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ABSTRACT

The object of this paper is to obtain a common random fixed point theorem for two continuous random operators
defined on a non empty closed subset of a separable Hilbert space for integral type mapping.
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1. INTRODUCTION AND PRELIMINARIES

Impact of fixed point theory in different branches of mathematics and its applications is immense. The first
result on fixed points for Contractive type mapping was the much celebrated Banach’s contraction principle by S.
Banach [9] in 1922. In the general setting of complete metric space, this theorem runs as the follows,

Theorem 1.1 (Banach’s contraction principle) Let (X,d)be a complete metric space, ¢ € (0,1)and f: X—X be
a mapping such that for each x, y €X, d (fxfy) < cd (X,y) Then f has a unique fixed point a €X, such that

. no.
foreachx € X, lim,__ f"x=a.

After the classical result, Kannan [7] gave a subsequently new contractive mapping to prove the fixed point
theorem. Since then a number of mathematicians have been worked on fixed point theory dealing with mappings
satisfying various type of contractive conditions.

In 2002, A. Branciari [1] analyzed the existence of fixed point for mapping f defined on a complete metric

space (X,d) satisfying a general contractive condition of integral type.
Theorem 1.2 (Branciari) Let (X,d)be a complete metric space, ¢ €(0,1)and let f: X—X be a mapping such
that for each x, y € X,

Where d (fx.fy) E(t)dt < jg(x’y) E(t)dt &:[0,400) > [0,400) is a Lebesgue

o
integrable mapping which is summable on each compact subset of [0, +OO), non

S
negative, and such that for each € > o, [ &(¢)dt , then f has a unique fixed point a € X such that for each x EX,
0

lim, . f "y=a. After the paper of Branciari, a lot of a research works have been carried out on generalizing

contractive conditions of integral type for different contractive mappings satisfying various known properties. A
fine work has been done by Rhoades [2] extending the result of Branciari by replacing the condition [1.2] by the
following

maX{d(x,y),d(x’fx)’d(y’.ﬁ))’d(x, ﬁ});d(ya fx)
§0dr < | oy
The aim of 0 this

paper is to generalize some mixed type of contractive conditions to the mapping and then a pair of mappings
satisfying general contractive mappings such as Kannan type [7], Chatrterjee type [8], Zamfirescu type [11], etc.

In 2010, the study of random fixed points has attracted much attention. Some of the recent literatures in
random fixed point may be noted in Rhoades [3], and Binayak S. Choudhary [4].In this paper, we construct a
sequence of measurable functions and consider its convergence to the common unique random fixed point of
four continuous random operators defined on a non-empty closed subset of a separable Hilbert space. For the
purpose of obtaining the random fixed point of the four continuous random operators. We have used a rational
inequality (from B. Fisher [5] and S.S. Pagey [10]) and the parallelogram law. Throughout this paper, (€, X)
denotes a measurable space consisting of a set Q and sigma algebra X of subsets of Q, H stands for a separable
Hilbert space and C is a nonempty closed subset of H.
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Definition 1.3. A function f: Q — C is said to be measurable if

T (BNC) e for every Borel subset B of H.

Definition 1.4. A function F: Qx C — Cis said to be a random operator if F'(.,x):Q — C is measurable
for every x € C

Definition 1.5. A measurable g:Q—> C is said to be a random fixed point of the random operator
F:QxC—Cif F(t,g(t))=g(t) forall t € Q

Definition 1.6. A random operator F: QxC — C is said to be continuous if for fixed t€Q, F (t ,.) C>C

is continuous.
Condition (A). Two mappings, T, S: C — C, where C is a non-empty closed subset of a Hilbert space H, is said
to satisfy condition (A) if

Iy =Tl [1+)v- s |
1

2
tefle-y]
sx_Ty||3aj0 E(t)dt + b
witha,b >0 ,a +b < —

2
where x,y € C £:R" — R" is a lebesgue- integrable mapping which is summable on each compact

¢ (t)dt

2 2
J‘HX—SXH +|ly=Ty|
0

S
subset of R, non negative, and such that foreach € >o, g f ( t ) dt .

2. MAIN RESULTS
Theorem 2.1. Let C be a non-empty closed subset of a separable Hilbert space /. Let S and T be two
continuous random operators defined on C such that for, £ € QQ T'(¢,.),S(z,.) : C — C satisfy condition (A)

then S and T have unique common random fixed point.

Proof: We define a sequence of functions { g, } as g, : Q — C is arbitrary measurable function for f € (2, and

n= 0’ 1’ 2’ 3, . g2n+1(t) = S(tagzn(t))ag2n+2(t) = T(t’ g2n+l(t)) (1)

Ifg, ()=g,,.,0)=g,,.,(t) for t € Q for some n then we see that {an} is a random fixed point of S

and T. Therefore, we suppose that no two  consecutive terms of sequence { g, } are equal.

Common random fixed point theorem: Now Consider for ¢ € Q2
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2 2
Hg2n+1 (t)_g2n+2 (I)H HS(t’an (t))_T(taanH (I)H
g(A)da < E(A)dA
0 0

Hg2n+1 (t)_T(tngnJrl (I)HZ |:1+Hg2n (t)_S(taan (t)Hz]

1+g2, (=82 (O E(A)dA

IN
INY

0

2, (D=5 (1.2, O +lg2,01 (=T (1.3, O |
+ bJ. E(A)dA

0

82001 (=822 OFF [ 142, (=2, O ]

4 I 1], (020 (OF £(A)da
0

(220 (=2, O +g200 ()=22002 O ]
+ bJ. E(A)dA

0
(2211 (=202 O #8122, (V=200 (O |
- (a+b)_[0 E(A)d A

€201 (=822 O &2 (=221 (O
= [1-(a+ b)]J.O E()d A < bJ.O

E(A)dA
Hg2n+l(t)_g2n+2(t)H2 b Han(t)_anH(t)Hz
= J. E(A)dA < 7". E(A)dA
0 1-(a+b) 0
€241 (D822 ) g <k €20 ()-8, (O i
) snar sk &)
1
b 2
where k =| — < —
(1—(a+b)j 2
In Integral
Hgn (t)fgnﬂ(t)H Hgnfl(t)fgn(t)H
.[0 cf(l)d/lﬁkj-o E(A)dA
Hgn (t)fgnﬂ(t)H n Hgnfl(t)fgn (t)H
.[0 E(A)dA <k o E(A)dAa
forte Q - - - -—-—- - - - - - - - — (2)

Now, we shall prove that fort € Q, g, () is a Cauchy sequence.

for Common random fixed point theorem every positive integer p,
We have,
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€0 ()=t (D481 ()=8,02 (N4 Zpin (D4 8y 1 (D=0 (1)
E(A)dA
0

En+p- (Z)_gnJr (Z)
- N e(ayda

J lgn (=g i1 (O +]|& a1 (=i (O||+.+
0

_ lgo (1)—g, (1)
< [k”+ KLt 1”0 T N e(yda

_ lgo (g1 (1)
e [1+ e k244 kP IMO T e (d A

k lgo (-2 (]
[ £

YdA

. 2, ()2, (0]
= Lim J. E(A)dA=0 forteQ
Nn—»0Jo

It follows that for, { g, (¢ )} is a Cauchy sequence and hence is convergent in closed subset C of Hilbert space
H.
{2, (0}
lim j E(A)dA = g(t) Fort e Q 3)
0

n—

Existence of random fixed point: Consider for ¢ € (2

7 (t,g (1)) -g ()|
| £(

A)d A
. )
17 (£.8 ()= &20a1 ()+ 20s1 (=g ()]
= J'O E(A)dA
2 2
|7 (£, ()= g,01 (1) lg2 st (-2
_2.[0 g(z)d,uzj.o E(A)dA

[By parallelogram law ”x + y||2 < ”X“2 + ”.V“2 ]

As {g2n+l (I)} and{g2n+2 (t)} are subsequences of {gn (t)}
asn— o0, {g, (1)} > {g(t)}and {g,,., (1)} >{g(1)}
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Therefore,

le()-T (g ()|
| £

i < 2"'g(f)—g(f)2 i
. ()da 2] £(2)

e ()-7 .2 (D [ 142 ()-2 () |
+2aj0 [l E(A)d A

(e +le )7 5 |
+20 E(A)d 2

0

-7 (t,g (1))
<2(a +b)j0g(t) rs O E(A)d A

lg ()-T (1.g (1)
= [1—2(a+b)]j0 E(A)dAL <0

lg ()-T (1.8 ()|
= _[0 E(A)dA =0 (as2(a+b)<1)

T(t,g (1) g(1)
= _[O E(A)dA = IO E(A)dA YieQ

Common unique random fixed point theorem
In an exactly similar way we can prove that for all £ € Q)

S(t,g(1)) g
[ cnan= [ earan e )

Again, if A: Q x C — C is a continuous random operator on a non-empty subset C of a separable
Hilbert space H, then for any measurable function f: Q — C, the function h(t) = A(t, f(t)) is also measurable [3].

It follows from the construction of { gn} (by (1)) and the above consideration that { g, } is a sequence of

measurable functions. From (3), it follows that g is also a measurable function. This fact along with (4) and (5)
shows that g: Q — C is a common random fixed point of S and T.
Uniqueness-

Let h: Q — C be another random fixed point common to S and T, that s, for f € Q2

Im’hm) ﬂdﬂ—jhm )dA Is(t’h(t)) ﬂd/l—J‘h(t) 2)dA

L Eda=|Ewdr | T Ewda=] e
S(h(D) h(o)

J ewaa= [ aaz

Then for? € Q,
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jgo»ho»z
E(A)dA =2

IS(ugu»—T(uhu»Z
0

E(A)d A

| (t)-T (t,h(t))HZ[HHg (t)fS(t,g(t))Hz}

_ aJ‘O L1+l ()-n (O] | £ (Ayd A
e (=5 (g ([l ()-7 (on o |
n £(A)d 2
i ()= k(O [1+]le ()= (O ]
L1+ ]le ()-n () |
= aIO E(A)d A

] (g )& O + 1) n ol |

A E(A)d A

Ig@)nhw>2
E(A)dA <0

0
g (1) oo
= IO E(A)d A = jo E(A)dA Vie Q

= g(t): h(t) Ve Q
This completes proof of theorem (2.1).
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