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Abstract:- The purpose of this article  is to prove coupled fixed point theorem for non linear contractive 

mappings in partially ordered complete quasi - metric spaces using the concept of  monotone mapping with a Q − function q and (α −  Ψ) − contractive condition. The presented theorems are generalization and extension 

of the recent coupled fixed point theorems due to Bhaskar and Lakshmikantham \cite(BL). We also give an 

example in support of our theorem. 
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Introduction and Preliminaries 

 The Banach contractive mapping principle [8] is an important result of analysis and it has been 

applied widely in a number of branches of mathematics. It has been noted that the Banach contraction principle 

[8] was defined on complete metric space. Recently, Bhaskar and Lakshmikantham [9] presented some new 

results for contractions in partially ordered metric spaces. Bhaskar and Lakshmikantham [9] noted that their 

theorem can be used to investigate a large class of problems and discussed the existence and uniqueness of 

solution for a periodic boundary value problem.   

  Beside this, Al-Homidan et al [1] introduced the concept of a Q-function defined on a quasi-metric 

space which generalizes the notions of a τ −function and a ω −distance and establishes the existence of the 

solution of equilibrium problem  (see also [2,3,4,5,6]). 

Our aim of this article is to prove a coupled fixed point theorem in  quasi-metric space by using the concept of 

Q- function. We also extend  and generalized the result of Bhaskar and Lakshmikantham [9].  

 Recall that if (X, ≤) is a partially ordered set and F ∶  X →  X  such that for each x, y ∈  X, x ≤  y 

implies F(x)  ≤  F(y), then a mapping F is said to be non decreasing. Similarly, a non increasing mapping is 

defined. Bhaskar and Lakshmikantham [9] introduced the following notions of a mixed monotone mapping and a 

coupled fixed point. 

Definition 1 :- Let (X, ≤) is a partially ordered set and F ∶  X ×  X →  X. The mapping F is said to have the  

mixed monotone  property if F  is nondecreasing monotone in first argument and is a nonincreasing monotone in 

its second argument, that is, for any x, y ∈  X 

    x1, x2 ∈  X, x1 ≤  x2 →  F(x1, y)  ≤  F(x2, y)  
   y1, y2 ∈  X, y1 ≤  y2 →  F(x, y1) ≥  F(x, y2)  
Definition 2:- An element (x, y) ∈  X ×  X is called a coupled fixed point of a mapping F: X ×  X →  X if  
    F(x, y)  =  x, F(y, x)  =  y.  
Definition 3 :- Let X be a nonempty set. A real valued function d: X × X  →  R6 is said to be quasi metric space 

on X if 

 7(M1)8 d(x, y) ≥  0 for all x, y ∈  X, 
 7(M2)8d(x, y)  =  0 if and only if x =  y, 
 7(M<)8d(x, y) ≤  d(x, z) +  d(z, y)for all x, y, z ∈  X. 

The pair (X,d) is called a quasi- metric space. 

Definition 4:- Let (X,d) be a quasi metric space. A mapping q ∶  X ×  X →  R6 is called a Q- function on X if the 

following conditions are satisfied: 

  7(�@)8 for all x, y, z ∈ X,   7(�A)8Bf x ∈  X and (yC)C D 1 is a sequence in X such that it converges to point y (with respect to 

quasi metric) and q(x, yC)  ≤  M for some M =  M(x), then q(x, y)  ≤  M; 
   7(�F)8for any  ϵ >  0 there exists δ >  0 such that q(z, x)  ≤ δ  and q(z, y)  ≤ δ implies that  

 d(x, y)  ≤  ϵ . 

Remark 5:- If (X, d) is a metric space, and in addition to (Q1) − (Q<), the following condition are also satisfied: 
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 7(�J)8  for any sequence (xC)C D 1  in X with limC →Ksup { q(xC, xM): m >  N }   =  0 and if there 

exist a  sequence  (yC)C D 1 in X such that limC →K q(xC, yC) = 0, then limC →K d(xC, yC)  =  0. 
Then a Q- function is called τ − function, introduced by Lin and Du [16]also in the same paper [16] they show 

that every ω − function, introduced and studied by Kada et al. [15], is  a τ − function. In fact, if we consider (X, d) as a metric space and replace (Q2) by the following condition:  7(�Q)8 for any x ∈  X, the function p(x, . )  →  R6  is lower semi continuous, 

 then  a Q- function is called a ω − function on X. Several examples of ω − functions are given in [15]. It is easy 

to see that if (q(x, . ))   is lower semi continuous, then (Q2) holds. Hence, it is obvious that every ω − function is τ − function and every τ − function is Q- function, but the converse assertions do not hold. 

Example 6:- Let X = R. Define d: X ×  X →  R6 by 

 

    d(x, y)  = R 0  if  x = y|y|  otherwiseT  
and q ∶  X ×  X →  R6 by 

    q(x, y) = ∣  y ∣ ,   ∀ x, y ∈  X.  
Then one can easily see that d is  a quasi- metric space and q is a Q- function on X, but q is neither a τ − 

function nor a ω − function. 

Example 7:- Define d: X ×  X →  R6 by 

    d(x, y)  = R y − x  if  x = y
2(x − y)  otherwiseT 

and q ∶  X ×  X →  R6 by 

    q(x, y) = ∣  x −  y ∣, ∀ x, y ∈  X.  
 Then one can easily see that d is a quasi- metric space and q is a Q- function on X, but q is neither a τ − function nor a ω − function, because (X, d) is not a metric space. 

 The following lemma lists some properties of a Q- function on X which are similar to that of a ω − 

function (see [15]). 

Lemma 8 :- Let q ∶  X ×   X →  R6 be a Q - function on X. Let { xC}C∈ X and { yC}C∈ X be sequences in X, and 

let { αC}C∈ X and { βC}C∈ X be such that they converges to 0 and x, y, z ∈  X. Then, the following hold: 

i.  if q(xC, y)  ≤ αC  and q(xC, z)  ≤ βC  for all n ∈  N , then y =  z.  In particular, if q(x, y)  =  0  and q(x, z)  =  0 then  y =  z; 
ii.  if q(xC, yC)  ≤ αC and q(xC, z)  ≤ βC  for all x ∈  N, then { yC}C∈ X  converges to z; 
iii. if q(xC, xM)  ≤ αC for all n, m ∈  N with m > n, then { xC}C∈ X  is a Cauchy sequence ; 

iv. if q(y, xC)  ≤ αC for all n ∈  N, then { xC}C∈ X  is a Cauchy sequence ; 

v.  if q1 , q2, q< . . . . qC  are Q- functions on X, then q(x, y)  =  max { q1(x, y), q2(x, y), . . . . . , qC(x, y) }   
is also a Q- function on X. 

Main Result 

In this section we introduced a new concept of coupled fixed point for (α −  Ψ) − contractive map in quasi 

ordered metric spaces also we establish some coupled fixed point results by considering maps on quasi metric 

spaces endowed with partial order. 

Throughout this article we denote Ψ the family of non decreasing functions Ψ ∶ 70, +∞)  →  70, +∞) such that ΣC]1K  ΨC(t)  <  ∞ for all t >  0, where ΨC  is the n_` iterate of Ψ satisfying, 

i. Ψa1  ( { 0})  =  { 0 }, 
ii.  Ψ (t)  <  b for all t >  0, 
iii.  limc → _d  Ψ (t)  <  b for all t >  0. 

Lemma 9:- If Ψ ∶  70, ∞8  →  70, ∞8 is non decreasing and right continuous, the ΨC(t)  →  0 as n →  ∞ for all t ≥  0 if and only if Ψ(t)  <  b efg hii b >  0. 
Definition 10:- Let F: X ×   X →  X   and α ∶  X2  ×   X2  →  70, +∞) be two mappings. Then F is said to be (α) − admissible if 

  αj(x, y), (u, v)l   ≥  1 → α nj F(x, y), F(y, x)l, jF(u, v), F(v, u)lo  ≥  1,   
for all x, y, u, v ∈  X. 
Definition 11:- Let (X, ≤, d) be a partially ordered complete quasi- metric space with a Q- function q on X and F: X ×   X →  X be a mapping. Then a map F is said to be a (α −  Ψ) − contractive if there exists two functions  ψ ∈   Ψ and α ∶  X2  ×   X2  →  70, +∞) such that  

  α j (x, y), (u, v)lqjF(x, y), F(u, v)l  ≤ ψ nq(r,s)6 q(t,u)
2  o  

for all x ≥  u and y ≤  v.  
Now we give the main result of this paper, which is as follows. 
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Theorem 12:- Let (X, ≤, d) be a partially ordered complete quasi − metric space with a Q − function q on X.  

Suppose that F ∶  X ×   X →  X such that F has the mixed monotone property. Assume that ψ ∈   Ψ and α ∶ X2 × X2  →  70, +∞) such that for all x, y, u, v ∈  X following holds, 

 α j (x, y), (u, v)lqjF(x, y), F(u, v)l   ≤   Ψ n q(r,s)6  q(t,u)
2 o     2.1 

for all x ≤  u and y ≥  v. Suppose also that   7(v)8F is (α) − admissible   7(w)8 there exist xx, yx  ∈  X such that  

  α n(xx, yx), jF(xx, yx), F(yx, xx)lo  ≥  1  and  α n(yx, xx), jF(yx, xx), F(xx, yx)lo  ≥  1  
 7(y)8 F is continuous. 

If there exists xx, yx  ∈  X such that  

   xx  ≤  F(xx, yx), yx  ≥  F(yx, xx)  
then there exist x, y ∈  X such that 

 x =  F(x, y), y =  F(y, x)      2.2 
that is F has a coupled fixed point. 

Proof:- Let xx, yx  ∈  X  be such that α n(xx, yx), jF(xx, yx), F(yx, xx)lo  ≥  1   and  

α n(yx, xx), jF(yx, xx), F(xx, yx)lo  ≥  1 and xx  ≤  F(xx, yx)  =  x_1 and  yx  ≥  F(yx, xx)  =   y1. Let  x2, y2  ∈
 X such that F(x1, y1)  =  x2 and  F(y1, x1)  =   y2. Continuing this process, we can construct two sequences { xC} 

and { yC}  in X as follows, 

    xC61  =  F(xC, yC)  and  yC61  =  F(yC, xC)  
for all n ≥ 0. We will show that 

      xC  ≤  xC61  and  yC  ≥  yC61    2.3 
for all n ≥  0 . We will use the mathematical induction. Let n =  0 . Since xx  ≤  F(xx, yx),   and  yx  ≥ F(yx, xx)  and as x1  =  F(xx, yx),  and  y1   =  F(yx, xx). We have xx  ≤  x1  and yx  ≥  y1. Thus (2.3) holds for n =  0. Now suppose that (2.3) holds for some n ≥  0. Then since xC  ≤  xC61  and yC  ≥  yC61   and by the 

mixed monotone property of F, we have 
    xC62  =  F(xC61, yC61)  ≥  F(xC, yC61)  ≥  F(xC, yC)  =  xC61   
and  

    yC62  =  F(yC61, xC61)  ≤  F(yC, xC61)  ≤  F(yC, xC)  =  yC61   
From above we conclude that  

    xC61  ≤  xC62  and  yC61   ≥  yC62  
Thus by the mathematical induction, we conclude that (2.3) holds for n ≥  0.  If for some n  we have (xC61, yC61)   =   (xC, yC), then F(xC, yC)  =  xC and F(yC, xC)  =  yC that is, F has a coupled fixed point. Now, 

we assumed that  (xC61, yC61)  ≠    (xC, yC) for all n ≥  0. Since F is (α) − admissible, we have 

  αj(xx, yx), (x1, y1)l  =  α n(xx, yx), jF(xx, yx), F(yx, xx)lo  ≥  1     
which implies       α njF(xx, yx), F(yx, xx)l, jF(x1, y1), F(y1, x1)lo  =  αj(x1, y1), (x2, y2)l  ≥  1  
Thus, by the mathematical induction, we have 

   αj(xC, yC), (xC61, yC61)l  ≥  1       2.4 
and similarly, 

  αj(yC, xC), (yC61, xC61)l ≥  1       2.5 
for all n ∈  N. Using (2.1) and (2.4) , we obtain 

  q(xC, xC61)  =  qjF(xCa1, yCa1), F(xC, yC)l  
          ≤  α j(xCa1, yCa1), (xC, yC)lqjF(xCa1, yCa1), F(xC, yC)l  
         ≤  Ψ nq(r|}~,r|)6 q(t|}~,t|)

2 o     2.6 
Similarly we have 

   q(yC, yC61)  =  qjF(yCa1, xCa1), F(yC, xC)l  
 α j(yCa1, xCa1), (yC, xC)lqjF(yCa1, xCa1), F(yC, xC)l   ≤  Ψ nq(t|}~,r|)6 q(r|}~,r|)

2 o   2.7 
Adding (2.6)and (2.7), we get 

    
q(r|,r|d~)6 q(t|,t|d~)

2  ≤  Ψ nq(r|}~,r|)6 q(t|}~,t|)
2 o  

Repeating the above process, we get 

    
q(r|,r|d~)6 q(t|,t|d~)

2  ≤  ΨC nq(r�,r~)6 q(t�,t~)
2 o  

for all n ∈  N. For ϵ  >  0 bℎ�g� exists n(ϵ )  ∈  N such that 
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    ΣC D C(� )ΨC  nq(r�,r~)6 q(t�,t~)
2 o  < � 

2  
Let m, n ∈  N be such that m >  N >  N(� ). Then, by using the triangle inequality, we have 

     
q(r|,r�)6 q(t|,t�)

2  ≤ Σ� ] CMa1  nq(r�,r�d~)6 q(t�,t�d~)
2 o  

     ≤ Σ� ] CMa1  Ψ� nq(r�,r~)6 q(t�,t~)
2 o  

     ≤ ΣC D C(� ) ΨC nq(r�,r~)6 q(t�,t~)
2 o  < � 

2  
This implies that q(xC, xM) +  q(yC, yM)  <  � . Since  

   d(xC, xM)  ≤  q(xC, xM) +  q(yC, yM))  <  �   
and  

   d(yC, yM)  ≤  q(xC, xM) +  q(yC, yM)  <  �   
and hence { xC } and { yC } are Cauchy sequences in X. Since (X, d) is complete quasi metric spaces and hence { xC} and { yC } are convergent in X. Then there exists x, y ∈  X such that  

   limC → KxC  =  x   limC → KyC  =  y.  
Since F is continuous and xC61  =  F(xC, yC)  and yC61  =  F(yC, xC), taking limit n →  ∞ we get 

   x =  limC → KxC  =  limC → KF(xC, yC)   =  F(x, y)  
and  

   y =  limC → KyC  =  limC → K F(yC, xC)   =  F(y, x)  
that is, F(x, y)  =  x and F(y, x)  =  y and hence F has a coupled fixed point. 

In the next theorem, we omit the continuity hypothesis of F. 

Theorem 13:- Let (X, ≤, d) be a partially ordered complete quasi- metric space with a Q − function q on X.  

Suppose that F ∶  X ×   X →  X such that F has the mixed monotone property. Assume that Ψ ∈   Ψ and α ∶ X2  ×   X2 →  70, +∞) such that for all x, y, u, v ∈  X following holds, 

  α ( (x, y), (u, v) )q(F(x, y), F(u, v))   ≤   Ψ n q(r,s)6  q(t,u)
2 o   2.8 

for all x ≤ u and y ≥ v. Suppose also that  

 7(v)8F is (α) − admissible   7(w)8 there exist xx, yx  ∈  X such that  

  α n(xx, yx), jF(xx, yx), F(yx, xx)lo  ≥  1  and  α n(yx, xx), jF(yx, xx), F(xx, yx)lo  ≥  1  
 7(y)8 if { xC } and { yC } are sequences in X such that 

  αj(xC, yC), (xC61, yC61)l  ≥  1  and   αj(yC, xC), (yC61, xC61)l ≥  1  
for all n and limC → KxC  =  x ∈  X and limC → KyC  =  y ∈  X, then 

   αj(xC, yC), (x, y)l  ≥  1  and   αj(yC, xC), (y, x)l  ≥  1.  
If there exists xx, yx  ∈  X such that  

     xx  ≤  F(xx, yx), yx  ≥  F(yx, xx)  
then there exist x,y ∈ X such that 

    x =  F(x, y), y =  F(y, x)    2.9 
that is F has a coupled fixed point. 

Proof:- Proceeding along the same line as the above Theorem12, we know that  { xC} and { yC }  are Cauchy 

sequences in complete quasi metric space X. Then there exists x, y ∈  X such that  

   limC → KxC  =  x  and  limC → KyC  =  y.     2.10 
On the other hand, from (2.4) and hypothesis (c) we obtain 

   αj(xC, yC), (x, y)l  ≥  1      2.11 
and similarly  

   αj(yC, xC), (y, x)l  ≥  1     2.12 
for all n ∈  N. Using the triangle inequality, \ref(eq7) and the property of Ψ(t)  <  b efg all t >  0, we get 

  q(F(x, y), x)  ≤  qjF(x, y), F(xC, yC)l  +  q(xC61, x)  
           ≤  αj(xC, yC), (x, y)lqjF(xC, yC), F(x, y)l  +  q(xC61, x)  
           ≤  Ψ nq(r|,r)6 q(t|,t)

2 o  +  q(xC61, x)  
           < q(r|,r) 6 q(t|,t)

2   +  q(xC61, x).  
Similarly,  we obtain 

  q(F(y, x), y)  ≤  qjF(y, x), F(yC, xC)l  +  q(yC61, y)  
            ≤  αj(yC, xC), (y, x)lqjF(yC, xC), F(y, x)l  +  q(yC61, x)  
            ≤  Ψ nq(r|,r)6 q(t|,t)

2 o  +  q(xC61, x)  
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            < q(t|,t)6 q(r|,r)
2   +  q(yC61, y).  

Taking the limit n →  ∞ in the above two inequalities, we get 

   q(F(x, y), x)  =  0  and  q(F(y, x), y)  =  0.  
Hence, F(x, y)  =  x and F(y, x)  =  y. Thus, F has a coupled fixed point. 

In the following theorem, we will prove the uniqueness of the coupled fixed point. If (X, ≤) is a partially ordered 

set, then the product X ×   X with the following partial order relation: 

     (x, y) ≤  (u, v) ↔  x ≤  u, y ≥  v, for all (x, y), (u, v)  ∈  X ×   X.  
Theorem 14:- In addition to the hypothesis of Theorem 12 suppose that for every (x, y), (s, t)  ∈  X ×   X, there 

exists (u, v)  ∈  X ×   X such that 

    α((x, y), u, v))  ≥  1  and  α((s, t), u, v))  ≥  1   

and also assume that (u, v) is comparable to (x, y)  and (s, t). Then F has a unique coupled fixed point. 

Proof:- From Theorem 12, the set of coupled fixed point is non empty. Suppose (x, y) and (s, t) are coupled 

fixed point of the mappings F: X ×   X →  X, that is x =  F(x, y), y =  F(y, x), s =  F(s, t) and t =  F(t, s). By 

assumption, there exists (u, v) ∈  X ×   X such that (u, v) is comparable to (x, y) and (s, t). put u =  ux and v = vx and choose u1, v1  ∈  X such that u1  =  F(ux, vx) and v1  =  F(vx, ux). Thus, we can define two sequences { uC } and { vC } as  

    uC61  =  F(uC, vC)  and  vC61  =  F(vC, uC).  
Since (u, v) is comparable to (x, y), it is easy to show that x ≤  u1 and  ≥  v1 . Thus, x ≤  uC and y ≥  vC for all n ≥  1. Since for every (x, y), (s, t)  ∈  X ×   X, there exists (u, v)  ∈  X ×   X such that  

  α((x, y), u, v))   ≥  1  and  α((s, t), u, v))   ≥  1.    2.13  
Since F is (α) − admissible, so from (2.13),  we have 

  α((x, y), u, v))  ≥  1  →  α((F(x, y), F(y, x)), (F(u, v), F(v, u)))  ≥  1.  
Since u =  ux and v =  vx, we get 

  αj(x, y), ux, vxl   ≥  1  →  α((F(x, y), F(y, x)), jF(ux, vx), F(vx, ux)l  ≥  1.  
Thus  

  αj(x, y), (u, v)l  ≥  1 →  αj(x, y), (u1, v1)l  ≥  1.  
Therefore by mathematical induction, we obtain 

 αj(x, y), (uC, vC)l  ≥  1       2.14 
for all n ∈  N and similarly αj(y, x), (vC, uC)l  ≥  1. From (2.13) and (2.14), we get 

  q(x, u_(n + 1))  =  qjF(x, y), F(uC, vC)l  
                 ≤  αj(x, y), (uC, vC)lqjF(x, y), F(uC, vC)l  
                 ≤  Ψ nq(r,s|)6 q(t,u|)

2 o.     2.15 
Similarly, we get 

  q(y, v_(n + 1))  =  qjF(y, v), F(vC, uC)l  
                 ≤  αj(y, x), (vC, uC)lqjF(y, x), F(vC, xC)l  
                ≤  Ψ nq(t,u|)6 q(r,s|)

2 o.     2.16 
Adding (2.15) and (2.16), we get 

   
q(r,s|d~)6 q(t,u|d~)

2  ≤  Ψ nq(r,s|)6 q(t,u|)
2 o 

Thus  

   
q(r,s|d~)6 q(t,u|d~)

2  ≤  ΨC nq(r,s~)6 q(t,u~)
2 o    2.17 

for each n ≥  1. Letting n →  ∞ in 2.17 and using Lemma 8, we get 

   limC → K7q(x, uC61)  +  q(y, vC61)8  =  0      
This implies  

   limC → Kq(x, uC61) =  0  limC → Kq(y, vC61)  =  0.     2.18 
Similarly we can show that  

  limC → Kq(s, uC61)  =  0  limC → K q(t, vC61)  =  0.    2.19 
From 2.18  and  2.19,  we conclude that  x =  s and y =  t. Hence, F has a unique coupled fixed point. 

Example 15:- Let X =  70,18, with the usual partial ordered ≤. Defined d: X ×   X →  R6 by 

   d(x, y)  = R y − x  if  x = y
2(x − y)  otherwiseT 

and q: X ×   X →  R^ + by  

 q(x, y) = ∣  x −  y ∣, ∀ x, y ∈  X.       2.20  
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Then d is a quasi metric and q is a Q − function on X. Thus, (X, d, ≤) is a partially ordered complete quasi metric 

space with Q- function q on X. 

Consider a mapping  α ∶  X2  ×   X2  →  70, +∞) be such that 

     αj(x, y), (u, v)l = �1   if x ≥  y, u ≥  v 0   otherwise T   
 Let Ψ (t) = _

2, for t >  0. Defined F: X ×   X →  X by F(x, y) = 1
� xy for all x, y ∈  X. 

Since ∣  xy −  uv ∣ ≤ ∣  x −  u ∣  + ∣  y −  v ∣  holds for all x, y, u, v ∈  X. Therefore, we have 

   qjF(x, y), F(u, v)l = ∣ rt
�  – su

� ∣  
       ≤ 1

� j ∣  x –  u ∣  + ∣  y –  v ∣l     
       = 1

�  jq(x, u) +  q(y, v)l  
It follows that 

   α ( (x, y), (u, v) )q(F(x, y), F(u, v))   ≤   1
�  (q(x, u)  +   q(y, v)) 

Thus \ref(eq1) holds for  Ψ(t) = _
2 for all t >  0 and we also see that all the hypothesis of Theorem 12are 

fulfilled. Then there exists a coupled fixed point of F. In this case (0,0) is coupled fixed point of F. 

Example 16:- Let X =  70,18, with the usual partial ordered ≤. Defined d: X ×   X →  R6 by 

 

 

    d(x, y)  = R y − x  if  x = y
2(x − y)  otherwiseT 

and q: X ×   X →  R6 by  

  q(x, y) = ∣ x −  y ∣, ∀ x, y ∈  X      2.21  
Then d is a quasi metric and q is a Q − function on X. Thus, (X, q, ≤) is a partially ordered complete quasi metric 

space with Q- function q on X. 

Consider a mapping  α ∶  X2  ×   X2  →  70, +∞) be such that 

    αj(x, y), (u, v)l = �1   if x ≥  y, u ≥  v 0   otherwise T  
 Let  (t)  =  2 t, for t >  0. Defined F: X ×   X →  X by F(x, y)  =  sin x  +  sin y for all x, y ∈  X. 
Since ∣  sin x −  sin y ∣  ≤ ∣  x −  y ∣  holds for all x, y ∈  X. Therefore, we have 

   qjF(x, y), F(u, v)l = ∣  sin x + sin y −  sin u −  sin v ∣  
       ≤ ∣ sin x −  sin u ∣  + ∣  sin y −  sin v ∣   
      ≤ ∣  x −  u ∣  + ∣   y −  v ∣   
      ≤  Ψ njq(r,s)6  q(t,u)l

2 o.  
Then there exists a coupled fixed point of F. In this case (0,0) is coupled fixed point of F. 

Corollary 17:- Let (X, ≤, d) be a partially ordered complete quasi- metric space with a Q − function q on X.  

Suppose that F ∶  X ×   X →  X such that F is continuous and has the mixed monotone property. Assume that Ψ ∈   Ψ and such that for all x, y, u, v ∈  X following holds, 

   q(F(x, y), F(u, v))   ≤   Ψ n q(r,s)6  q(t,u)
2 o     2.22 

for all x ≤  u and y ≥  v.  
If there exists x_0, y_0 ∈  X such that  

     xx  ≤  F(xx, yx), yx  ≥  F(yx, xx)  
then there exist x, y ∈  X such that  

    x =  F(x, y), y =  F(y, x)     2.23 
that is F has a coupled fixed point. 

Proof:- It is easily to see that if we take  α ( (x, y), (u, v) )  =  1  in Theorem 12 then we get Corollary 17. 

Corollary 18:- Let (X, ≤, d) be a partially ordered complete quasi- metric space with a Q- function q on X.  

Suppose that F ∶  X ×   X →  X such that F is continuous and  has the mixed monotone property. Assume that Ψ ∈   Ψ and such that for all x, y, u, v ∈  X following holds, 

   q(F(x, y), F(u, v))   ≤   �
2 7q(x, u)  +   q(y, v)8   2.24 

for  k ∈  70,1) and for  all  x ≤  u and y ≥  v.  

If there exists x_0, y_0 ∈  X such that  

     xx  ≤  F(xx, yx), yx  ≥  F(yx, xx)  
then there exist x, y ∈  X such that 

   x =  F(x, y), y =  F(y, x)     2.25 
that is F has a coupled fixed point. 
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Proof:- It is easily to see that if we take Ψ(t)  =  kt  in Corollary 17 then we get Corollary 18. 

Corollary 19:- Let (X, ≤, d) be a partially ordered complete quasi metric space with a Q-function q on X. 

Assume that the function Ψ ∶  70, +∞)  →  70, +∞) is such that Ψ (t)  <  b  for each t >  0. Further suppose that F: X ×   X →  X is such that F has the mixed monotone property and  

  q(F(x, y), F(u, v))    ≤    Ψ nq(r,s)6 q(t,u)
2 o     2.29 

for all x, y, u, v ∈  X for which x ≤  u and  y ≤  v. Suppose that F satisfies following, 

 [(a)]F is continuous or 

 [(b)] X has the following property: 

  [(i)] if a non decreasing sequence { x_n }  →  x then x_n ≤  x for all n,  

  [(ii)] if a non increasing sequence { y_n }  →  y then y_n ≥  y for all n. 

If there exists xx, yx  ∈  X such that  

   xx  ≤  F(xx, yx), yx  ≥  F(yx, xx)     2.30 
then there exist x, y ∈  X such that 

   x =  F(x, y), y =  F(y, x)     2.31 
that is F has a coupled fixed point.   

Proof:- It is easily to see that if we take  α j (x, y), (u, v)l  =  1 and from the property in Theorem 12 then we 

get Corollary 19.  

Corollary20 :- Let (X, ≤, d) be a partially ordered complete quasi metric space with a Q-function q on X. 

Assume that the function Ψ ∶  70, +∞)  →  70, +∞) is such that Ψ (t)  <  b  for each t >  0. Further suppose that F: X ×   X →  X is such that F has the mixed monotone property and  

  qjF(x, y), F(u, v)l   ≤     �
2 7q(x, u)  +   q(y, v)8    2.32 

for all  k ∈  70,1), x, y, u, v ∈  X for which x ≤  u and  y ≤  v. Suppose that F satisfies following,  7(a)8F is continuous or  7(b)8 X has the following property: 

  7(i)8 if a non decreasing sequence { xC }  →  x then xC  ≤  x for all n,  

  7(ii)8 if a non increasing sequence { yC }  →  y then yC  ≥  y for all n. 

If there exists xx, y 0 ∈  X such that  

   xx  ≤  F(xx, yx), yx  ≥  F(yx, xx)      
then there exist x, y ∈  X such that 

   x =  F(x, y), y =  F(y, x)     2.33 
that is F has a coupled fixed point. 

Proof:- It is easily to see that if we take  Ψ (t)  =  kt  in Theorem 12  then we get Corollary 20.  

Now our next result show that (α) − admissible function is work like as a control function, but converges may 

not be true in general. We also give an example in support of this fact. 

Theorem 21:- Let (X, ≤, d) be a partially ordered complete quasi- metric space with a Q- function q on X.  

Suppose that F ∶  X ×   X →  X  such that F has the mixed monotone property. Assume that α: X2 × X2 → 70, +∞) such that for all x, y, u, v ∈  X following holds, 

   α ( (x, y), (u, v) )q(F(x, y), F(u, v))   ≤   �
2  7 q(x, u)  +   q(y, v)8  2.34 

for k ∈  70,1) and for all x ≤  u and y ≥  v. Suppose also that   7(a)8F is (α) − admissible   7(b)8 there exist xx , yx  ∈  X such that  

  α n(xx, yx), jF(xx, yx), F(yx, xx)lo  ≥  1   
 and    
  α n(yx, xx), jF(yx, xx), F(xx, yx)lo  ≥  1  

 7(c)8 F is continuous. 

If there exists xx, yx  ∈  X such that  

   xx  ≤  F(xx, yx), yx  ≥  F(yx, xx)  
then there exist x, y ∈  X such that 

 x =  F(x, y), y =  F(y, x)       2.35 
that is F has a coupled fixed point. 

Proof:- If we take Ψ (t)  =  kt in Theorem 12 then the remaining  prove of the above Theorem 21 is similar to 

the  prove of Theorem 12.  

Example 22:- Let X =  70, ∞), with the usual partial ordered ≤. Defined d: X × X →  R6 by 

   d(x, y)  = R y − x  if  x = y
2(x − y)  otherwiseT 
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and q: X ×   X →  R6 by  

   q(x, y) = ∣  x −  y ∣, ∀ x, y ∈  X.  
Then d is a quasi metric and q is a Q- function on X. Thus, (X, d, ≤) is a partially ordered complete quasi metric 

space with Q- function q on X. 

Consider a mapping  α ∶  X2  ×   X2  →  70, +∞) be such that 

    αj(x, y), (u, v)l = �1   if x ≥  y, u ≥  v 0   otherwise T  
Defined F: X ×   X →  X by 

   F(x, y)  =  �r a t
2   if  x ≤ y

0   otherwiseT  
Then there is no any k ∈  70,1) for which satisfying all conditions of Theorem \ref(thm4). 

If we take  α ∶  X2  ×   X2  →  70, +∞) as follows, 

    αj(x, y), (u, v)l = �2   if x ≥  y, u ≥  v 0   otherwise T  
Then there is k = 1

2  ∈  70,1) such that all conditions of Theorem 21 are satisfies and (0,0) is a coupled fixed 

point of F. 

Acknowledgements:- The authors would like to express their sincere thanks to the editor and the anonymous 
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