L V))aFxY),Fuv) < w (4222900 28
for all x <u and y > v. Suppose also that
[(@)]F is (a) — admissible
[(b)] there exist Xy, Yy, € X such that

o ((XO'YO)' (F(XO'YO)' F(YO'XO))) = 1 and « ((Yo'xo)' (F(YO'XO)' F(XO'YO))) =1
[(©]if{x, }and { y, } are sequences in X such that

(X((Xn, Yn)r (Xn+1' Yn+1)) 2 1 and a((Yn'Xn): (Yn+1: Xn+1)) =1
foralln and lim, , X, = X € Xandlim,_, oy, = y € X, then
(X((Xn, y}’l)' (X! Y)) =1 and a((Yn: Xn): (Y, X)) = 1

If there exists Xy, Yy, € X such that

Xo < F(Xo,¥0), Yo = F(yo,%o)
then there exist X,y € X such that

x = F(xy), y = F(y,x) 2.9
that is F has a coupled fixed point.
Proof:- Proceeding along the same line as the above Theorem12, we know that {x,}and {y, } are Cauchy
sequences in complete quasi metric space X. Then there exists X,y € X such that

lim, , X, = X and lim, , .y, = V. 2.10
On the other hand, from (2.4) and hypothesis (c) we obtain

(G, yn), () 2 1 2.11
and similarly

a((Yann): (y' X)) 2 1 212

for alln € N. Using the triangle inequality, \ref(eq7) and the property of W(t) < t for allt > 0, we get
q(F(X, Y)' X) < q(F(X' Y)! F(Xn! YH)) + q(Xn+1! X)

< O(((Xn' ¥n) (X, Y))q(F(Xn' ¥n) F(x, Y)) + q(Xp+1,%)

(xn.x)+ q(yn.y)
< (WRTID) 1 (k%)

axn.x) + q(yny)
2

A\

+ q(Xn+1'X)-
Similarly, we obtain
qF(¥,x),y) < q(F@, %), Fynxn)) + d¥ne1,y)

< a((Yn'Xn)'(Yﬁx))q(F(Yn'Xn)'F(y'X)) + q(Yn+1,%)

(xnX)+ q(yny)
< (WRTID) 4 (e, %)
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9Ony)+ a&xnx)
<= =+ qn+1 Y-

2
Taking the limit n — oo in the above two inequalities, we get

q(F(x,y),x) = 0 and q(F(y,x),y) = 0.
Hence, F(x,y) = xand F(y,x) = y. Thus, F has a coupled fixed point.
In the following theorem, we will prove the uniqueness of the coupled fixed point. If (X, <) is a partially ordered
set, then the product X X X with the following partial order relation:
G (e x<uy =v,
forall (x,y),(u,v) € X X X.
Theorem 14:- In addition to the hypothesis of Theorem 12 suppose that for every (x,y), (s,t) € X X X, there
exists (u,v) € XX Xsuch that
a((x,y),u,v)) = 1 and a((s,t),u,v)) = 1
and also assume that (u, v) is comparable to (x,y) and (s, t). Then F has a unique coupled fixed point.
Proof:- From Theorem 12, the set of coupled fixed point is non empty. Suppose (%,y) and (s, t) are coupled
fixed point of the mappings F: X X X — X, that isx = F(x,y),y = F(y,x),s = F(s,t) andt = F(t,s). By
assumption, there exists (u,v) € X X X such that (u,v) is comparable to (x,y) and (s,t). putu = upandv =
vy and choose uy,v; € X such that u; = F(ug,vy) andvy; = F(vg,ug). Thus, we can define two sequences
{u, }and {v, }as
Unty = F(uy,vy) and vyyq = F(vp, up).

Since (u,Vv) is comparable to (x,y), it is easy to show that x < u; and = v; . Thus,x < u,andy = v, forall
n > 1. Since for every (x,y),(s,t) € X X X, there exists (u,v) € X X X such that

a((x,y),u,v)) = 1 and a((s,t),u,v)) = 1. 2.13
Since F is (a) — admissible, so from (2.13), we have

a(xy)wv) =21 = a((Fxy),Fy,x), (F(u,v),F(v,u))) = 1.
Sinceu = ugandv = v, we get

(X((X, Y)' Up, VO) =21 - (X((F(X, Y)! F(y1 X)), (F(uOJ VO)! F(VOJ uO)) = 1
Thus

a(xy), @) =1 - a((xy) (uy,vy)) = 1.
Therefore by mathematical induction, we obtain

a((y), (U, Vi) = 1 2.14

for alln € N and similarly a((y, x), (Vp, un)) > 1. From (2.13) and (2.14), we get

qxu_(n+1)) = q(F(x,y), F(uy, vy))
< a((xy), (un, vi))a(F(x, ¥), F(upn, vi))

<y (q(x,un)+ Q(YrVn))' 215
2
Similarly, we get
q@,v_-(n+1) = q(F(,v), F(vn,up))
< (X((Y, x), (Vp, un))q(F(y' x), F(vy, Xn))

<y (W) 2.16

Adding (2.15) and (2.16), we get
q(xun+1)+ q(y,vn+1) <y (q(x,un)+ q(yrvn))
2 2
Thus

IA

q(x,un+1)-; a(y,vn+1) yn (q(X,u1)‘; Q(YVV1)) 217
foreachn > 1. Lettingn — oo in 2.17 and using Lemma 8, we get

liInn - o0 [q(X: un+1) + q(y, Vn+1)] =0
This implies

limy, , o q(X, Upy1) = 0 lim, S q(y,vpes) = O. 2.18
Similarly we can show that
lim, |, »q(s,upy1) = 0 lim, o q(t, vpee) = 0. 2.19

From 2.18 and 2.19, we conclude that x = sandy = t. Hence, F has a unique coupled fixed point.
Example 15:- Let X = [0,1], with the usual partial ordered <. Defined d: X x X — R* by
_ y—xifx=y
dkxy) = {Z(X —y) otherwise
andq: X X X = R+ by
qxy) =1 x —yl, Vxy € X. 2.20
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Then d is a quasi metric and q is a Q — function on X. Thus, (X, d, <) is a partially ordered complete quasi metric
space with Q- function q on X.
Consider a mapping a : X2 X X2 — [0,+o) be such that
_(lifx=>2yu=v
. (G y), (v)) = { 0 othlerwise
Let W (t) = > fort > 0.Defined F:X X X - XbyF(x,y) = JXy forallx,y € X.

Since | xy — uv|<| x —ul +| y — v| holds forall X,y,u,v € X. Therefore, we have
_ ¥ _w
A(FGy), Fuv) =15 5
<s(Ix-ul+ly-vl)

== (a&xw + a,v))
It follows that

1
a((xy)Wv))aFEy) Fuv) < ; @xuw + q,v)
Thus \ref(eql) holds for W(t) = % for allt > 0 and we also see that all the hypothesis of Theorem 12are

fulfilled. Then there exists a coupled fixed point of F. In this case (0,0) is coupled fixed point of F.
Example 16:- Let X = [0,1], with the usual partial ordered <. Defined d: X x X — R* by

_ y—xifx=y
doy) = {Z(X —y) otherwise
and q: X X X —» Rt by
qxy) =Ix —yl, Vxy € X 2.21
Then d is a quasi metric and q is a Q — function on X. Thus, (X, q, <) is a partially ordered complete quasi metric
space with Q- function q on X.
Consider a mapping a: X2 X X2 — [0,+) be such that

1ifx=>yu=v
a(xy), (V) ={ 0 othe};wise

Let (t) = 2t fort > 0.Defined F:X X X - XbyF(x,y) = sinx + sinyforallx,y € X.
Since | sinx — siny | <| x — y | holds for all x,y € X. Therefore, we have
q(F(x,y),F(u,v)) =| sinx +siny — sinu — sinv |
<|sinx — sinu| +| siny — sinv |
Slx—ul 4+l y—-vl

<y ((q(x,u)+2 q(y.V)))'

Then there exists a coupled fixed point of F. In this case (0,0) is coupled fixed point of F.

Corollary 17:- Let (X, <,d) be a partially ordered complete quasi- metric space with a Q — function q on X.
Suppose that F: X X X — Xsuch that F is continuous and has the mixed monotone property. Assume that
¥ € WY and such that for all x,y,u,v € X following holds,

qFx,y),F(u,v)) < ¥ (M) 22

forallx < uandy = v.
If there exists x_0,y_0 € X such that
Xo < F(Xo,¥0), Yo = F(yo,%o)

then there exist X,y € X such that

x = F(x,y), y = F(y,x) 2.23
that is F has a coupled fixed point.
Proof:- It is easily to see that if we take a ((x,y),(u,v)) = 1 in Theorem 12 then we get Corollary 17.
Corollary 18:- Let (X, <,d) be a partially ordered complete quasi- metric space with a Q- function q on X.
Suppose that F: X X X — Xsuch that F is continuous and has the mixed monotone property. Assume that
Y € W and such that for all x,y,u,v € X following holds,

k
aFxy), F(u,v) = Jlaxw + q@,v)] 224
for k € [0,1) and for all x < uandy = v.
If there exists x_0,y_0 € X such that

Xg < F(X0,¥0), Yo = F(yo,%0)
then there exist x,y € X such that
x = Fxy), y = F(y,%) 2.25
that is F has a coupled fixed point.
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Proof:- It is easily to see that if we take W(t) = kt in Corollary 17 then we get Corollary 18.

Corollary 19:- Let (X, <,d) be a partially ordered complete quasi metric space with a Q-function q on X.
Assume that the function ¥ : [0, +00) — [0,+o0) issuch that W (t) < t foreacht > 0. Further suppose that
F: X X X — Xis such that F has the mixed monotone property and

qF(xy),F(u,v)) < q:(w) -

forallx,y,u,v € X for whichx < uand y < v. Suppose that F satisfies following,
[(a)]F is continuous or
[(b)] X has the following property:

[(1)] if a non decreasing sequence { x n} = xthenx n < x forall n,
[(i1)] if a non increasing sequence {y_n} — ytheny_n > y forall n.
If there exists x,,y, € X such that
Xo < F(X0,¥0), Yo = F(yo,%o) 230
then there exist X,y € X such that
x = F(xy), vy = F(y,x) 2.31

that is F has a coupled fixed point.

Proof:- It is easily to see that if we take ( x,v), (u, V)) = 1 and from the property in Theorem 12 then we
get Corollary 19.

Corollary20 :- Let (X,<,d) be a partially ordered complete quasi metric space with a Q-function q on X.
Assume that the function ¥ : [0, +00) — [0, +o0) is such that ¥ (t) < t for eacht > 0. Further suppose that
F:X X X — Xis such that F has the mixed monotone property and

a(Fxy), Fuv) < Slaxu) + q@v)] 232
forall k € [0,1),x,y,u,v € X for whichx < uand y < v. Suppose that F satisfies following,
[(@)]F is continuous or
[(b)] X has the following property:
[(1)] if a non decreasing sequence { x,, } = Xthenx, < x foralln,
[(ii)] if a non increasing sequence {y, } = ytheny, = y foralln.
If there exists x5,y 0 € X such that
Xo < F(X0,¥0), Yo = F(yo,%o)
then there exist x,y € X such that
x = Fix,y), y = F(y,x) 2.33
that is F has a coupled fixed point.
Proof:- It is easily to see that if we take W (t) = kt in Theorem 12 then we get Corollary 20.
Now our next result show that (a) — admissible function is work like as a control function, but converges may
not be true in general. We also give an example in support of this fact.
Theorem 21:- Let (X, <,d) be a partially ordered complete quasi- metric space with a Q- function q on X.
Suppose that F: X X X — X such that F has the mixed monotone property. Assume that o:X? X X% —
[0, +00) such that for all X,y,u,v € X following holds,

a((xy),(Wv))qFEy),F(uv)) <
fork € [0,1) and forallx < uandy = v. Suppose also that
[(@)]F is (a) — admissible
[(b)] there exist X, ,y, € X such that

a ((XO: Yo) (F(Xof ¥o), F(yo, Xo)))

Slakuw) + q@v)] 234

vV
=

and

vV
=

a ((Yo: Xo), (F(YOr X0), F(Xo, YO)))

[(c)] F is continuous.
If there exists x,,y, € X such that
Xo < F(Xo,¥0), Yo = F(yo,%o)

then there exist x,y € X such that

x = F(xy), y = F(y,x) 2.35
that is F has a coupled fixed point.
Proof:- If we take W (t) = ktin Theorem 12 then the remaining prove of the above Theorem 21 is similar to
the prove of Theorem 12.
Example 22:- Let X = [0, ), with the usual partial ordered <. Defined d: X X X —» R* by

3 y—xifx=y
dxy) = {z(x —y) otherwise
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and q: X X X - Rt by
qxy)=1x—yl, Vxy € X.
Then d is a quasi metric and q is a Q- function on X. Thus, (X, d, <) is a partially ordered complete quasi metric
space with Q- function q on X.
Consider a mapping a: X2 X X? — [0,+) be such that

1 ifx =2 yu=v
a((x,y), (u,v)) :{ 0 othe};wise

Defined F: X x X — Xby
X7y
Fuy) = {2 125V
0 otherwise
Then there is no any k € [0,1) for which satisfying all conditions of Theorem \ref(thm4).
If we take a: X? X X? - [0,+o0) as follows,
_(2 ifx=>2yu=v
(G y), (wv) _{ 0 otherwise
Then there isk = % € [0,1) such that all conditions of Theorem 21 are satisfies and (0,0) is a coupled fixed

point of F.
Acknowledgements:- The authors would like to express their sincere thanks to the editor and the anonymous
referees for their valuable comments and useful suggestions in improving the article.
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