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Abstract

In this paper a new type of one step iteration for self mappings is introduced under certain conditions in normed
linear space and studied with a contractive conditions of Rafiq [4].
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1. INTRODUCTION
Let X be a nonempty closed convex subset of a normed linear space £ and7 : X — X be a self mapping

and {Xn} be the sequence then for arbitrary X, € X Mann[3] iteration process is defined as
X =(1-4,)x,+A4,Tx, for n=0
Similarly Ishikawa[2] iteration process for {Xn} is given by
X, =(1=4,)x,+ 4,1y,
and y, =(1—i,'l)xn +A,Tx,, forn>0

Where X, € X is arbitrary and {/7,n } , {ﬂ,l } are sequences of real numbers such that0 < 4 <1 , 0< l,'l <1.

n
By using the concept of Mann iteration process Sahu[5] introduced a new G-iteration process:-

Let T’ be a self mapping of Banach space then G-iteration process associated by T is defined in the following
manner,

Let X,,X, € X and

Xo =(#, = 2,) X, + A,Tx, + (1=, )T, for n>0
Where {4} and {4, } satisfy

(i) Ay = 44, =1

(i)0<A <l,n>0 and p, 24 for n=0

Gi)lim A, =h >0

n—>0
(ivylim u, =1

n—»o0
Das and Debata [1] generalized the Ishikawa iteration processes from the case of one self mapping to the case of
two self mappings S and 7 of X given by

xn+1 :(l_ﬂ’n)xn_i_ﬂ‘nsyn
and y, :(l—ﬂ;)xn +ATx,, forn>0

By using above iteration Das and Debata[1] established the common fixed points of quasi-nonexpansive
mappings in a uniformly convex Banach space.Several other researchers such as Takahashi and Tamura[6]
investigated iteration in a strictly convex Banach space,for the case of two nonexpansive mappings under
different assumptions and contractive conditions.

Our aim in this paper is to establish some fixed point theorems by using a more general contractive condition
than those of Rafiq [4].We shall use a new type of one step iteration for self mappings and employ the following
contractive definition:

Let X be a closed convex subset of normed linear space N Suppose that7 be a self mapping of X .There
exist a constant L > 0 such that Vx, y € X ,we have

|Tx -7y <t (25||x—Tx||+ 5||x—y||) ~(L.1)
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Where 0< ¢ <1 and e” denotes the exponential function of x € X
After this we extend the above contractive definition for a pair of mapping in following manner:
Let X be a closed convex subset of normed linear space N Suppose that S and P are two self mappings of

X satisfying the following contractive condition

|Sx - Py < et (25||x — Sx||+&||]x - Py||) Vx,ye X, L>0 ..(1.2)

Where 0 <O <1 and e denotes the exponential function of x € X .

2. MAIN RESULTS
Theorem 2.1: Let X be a closed convex subset of normed linear space N and let 7' be a self mapping of

X satisfying the contractive condition of (1.1) and {xn} be the sequence of G-iterates associated with 1 then

G-iteration process is defined in the following manner:
Letx,,x, € X and

Xy =, =A%, + A,Tx, + (= g, = 4, +k)Tx, + (4, —k,)x, forn>0
where {4, },{4,}and{k,} satisfying

@) u=4==k =1 if n=0

(@) 0<4,<1 ,0<k, <1 forn > 0.

@ pu, 24,1, 2k, for n>0.

@v)lim,, A =h=lim_,_k,  whereh>0.

(V) limn—)oo Il’ln = 1'
If {x } convergesin X then it converges toa fixed point of 7.

Proof:- If {x } convergeson z € X then limx, =z .

n—>®0

Now we shall show that Z is the fixed point of 7" .
Consider

|2 =7 <]z = .. +

||+H(,un —/ln)xn+1 +A4,Tx +(1—,LG -4, +kn)Txn +(/1n —kn)xn —TZH

x, ., T z||

n+l

< ||Z - xn+2

Ll (= A =T+ A~ T (1=, 2, 8, ), ~ T
+(4, =k, )x, ~ T
<z = x|+ (42, = 2,) %0 = 2]
2, feth Tl (25 v, = T, |+ 5, )}
+(1=p, = A, +k,)|Tx, =Tz + (4, =k, ) |x, - 2| o
We observe by the definition of G-iteration that
%, —Tx,.,| < L - |+ =iy gy +@ x —Tx,

Now putting above value in (2.1.1) then we have
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||Z —TZ” < ||Z—xn+2 +(1, =4, |0 —TZ”

1 1- A=k,
R B )

+A,e
- A, —k
20 L xnﬂ—xm|+(1 #) x,., —1x, +(”—") x,—Tx | |+0
2, 4, 4,

+(1=p, =4, +k,)|Tx, =Tz +(4, - k,)
Letting 7 —> o0 then we have

||Z —Tz” < (1—h)||z—Tz||

which is a contradiction.

Hence z = Tz is a fixed point of 71 .
Remark: When { ,un} = {1} and {/1”} = {kn} then above G-iterative process reduces to Mann iteration.

xn+1 _Z”}

X, — Tz”

Theorem 2.2: Let X be a closed convex subset of normed linear space N and let S and P be a pair of self
mappings of X satisfying the contractive condition of(1.2) and {xn} be the sequence of G-iterates associated

with S and P then G-iteration process is defined in the following manner:
Letx,,x, € X and

x2n+2 = (/’ln - ﬂ‘n )x2n+1 + Z’nSX2n+l + (1 - /’ln - ﬂ‘n + kn) P x2n + (ﬂ‘n - kn )x2n
and x2n+3 = (/un - //i'n )x2n+2 + //i'an2n+2 + (1 - ll’ln - /171 + kn ) Sx2n+1 + (/171 - kn )x2n+l 4 for nz 0
where{y,},{4,}and {k,} satisfying

@) wu,=4,=k, =1 if n=0.
(@) 0<A4 <1l ,0<k, <1 forn> 0.
@y, 24,1, 2k, for n>0.
@v)lim, A =h=lim, k, where 7 > 0.

(V) limn—mo :un = 1
If {x, } converges to zin X then zis the common fixed point § and P.

Proof:-If {X, } convergeson z € X then limx, =z.

n—>®0

Now we shall show that z is the common fixed point of S and P .
Consider

+|

||Z—PZ|| < ||Z—xZn+3 Xy, 3 —PZ”

= ”Z ~ Xyt H(/’ln -4, )'x2n+2 + 4,105, + (1 —M,— A, +k, )Tlx2n+1 + (/1n —k, )x2n+1 - T12H
< ||Z_x2n+3 +(/’ln _ﬂ‘n) Xon+2 _PZ”"'ﬂ'n SX.2 _PZ||+(1_/’ln —4, +kn) Pxy, . _PZ”
+(4, = k) |[x201 — P2
< ”Z =Xy + (2, = 4,) [z _PZ” +4, {eLHXZM_SXZMH (25| Xypan = S0+ 5| Xon+2 _PZ”)}
+(1=p, — A, +k, )”szn+1 - Pz” +(A, =k, )%, — Pz”
L(22.1)

We observe by the definition of G-iteration that
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1 (1—p) (4, —k,)
n n n
||x2n+2 =8%,,.,[ < /1_||x2n+2 X T 2 |x2n+2 —Px,, ||+ 2 ||x2n+l —Px,,.,
n n n

Now putting above values in (2.2.1) then we have

”Z_PZ” < ||Z_x2n+3 +(/’ln _/1;1) |x2n+2 _PZ”
L{iux SN 75 TR S L NP H}
+ Zne Z,” 2n+2 2n+3 Z«n 2n+2 2n+l Z,” 2n+l 2n+l
1 - A —k
e R s T | I B
lﬂ ﬂll’l n

+(1=p, = A, +k,)|Px,,., — P||+(4, - k,)
Letting 7 —> o0 then we have
|z Pz| < (1= h+ho)|z— P2
Which is a contradiction.
Hence z = Pz i.e. Z isa fixed point of P.

x2n+l - PZ”

Similarly we can show that
|z = Sz| < 1=+ )|z - 52|
Hence z = Sz i.e. Z is a fixed point of S.

Finally we can say that Z is a common fixed point of S & P.
This completes the proof of theorem.
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