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Abstract

In this article, we introduced concept of ICS mapping for quadruple fixed point in partially ordered metric space.
The present results generalized the result of Karapinar E. [23] also we state some examples showing that our
results are effective.
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Introduction and Preliminaries

The Banach contraction principle, which is the most famous metrical fixed point theorem, play a very
important role in nonlinear analysis and its applications are well known. Many authors have extended this
theorem, including more general contractive conditions, which imply the existence of a fixed point. Existence of
fixed points in ordered metric spaces was investigated in 2004 by Ran and Reurings [17] and then by Nieto and
Lopez [16]. After this various results in have been obtained in this direction, see e.g. [1,15,18].

Bhaskar and Lakshmikantham [8] introduced the concept of a coupled fixed point of mapping
F: X x X — Xand investigated some coupled fixed point theorems in partially ordered metric spaces. Later,
various results in coupled fixed point have been obtained, see e.g. [2, 3, 4,5,6,10,11,12,13,14,15].

On the other hand, Berinde and Borcut [9] introduced the concept of triple fixed point and proof
some related fixed point theorem. After this various results on tripled fixed point have been obtaind .

Further studied by Nieto and Rodriguez - Lopez [16], Samet and Vetro [19] introduced the notion of
fixed point of N order in case of single-valued mappings. In particular for N = 4 (Quadruple case), i.e.,Let
(X, <) be partially ordered set and (X,d) be a complete metric space. We consider the following partial order on
the product space X* = XX XX XX X:

(wv,r,t) < Xy zZwiff x=u, y<v,z=r t< w,
where (u,v,1,1t), (%, y,2,w) € X*.

Regarding this partial order, Karapinar E. [23] introduced the concept of Quadruple fixed point and
prove some new fixed point theorems. In [23] Karapinar E. defined the following concept of quadruple fixed
point.

Definition1.1 :- let (X, <) be a partially ordered set, F:X* — X mapping. The mapping F is said to have the
mixed monotone property if for any x,y,z, w € X.

i. X1,X% € X, X1y € X, » F(Xy,y,Zzw) < F(X3,¥,ZwW),
Ii. V1,¥2€ X, y1 2 y2 » Fxy,zw) = Fxy,zw) ,
jii. 2,72, € X, 2, < 7z, - F(x,y,2;,w) < F(x,¥,2,, W)

iv. wy, W, € X, wy = w, - F(xy,zw,) = FX,y,z,w,).

Definition 1.2:- An element (x,y,z,w) € X* is called a quadruple fixed point of F: X* — X if
Fixy,zw) = x F(y,zw,x) =y, F(zw,xy) = z and F(w,x,y,z) = w.

In this paper, we give some quadruple fixed point theorems for mapping having the mixed monotone property in
partially ordered metric spaces depended on another function.
Main Results
Definition 2.1:- Let (X, d) be a metric space. A mapping T: X — X is said to be ICS if T is injuctive, continuous
and has the property: for every sequence {x, }in X, if { Tx,} is convergent then { x,} is also convergent.
Let ¢ be the set of all functions ¢ : [0,0) — [0, 00) such that

i ¢ is non- decreasing,

il. é() < tforallt > 0,

iii. lim. + ¢(r) < tforallt > 0
From now on, we denote X* = X X X x X X X. Our first result is given by the following:
Theorem 2.2:- Let (X, <) be a partially ordered set and suppose there is a metric d in X such that (X,d) is a
complete metric space. Suppose T: X — X is a ICS mapping and F: X* — X is such that F has the mixed
monotone property. Assume that there exists ¢ € & such that

d(TF(x, y,z, W), TF(u, v, p, q)) < ¢ (max { d(Tx, Tu), d(Ty, Tv), d(Tz, Tp),d(w, Tq)}) 2.1
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for any X,y,z,w € Xfor whichx < u,v < y,z < p, q < w. Suppose either
1. F is continuous, or
ii. X has the following property:
(a) if non decreasing sequence x, — X (respectively, z, = z), then x,, < x, (respectively, z, < z)
for all n,
(b) if non increasing sequence y, — X (respectively, w,, — z), then y, = y, (respectively, w, = w)
for all n.
If there exists X, Vo, Zo, W € X such that x, = F(Xg, Yo, 20, Wo), Vo < F(¥o, 20, Wo,X0),Zo < F(zg, W, X0, ¥0)
and wy, = F(wy,Xg, Vo, Zo), then there exist x,y,z,w € X such that
x = F(ix,y,zw), v = F(y,z,w,x),
z = F(z,w,x,y), w = F(w,x,y,2)
that is, F has a quadrupled fixed point.
Proof: Let x(,¥o,2%o, Wy € X such that x, = F(Xq,¥o,Z0, Wo), Yo < F(¥o,20, Wo,X0),Zog < F(zg, Wo, X0, ¥0)
and wy, > F(wyg, Sxg, Vo, Zg) set
x1 = F(X0,¥0,20,Wo), y1 = F(¥o, 20, Wo,Xo)

z1 = F(zo, Wo,X0,¥0), w1 = F(wy, SXo,¥0,20) 22
Continuing this process, we can construct sequences { x,}, { v}, { z,} and { w,} in X such that

Xn+1 = F(Xn Y ZnWn) Yn+1 = F(Yn Zn Wi Xn)

Zn+1 = F(Zn: Whn» Xn» YH) Wht1 = F(Wnr SXn: Yn, Zn) 2.3
Since F has the mixed monotone property, then using the mathematical induction it is easy that

Xn < Xn+1, Yn = Yn+1,Zn < Zn+1, Wn 2 Whn+1 24
for n = 0,1,2,3,....
Assume for some n € N

Xn = Xn+1r Yn = Yn+15 Zn = Zpy WL = Wpyq 25

then by (2.3), (Xp, Vn, Zn, Wy) 18 the quadrupled fixed point of F. From now on, assume for any n € N that
atleast,
Xn * Xn+1s Yn * Yn+15Zn * Zn+1, Wn * Whnt1 2.6
Since T is injuctive, then by (2.6), forany n € N
0 < ¢ (max {d(Txn41, TXy), d(Tyniq, Tyn), d(Tzpiy, Tzy), d(Wyyq, Twy)}) 2.7
in the account of (2.1) and (2.3), we have
d(TXn: TXn+1) = d(TF(Xn—lr Yn-1,Zn-1, Wn—l): TF(Xn: Ynr Zn, Wn))
)38 < ¢) ( max { d(TXn—lr TXn): d(TYKl—ll TYH): d(TZn—D Tzn)' d(Wn—lr TWn)})
d(TYn' TYn+1) = d(TF(Yn—lﬁ Zy-1,Wnp-1, Xn—l)' TF(Yn' Zy, Wp, Xn))
< (1) (max { d(TXn—li TXn)' d(TYn—li TYH): d(TZn—ll TZn): d(Wn—li Twn)}) 2.9

d(TZn' TZn+1) = d(TF(Zn—lﬁ Wh-1,Xn-1, Yn—l)' TF(Zn' Wh, Xp, Yn))
< (1) ( max { d(TXn—li TXn)' d(TYn—lr TYH): d(TZn—ll Tzn): d(Wn—lr Twn)}) 2.10
and
d(TWn' TWn+1) = d(TF(Wn—lﬁ Xn-1Yn-1 Zn—l)ﬁ TF(Wn' X Yo Zn))
< (b( max { d(TXn—li TXn)' d(TYn—lr TYH): d(TZn—ll TZn): d(Wn—lr Twn)}) 2.11
Since we have ¢(t) < t forall t > 0, so from (2.8)-(2.11) we obtain that
0 < max { d(Txy, TXn41), d(Tyn, Tyni1), d(Tzp, T2y 1), d(Twy, Twyy)}
< ¢(max { d(Txp-y, Txp), d(Tyn-1, Tyn), d(Tzy—y, Tzp), d(wy_q, Twy)}) 2.12
< max { d(TXn—D TXn)' d(TYn—li TYH)' d(TZn—ll TZn): d(wn—li Twn)}
It follows that
max { d(TXn: TXn+1): d(TYn: TYn+1)r d(TZn: TZn+1)r d(TWnr TWn+1)}
< max { d(Txy_1, TXy), d(Tyn_1, Tyn), d(Tz,_q, TZ,), d(Wp_q1, Twy)}
Thus, { max { d(Txy, TXp41), Ad(Tyn, TVnt1), d(Tzy, TZpy 1), d(Twy, Twn+1)}} is positive decreasing sequence.
Hence, there exists r = 0 such that
limy, _, 4 o max { d(Txy, TXn41), d(Tyy, Tyns1), d(Tzy, T2pyq), d(Twy, Twyyq)} = 1
Suppose that r > 0. Lettingn — + oo in (2.12), we obtain that
0 <r <limp, ;e ¢ (max{d(Tx,_q, TXy), d(Ty,_y, Tyn), d(Tz,_4, TZy), d(wy_1, TW,)}) 2.13
it is a contradiction. We deduce that
lim,, _, ; » max { d(Txy,, TXp11), d(Tyn, TYns1), d(Tzy, Tzpyq), d(Twy, Twyyq)} = 0 2.14
We shall show that { Tx,},{ Ty,},{ Tz,} and { Tw,} are Chauchy sequences. Assume the contrary, that is
{Tx,}, { Tyn}, { Tz,} and { Tw,} are not a Chauchy sequence. that is
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limp m 5 4 00 d(TXp, Txp) # 0, limy o 4 0o d(Typ, Ty,) # 0

limp 5 4 00 A(TZ,, Tzp) # 0, limy 1 5 4 o A(TWy,, Twy) # 0
This means that there exists € > 0 for which we can find subsequences of integers (my) and (ny) with
n, > my > k such that

max { d(Txnk, Txmk), d(Tynk, Tymk), d(Tan, szk), d(Twnk, Twmk) } >e 215
Further corresponding to my, we can choose ny in such a way that it is the smallest integer with n, > my and
satisfying (2.15). Then
max { d(Txp, - 1, T¥my ) ATV 1 TV )s ATz - 1, Tz, ), d(TWyy - 1, Twiy, ) } <€ 2.16
By triangular inequality and (2.16), we have

d(Txmk,Txnk) < d(Txmk,Txnk_l) + d(TXnk—annk)
<€ + d(Txp,1,Tny, ) 2.17
Thus, by (2.14) we obtain
lmye, 4o (T, TXpy ) < Hmy 4 oo d(TXppy, Txp, —1) <€ 2.18
Similarly, we have

Hmyes, 4 oo A(TYmy Tng) < Hmys 4 oo d(TYim Tyn—1) <€ 2.19
Hmy, 4 oo A(TZmy, Tzg,) < limys, oo d(TZpy, Tzn, 1) S € 2.20
limy 4 o d(Twmk, Twnk) < limgL 4o d(Tka, TWnk—l) <e 2.21

Again by (2.16), we have
d(Txmk,Txnk) < d(Tka,Tka_l) + d(Txmk_l,Txnk_l) + d(Txnk_l,Tnnk)
< d(Txmk,Txmk_l) + d(Txmk_l,Txmk)
+ d(Txpmy Txp—1) + d(Tx_(n_k — 1), Tn_(n_k))
< d(Txmy T¥my—1) + d(Tx_(m_k — 1), Tx_(m_k))
+e + d(Txp—1, Tny, )
Letting k = + oo and using (2.14), we get

limy S, 4 o d(Tka, Txnk) < limgL 4o d(Txmk_l, TXnk—l) < € 2.22
Similarly, we have

My, 4 o0 A(TYmg TYny) < My 4o A(TYmy—1, Tyn,—1) < € 2.23

My, 4 o A(T2Zmy, Tz, ) < 1My 4 oo d(T2my -1, T2y, 1) < € 2.24

limy 4 o d(Tka, Twnk) < limp Lo d(Twmk_l, TWnk—l) < € 2.25
Using (2.15) and (2.22) - (2.25), we have
limy , ;  max { d(Tka, Txnk), d(Tymk, Tynk), d(Tka, Tznk), d(Twmk, Twnk)}

limy _ ; ,, max { d(Txmk_l, Txnk_l), d(Tymk_l, Tynk_l), d(Tka_l, Tznk_l), d(Twmk_l, Twnk_l)}

=¢ 2.26
Now, using inequality (2.1) we obtain

d(Tka: TXnk) = d(TF(ka—li Ymk—lr ka—lr ka—l): TF(Xnk—lr Ynk—ll an—1: Wnk—l)
< ¢ ( max { d(Txmk_l, Txnk_l), d(Tymk_l, Tynk_l), d(szk_l, Tznk_l), d(wmk_l, TWnk—1)D 2.27
d(TYmkr TYnk) = d(TF(Y(mk)—ll Z(mk)—li W(mk)—1: Xn—l): TF(Ynk—lr an—ll Wnk—ll Xnk—l)
< ¢ (max { d(Txmy—1, Txn—1)> A(TYm—1, T¥n-1)> A(TZmy -1, TZn—1)s d (Wi 1, TWn, —1)}) 228

d(Tka, Tan) =d (TF(zmk_l, Wing—1 Xmy -1/ ymk_l), TF(an_l, Wny—1 Xng—1s Ynk—l))
< ¢ ( max { d(Txmk_l, Txnk_l), d(Tymk_l, Tynk_l), d(Tka_l, Tznk_l), d(ka—p TWnk—1)}) 2.29
and

d(Tka' Twnk) =d (TF(ka—lﬁ Xmy-1 Ymp-1/ ka—l)' TF(Wnk—lt Xnp—1 Ynp-1, an—l))
< ¢ (max { d(Txm-1, Txny-1)> A(TYmp—1, T¥n—1)> A(TZmp—1, TZny —1), d(Win -1, TWi, —1)}) 2.30
We deduce from (2.27) - (2.30) that

max { d(Tka' Txnk)' d(TYmk' TYHk)' d(Tka‘ Tan)’ d(Tka‘ Twnk)} s

() ( max { d(Txmk_l, Txnk_l), d(Tymk_l, Tynk_l), d(Tka_l, Tznk_l), d(wmk_l, Twnk_l)})
2.31
Letting k = + oo in (2.31) and having in mind (2.16), we get that
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0 <e < lim,+ ) <€
it is a contradiction. Thus { Tx,},{ Ty}, { Tz,} and { Tw,} are Chauchy sequences in (X, d). Since X is
complete metric space, { Tx,}, { Ty,},{ Tz,} and { Tw,} are convergent sequences.
Since T is an ICS mapping, there exist X,y,z,w € X such that

limy 50Xy = XliMpL 00y = ylimg L0z, = 2limy, w, = w 2.32
Since T is continuous, we have
lim, 0o TXp = TX1imy 540 Tyn = Ty, limp 4 oo Tz, = Tz lim, & 4 o Tw, = Tw. 2.33

Suppose now the assumption (a) holds, that is, F is continuous. By (2.3), (2.32) and (2.33) we obtain
x = limy 4 o Xpyy = limy 4 o F(Xn, Yy Zn, W)
= F(limy, _, 4 oXp, My S 4 oVn, iy & 4 Zp, limy, & 4 oWy) = F(x,y,2,W)
y = liInn -+ Yn+1 = liInn -+ ooF(Yn' Zn) Wh,) Xn)
= FQimy 4 Vo limp 5 4 oZp, limy, 4 oWy, limy, S 4 oXy) = F(y,2,w,X)
z = limn -+ Znt1 = liInn -+ ooF(Zn' Wh, Xn, YH)
= F(im, 4 Zp, limy, S 4 oWy, limy, S 4 oXp, limy 4 o Vn) = F(z,w,X,y)
and
w = limy 4 oWnyy = limg 5 4 OO)F(Wn' Xny Y Zn)
= F(limy, 4 oWp, limy, |, 4 Xy, lim, 4 oy 0, lim, 4 z, = F(w,X,y,2)
We have proved that F has a quadrupled fixed point.
Suppose now the assumption (b) holds. Since {x,}, {z,} are non- decreasing with x, » x,z, — z and
{yn}, {wp} are non- increasing withy,, —» y,w, — w then we have
Xn S X, Vn =2 Y,Zy S Z, Wy 2 W
for all n. Consider now
d(TX, TF(x,y, z, w)) < d(Tx, Txp4q) + d(Txn+1, TF(x,y,z, w))
= d(Tx, Txp41) + d(TF(xn,yn, Zn, Wp), TF(X, ¥, 2, W))
< d(Tx, Txpyq) + ¢ (max { d(Txy, Tx), d(Tyy, Ty), d(Tz,, Tz), d(Tw,, Tw)}) 2.34
Taking as n — oo and using (2.33), the right hand side of (2.34) tends to 0, so we get that
d(Tx, TF(x,y,z,w)) = 0. Thus Tx = TF(x,y,z w) and T is injective, we get that x = F(x,y,z,w). Similarly we
find that
y = F(y,zw,x), z = F(zw,x,y) and w = F(w,x,y,2)
Thus we proved that F has a quadruple fixed point. This complete proof of the Theorem 2.2.
Corollary 2.3:- Let (X, <) be a partially ordered set and suppose there is a metric d in X such that (X,d) is a
complete metric space. Suppose T: X — X is a ICS mapping and F: X* — X is such that F has the mixed
monotone property. Assume that there exists ¢ € ¢ such that

d(TF(X, V.2, W), TF(u, v,p, Q)) < q) (d(Tx,Tu)+ d(Ty,TV): d(Tz,Tp)+ d(w,Tq))

for any x,y,z,w € Xfor whichx < u,v < y,z < p, q < w. Suppose either
1. F is continuous, or
ii. X has the following property:
(a) if non decreasing sequence x, — x (respectively, z, — z), then x, < x, (respectively, z, < z)

2.35

for all n,
(b) if non increasing sequence y, — y (respectively, w, — w), theny, < y, (respectively, w, = w)
for all n.
If there exists X0, Vo, Zo)Wo € X such

that Xg = F(Xq,¥0,Z0, Wo), Yo < F(Vo, 20, Wo,X0),Zg < F(zg, Wo,Xo,¥0) and w_0 = F(wy, Sxg,¥o,Zo), then
there existX,y,z,w € X such that

x = Fix,y,Zzw), y = F(y,zw,x), z = F(zw,x,y) and w = F(w,x,y,2)
that is, F has a quadrupled fixed point.

Proof:- It suffices to remark that

(T Tw+ d(Ty,Tv)+ d(T=Tp) + dw.Tq) < max { d(Tx, Tu), d(Ty, Tv), d(Tz, Tp),d(w, Tq)} 2.36

4
Then, we apply Theorem 2.2 because that ¢ us non decreasing.
Corollary 2.4:- Let (X, <) be a partially ordered set and suppose there is a metric d in X such that (X,d) is a
complete metric space. Suppose T: X — Xis a ICS mapping and F: X4 — X is such that F has the mixed
monotone property. Assume that there exists k € [0,1) such that
d(TF(X, y,z,w), TF(u, v, p, q)) < kmax { d(Tx, Tu), d(Ty, Tv), d(Tz, Tp), d(w, Tq)} 2.37

forany x,y,z,w € Xforwhichx < u,v < y,z < p, q < w. Suppose either

1. F is continuous, or

il. X has the following property:

42



Mathematical Theory and Modeling wWww.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) b rl
Vol.3, No.6, 2013-Selected from International Conference on Recent Trends in Applied Sciences with Engineering Applications “s E

(a) if non decreasing sequence X, — X (respectively, z, — z), then x, < x,(respectively, z, < z)

for all n,
(b) if non increasing sequence y, — y (respectively, w, — w), theny, < y,(respectively, w, = w)
for all n.
If there exists X0, Y0, Zo»Wo € X such that

Xo = F(X0,¥0, 20, Wo), Yo < F(¥o,20, Wo,X0), 2o < F(zg, W, Xg,¥0) and wy = F(wy, SXo, o, Zo), then there
exist x,y,z,w € X such that
= F(x,y,z,w), y = F(y,z,w,X), z = F(z,w,x,y) and w = F(w,x,y,2)
that is, F has a quadrupled fixed point.
Proof:- It suffices if we take ¢(t) = ktin Theorem 2.2.
Corollary 2.5:- Let (X, <) be a partially ordered set and suppose there is a metric d in X such that (X, d) is a
complete metric space. Suppose T: X — Xis a ICS mapping and F: X*4 — X is such that F has the mixed
monotone property. Assume that there exists k € [0,1) such that
d(TF(x y,z,w), TF(u, v, p, q)) SE (d(Tx, Tu) + d(Ty, Tv) + d(Tz, Tp) + d(w, Tq)) 2.38

forany x,y,z,w € Xforwhichx < u,v < y,z < p, q < w. Suppose either

1. F is continuous, or

il. X has the following property:

(a) if non decreasing sequence X, — X (respectively, z, — z), thenx, < x,(respectively, z, < z)

for all n,
(b) if non increasing sequence y, — y (respectively, w, — w), theny, < y, (respectively, w, = w)
for all n.
If there exists X0, Vo, Zo)Wo € X such that

Xo = F(X0,¥0, 20, Wo), Yo < F(¥o,20, Wo,X0), 29 < F(zg, W, Xg,¥o) and wy, = F(wy, SXq,Vo,Zo), then there
exist x,y,z,w € Xsuch that

x = Fixy,zw), y = F(y,zw,x), z = F(z,w,x,y) and w = F(w,x,y,2)
that is, F has a quadrupled fixed point.
Proof:- It follows by taking ¢(t) = ktin Corollary 2.3.
Now, we shall prove the existence and uniqueness of a quadruple fixed point, for a product X* of a partially
ordered set (X, <), we define a partial ordering in the following way: for all (x,y,z,w), (u,v,p,q) € X*

xyvzw)< (v,pgQd>x<uy=v,z<pandw = q 2.39
We say that (x,y,z,w), (u,v,p,q) € X* are comparable if

& y,zw) < (uv,pqor(xy,zw) = (uvp,q) 2.40
Also we say that (x,y,z,w) isequal to (u,v,p,q) ifandonlyif x = u,y = v,z = pw = q.

Theorem 2.6:- In addition to hypothesis of Theorem 2.2., suppose that for all (x,y,z,w), (u,v,p,q) € X*, there
exists (a,b,c,e) € X* such that
F(a,b,c,e),F(b,c e a),F(c,eab),F(ea,b,c))
is comparable to
(Fxy,z,w),F(y,z,w,x),F(z,w,%x,y), Fw,X,y,2))
and
(F(u,v,p,q),F(v,p,q,u), F(p,q,u,v), F(q,u,v, p)).
Then, F has a unique quadruple fixed point (x,y, z, w).
Proof:- The set of quadruple fixed points of F is non empty due to Theorem --. Assume, now,
%,z w),(u,v,p,q) € X* are two quadruple fixed points of F, that is,
Fix,y,z,w) = %, F(u,v,p,qQ) = u,F(y,zw,x) =y, F(v,p,q,u)
F(z,w,x,y) = z, F(pquv) = p,F(w,x,y,2) = w, F(quv,p) = q 2.41
We shall show that (x,y,z, w) and (u,v, p, q) are equal. By assumption, there exists (a,b,c,d) € X* such that
F(a,b,c,e),F(b,cea),F(ce ab),F(eab,c))

is comparable to
F(x,y,z,w),F(y,z,w,x),F(z,w,%x,y), F(w,X,y,7))
and
(F(w,v,p,q), F(v,p,q,u),F(p,q,u,v),F(q, u,v, p).
Define sequences { a,},{b,},{c,} and { e,} such that
a, = a, by = b, Co =cand ey = e
and forany n > 1
ap = F(an—lﬁ by_1,Cn-1, en—l)' b, = F(bn—lﬁ Ch-1,€n-1 an—l)'
Cn = F(Cn—lr en—lr an—l' bn—l)' en = F(en—l' an—lr bn—l' Cn—l) 242

43



Mathematical Theory and Modeling wWww.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) b rl
Vol.3, No.6, 2013-Selected from International Conference on Recent Trends in Applied Sciences with Engineering Applications “s E

for all n. Further, set xo = X,y = y,29 = Z, Wy = w and Uy, = U,Vvy = V,py = p,qo = q, and on the
same way define the sequences { xp}, {yn},{zn}, {wn} and {u,},{v,},{pn}, {qn} . Then it is easy that
Xn = F(xy,zw), uy = F(u,v,p,q), yn = F(y,2w,%), vy = F(v,p,q, 1),
z, = F(zw,xy), pn = F(p,qu,v),w, = F(w,x,¥,2), qun = F(q,u,v,p) 2.43
for all n > 1. Since {xu},{yn},{zn},{wn} = X4, y1,21,Ww;) = (X,y,2w) is comparable to
(F(a, b,c,e),F(b,c, e a),F(c e ab),F(e a,b, c)) = (ay, by, cqi,eq), then it is easy to show (x,y,z,w) <
(ay, by, cq, €1). Recursively, we get that
xy,zw) < (ap bp,cpey) for alln > 1 2.44
By (2.44) and (2.1) we have
d(Tx, Tap,1) = d(TF(xy,z w), TF(ay, by, cn €n))
< ¢ (max { d(Tx, Ta,),d(Ty, Tby,), d(Tz, Tc,), d(Tw, Te,)}) 2.45
d(Ty, Tbyy1) = d(TF(y,z w,x), TF(by,, cp €n,an))
< ¢ (max { d(Tx, Tay),d(Ty, Tb,), d(Tz, Tc,), d(Tw, Te,)}) 2.46
d(Tz, Tcypq) = d(TF(Z, w,x,V), TF(cp, ey, ap, bn))
< ¢ (max { d(Tx, Ta,),d(Ty, Tb,), d(Tz, Tc,), d(Tw, Te,)}) 2.47
and
d(Tw, Tep4q) = d(TF(W, x,y,2), TF(ey, ay, by, cn))
< ¢ (max { d(Tx, Ta,),d(Ty, Tb,), d(Tz, Tc,), d(Tw, Te,)}) 2.48
It follows from (2.45)- (2.48) that
max { d(TX' Tan+1)' d(Ty' Tbn+1)' d(TZ' Tcn+1)r d(TW' Ten+1)}
< ¢ (max {d(Tx, Ta,),d(Ty, Tb,), d(Tz, Tc,), d(Tw, Te,)})
Therefore, foreach n > 1,
max { d(Tx, Ta,), d(Ty, Tby,), d(Tz, Tc,), d(Tw, Te,)}
< ¢" (max {d(Tx, Ta,y),d(Ty, Thy), d(Tz, Tcy), d(Tw, Tey)}) 2.49
It is known that p(t) < tand lim, , .+ ¢(r) < timply lim, ., $*® = 0 for eacht > 0.
Thus, from (2.49)
lim,, ,  max {d(Tx, Ta,),d(Ty, Tby,),d(Tz, Tc,), d(Tw, Te,)} = 0
This yield that
lim, , »,d(Tx, Ta,) = 0, lim,_, »,d(Ty,Tb,) = 0
lim, , ,d(Tz, Tc,) = 0, lim, _, ,d(Tw,Te,) = 0 2.50
Analogously, we show that
limy, _, o d(Tu, Ta,) = 0, lim, _, ,d(Tv,Tb,) = 0
lim, , ,d(Tp, Tc,) = 0 lim,_, -,d(Tq,Te,) = 0 2.51
Combining (2.50) and (2.51) yields that (Tx,Ty,Tz,Tw) and (Tu,Tv,Tp.Tq) are equal. The fact that T is injective
givesus x=1u, y=v, z=pand w=q.
This complete prove of the Theorem 2.7.
Examples
Now we state some examples showing that our results are effective.
Example 3.1:- Let X = [%, 64 ] with the metric d(x,y) =1 x —y | for all x,y € X and the usual ordering <.

Clearly, (X, d) is complete metric space.
Let T: X - Xand F:X* - X be defined by

1
Tx =1 1 and F =8 (|(= ‘v X
x =Inx + 1 and F(x,y,z,w) = yw) , VX, ¥,Z,W €
It is clear that T is an ICS mapping, F has mixed monotone property and continuous.
Set k =%. Taking x,y,z,w,u,v,p,q € Xforwhichx < u,y = v,z < pandw > q, we have
1
d(TF(x,y,z,w),TF(u,V,p,q)) =EI (Inx +Inz — 2lny — 2Inw) — (Inu + Inp — 2Inv — 2Inq) |
1 1 1 1
SE' Inx — Inu | +g| Iny —Inv| +E|lnz —Inp| +g| Inw —
Inq |

S%( | Inx —Inu| + | Iny —Inv| + |Inz —Inp|+ | Inw — Inq|)

= 15( (d(Tx, Tu) + d(Ty, Tv) + d(Tz Tp) + d(Tw, Tq))
which is the contractive condition (2.1). Moreover, taking X, = z, = landy, = w, = 64, we have
Xo < F(X0,Y0,20, Wo), Yo = F(¥o,20, Wo,X0), Zo < F(zo, Wo,X0,¥0), Wo = F(Wo, SXo,Y¥0,20)
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Therefore all the conditions of Corollary (2.5) hold and (8,8,8,8) is the unique quadruple fixed point of F, since
also the hypotheses of Theorem 2.7 hold.
Finally following example shows that if T is not an ICS mapping then the conclusion of the Theorem 2.2 fails.
Example 3.2:- Let X = R with the usual metric and the usual ordering. Let F: X* — X be defined by
Fix,y,zw) = 2x —y + 2z — w + 1, for all x,y,zw € X
then F has the mixed monotone property and F is continuous. Also, there exists x, = 1,y = 0,2, =
1and wy, = 0 such that

Xo < F(Xo,¥0,20,Wo), Yo = F(yo, 20, Wo,X0), Zo < F(zg, Wo,Xo,¥0), Wo = F(wyg, Sxq,¥0,70)
Let T: X — X be defined by T(x) = 1 for all x € X, then T is not an ICS mapping. It is obvious that the
condition (2.1) holds for ¢ € ¢. However, F has no quadruple fixed point.
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