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Abstract: The aim of this paper is to present a common fixed point theorem in Menger Probabilistic Quasi-
metric space for weakly compatible maps.

Introduction: 1.1:
K. Menger [1] introduced the notion of a probabilistic metric space in 1942 and since then, the theory of
probabilistic metric spaces has developed in many directions, especially, in nonlinear analysis and applications
[2]. The idea of Menger was to use distribution functions instead of nonnegative real numbers as values of the
metric. Schweizer and Sklar [3] studied this concept and gave some fundamental results on this space. The
important development of fixed point theory in Menger spaces was due to Sehgal and Bharucha-Reid [4].
Jungck [5] introduced the concept of compatible maps. And this condition has further been weakened by
introducing the notion of weakly compatible mappings by Jungck and Rhoades [6]. The concept of weakly
compatible mappings is most general as each pair of compatible mappings is weakly compatible but the reverse
is not true. Recently in this line, Singh and Jain [7] introduced the notion of weakly compatible maps in Menger
space to establish a common fixed point theorem.

Fixed point theorems for single-valued mappings have appeared in PQM-spaces (see [5, 8, 9, 10, 11]).
Cho [3] proved common fixed point theorems for set-valued mappings in quasi-metric spaces. The theory of
quasi-metric spaces can be used as an efficient tool to solve so many several problems like theoretical computer
science, approximation theory and topological algebra (see[2, 7, 10]).

Definitions:

2.1: A mapping T : [0,1]x[0,1] = [0,1]is t- norm if T is satisfying the following conditions.
a. T is commutative and associative.
b. T(a,1)=a, foralla €[0,1]
c. T (a, b) < T(c, d), whenevera < candb < d, foralla,b,c,d € [0,1].

The following are some basic t- norms:
T,, (a,b) =min {a,b} ;

T, (a,b) = ab;

T, (a,b) = max {at+b-1, 0}

2.2: A mapping F: R—>R " is called a ditribution function if it is non-decreasing and left continuous with
inf{F(t): t € R} =0 and sup{F(t): t € R} =1.
2.3: A Menger PQM-space is a triplet (X,F, T), where X is non decreasing empty set, T is continuous t-
norm and F is probabilistic distance satisfying the following conditions: for allx,y,z € X.

a. F., ()= &y (t) and F o ()= &y (t) thenx=y.

b. F . (tts) =2 T(F vy O F (5)

A Menger PQM - space is called a Menger PM - space if it satisfies the symmetry condition, i.e. F y ®
=F,, (t), forallx,y € X.

The notion of a Menger space is a generalization of a notion of a metric space. So Menger PQM -
spaces offers a wider framework than that of metric space and are better suited to cover even wider
statistical situations.

2.4: Let (X, F, T) be a Menger PQM - space and A be a non-empty subset of X. Then A is said to be

probabilistically bounded if sup inf F y (t) = 1. If X itself is probabilistically bounded , then X is
4

>0 *VE
said to be a probabilistically bounded space.Throughout this paper, B (X) will denote the family of non-
empty bounded subsets of a menger PQM-space X, forall A, B € B (X) and for every t > 0, we define
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b FA,B () =sup{F,,(1):a € A b€ B}

and, 5FA,B (t) =inf (F.o(D:a€ A bEBY

If set A consists of a singe point a, we write s FA,B ®) =5 Fa,B )
If set B also consists of a single point b, we write s FA,B (t)=F ap®

It follows immediately from the definition that ; F, ;(f) =1.

Thus we conclude that A =B = {a}, for some a € X.
2.5: Let (X,F,T) be a Menger PQM-space:

a. A sequence {x » } is said to be convergent to x € X if for every € >0 and As 0,
there exists a positive integer N such that Fr . (€ )> 1- A whenevern = N.

b. A sequence {x » } in X is said to be Cauchy if for every € >0 and A> 0, ,thwre

exists a positive integer N such that F (&) > 1- A whwnever n , m 2 N.

c. A Menger PQM - space in which every Cauchy sequence is convergent is said to
be complete.

2.6: A t-norm T is of Hadzic type (H - type in short) and T € Hifthe family {T"},en ofits
0 n+l n
iterates defined, for each x in [0,1], by T (x)= 1, T"(x)=T(T"(x),X) foralln = 0is
equicontinuous at x = 1, thatis, € € 0,1)3o€@O1) . x>1-5
=>T"(x)>1-¢ foralln 2 1.

2.7: If T is a t- norm and (X5 X5 5eeererenee ,x,) €[0,1]" (n € N), then T x; is dfined recurrently by 1,
n n—1

itn=0and 1,5 X; = T(T2 x;,x,) foralln 2 1.1f (xi)ieN is a sequence of numbers from [0,1], then

T, 0i=1%i is defined as ll_r)?o T x, (‘this limit always exists) and T2, x; as Trx,.,

2.8: The mapping f: X — X and g: X — B (X) are said to be weakly compatible (or coincidentally

commuting) if they commute at their coincidence points, that is , gu = {fu} for some u € X, then fgu = gfu.

2.9: Proposition:

a. If T 2 T, then the following implication holds:
lim T%x,,, =1 < Y. (1-x,) <
n—»ow par

b.1f T € H then for every sequence (X » ) nen in [0,1] such that ,111_{1;10 x, =1 one has

Iim77x,,, =1

n—>0

n+i

Note that if T is a t-norm for which there exists (x » ) & [0,1] such that ll—{?o X, =1 and

Iim72x, ;=1 then sup 1 T(tt)= 1.

n—>0

2.10:  Proposition:

Let (x » ) be a sequence of numbers from [0,1] such that ,111230 X, =1 andt-norms T is of H-

:1'

n+i

type. Then lim7” x, =lim 7,5 x
n—o n—>o0
2.11:  Lemma:
If a Menger PQM - space (X, F, T) satisfies the follwing condition: F , @®=C , for all t>0

with fixed X>Y € X Then we have, C=1 and x = y.
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2.12:  Lemma:
Let the function @ (t) satisfy the following condition

@) : [0, 0) —>[0, oo ] is non-decreasing and Z @"(t) < oo, forallt>0, when @"(¢)
n=1
denotes the nth iterative function of ¢ (t). Then @ (t) <t for all t> 0.
3.1: Theorem
Let (X, F, T) be a complete menger PQM - space. Further, let A and B be two weakly compatible self mappings
with t*t > t such that
i. T is Hadzic type
il. g(X) < f(X)
i F g 1,00 (PO) 2 min {F ) O5F 10000 O F gy 100 05 F 0,700 O F 00,700 O3
for all x, y € X and t > 0 where the function @ (t): [0,00) — [0,00]is onto and strictly
increasing and satisfying the condition (D )
iv. f(X) is closed subset of X, then
a. g and f have a coincidence point
b. the pair (g.f) is weakly compatible. Then 3 a unique common fixed pointz € X :

{z}= {fz} = {gz}

Proof:
Let X, be an arbitrary point in X. By (iii) we can find X, such that f( x,) € g( X, ). By induction we can find the
sequences { X, } and { }, } suchthaty,, =1f(x,,,,) € g(x,,)forne N.
Putting x =x,, andy=x,,,; in(iv), we get
Fgtmnetn GO Zmin {F s i 0 OF 600,00 O F g, O
F etons o) OF 1, 0800, O}

F YanVan+ (¢ (t)) 2 min { F Yan-1Y2n (t)’ F (t)’ F YanYan-1 (t)’ F YanYon (t)’ F Yan (t)}

Yan-1,Y2n+1 Yan+l

2 F Yan-1,Y2n (t)
Similarly, we can also prove that forn € N and for all t > 0,

F Yon+1,2n+2 ( ¢ (t)) 2 F (t)

Van Vo
So we have, F . (p(t) =F oy,
Fpn ® 2F, (¢ (1)
2 s >F . (9" ().

We show that {y , } is a Cauchy sequence. Let &> 0 be given and A €(0,1) be such that

T" (1= Ay, 1—A) >1-&. Also lett > 0 be such that F voy 0> 1-A, W be apositive number

andn, € N be such that Z(él(l) <y .Thus foreveryn 2 n, and m € N, we have
n

n+m-1

Fro W) 2 F, (D40

>l-g
Hence, {y, } is a cuchy sequence in X. Since X is complete, {y , } converges to z in X.
Thus, lim y, = limy, =limfx, , =ze limgx,,
Hn—»0 n—»0 n—»0

n—»0
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Since f(X) is closed subset of X, there exists a point v € X such that z = fv € f(X).
Putting x = x 2, and y =v in (iv), we get

Fy,r ($O) Zmin(F o O.F 0 OF, o 0.F,  40.F 0]
.
F gy (PO) Zmin(Fy OF ) 0 @.F ) OF, (0.F g (0}

t) =F t

Yon-8Y ($©) Yan-1 =0

Now taking limit n —> 00 ,we have

Fz,gv (¢(t)) 2 Fz,z (t) =1

Hence, F_ o, (P (1) =1. We obtain g(v) = z.

It shows that v is a coincidence point of f and g. Since the pair (g,f) is weakly compatible, we have gf(v) = fg (v),
hence g (z) = {f(z)}.

Putting x = x,, andy=zin (iv), we get

= F

S e (PO Zmin{F o 5 b OF p0 e OF r ey ) O F ooy ), OF fr.g:O3
Fyzn,gz (¢(t)) Z 1’1’111’1 { F y2n—1’fz (t)a Fy2 Dgz (t) F ’yz (t) F ,fZ (t), Ffz,gz (t)}

Fyzn,gz (¢(t)) 2 Fy2n—l’gz (®)

taking limit n — 00, we get

F,oe () 2F_g, ()

On the other hand , since F is non decreasing, we get
F.o(@®) < F_oq ()

Hence, F o, . (t) = C for all t > 0.

By lemma 2.1, we conclude that C= 1, that is, g(z) = {z}.
Now combine all the results, we get g(z) = {f(z)} = {z}.
It implies that z is a common fixed point of fand g in X.

Uniqueness:
Let w ( # z) be another common fixed point of f and g. Taking x =z and y = w in (iv), we have

FgZ,gw(¢(t)) 2 min {Ffz,fw ®, Ffz’gw(t), Fo (v, ng’fw(t), Fgw,fw(t)}
ng,gw(¢(t)) 2 Fre aw@®
Fou(@®) 2 F, 0

Since F is non- decreasing we get,
F_u(@®) < F_ 0.
Hence F , ,, (t) = C for all t > 0. From Lemma 2.1, we conclude that C= 1, that is, z = w and so the uniqueness is

proved.
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